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>�S\�

ë�HZO�½̈�̧

a(����¹כ <�Ê�Ér ½̈�̂&h����

_�p�½̈�̧(semantics)

Style 1: áÔ�ÐÕªÏþ�_� _�p� = 7£x"î
(proof)

Style 2: áÔ�ÐÕªÏþ�_� _�p� = ���s�(transition)



áÔ�ÐÕªÏþ� |9�½+Ë = )±ú�&h���� &ñ
_�

áÔ�ÐÕªÏþ�_� Òqt�̂�Dh

I ��Áº½̈�̧\�¦ °ú�ð�r 2	�"é¶ �̧_þv



&ñ
Ãºd��

E → n (n ∈ Z)

| E + E

| - E



"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�

C → skip

| x := E

| if E C C

| C ; C



ç�H�8�8l� \O�s�

C → &

| = x E

| ? E C C

| ; C C

E → n (n ∈ Z)

| + E E

| - E



C → &

| x E

| E C C

| C C

E → n (n ∈ Z)

| E E

| - E

s�XO�>� ��t� þj@/ô�Ç ?¹���K�"fכ



a(����¹כ v.s. ½̈�̂&h���� ë�HZO�½̈�̧

I a(����¹כ ë�HZO�½̈�̧(abstract syntax)

I áÔ�ÐÕªÏþ��̀¦ ëß�[þt M: ��6 x���H ½©gË:

I ��Áº½̈�̧\�¦ ����� 2	�"é¶_� ½̈�̧Óüt

I ½̈�̂&h���� ë�HZO�½̈�̧(concrete syntax)

I {9��̀¦ M: ��6 x���H ½©gË:

I áÔ�ÐÕªÏþ�_� ³ð�&³: 1	�"é¶_� z�́

I 1	�"é¶_� z�́\�"f 2	�"é¶_� ½̈�̧Óüt�̀¦ 4�¤½̈���H ½©gË:



½̈�̂&h���� ë�HZO�(concrete syntax)

-1+2 ��H ((− 1) + 2) ? − (1 + 2) ?

I ²ú���� Ô�¦��

E → n (n ∈ Z)

| E + E

| - E

I ²ú���� ��0px

E → n (n ∈ Z)

| E + E

| - F

F → n

| ( E )



½̈�̂&h���� ë�HZO�(concrete syntax)

I 1	�"é¶_� z�́\�"f 2	�"é¶_� ½̈�̧Óüt�̀¦ �D¥1lx\O�s�

4�¤½̈r�v���H ½©gË:

I ~½Ó�¾Ó$í
(associativity)õ� Äº���í�H0A(precedence)

I áÔ�ÐÕªÏþ� 4�¤"é¶(parsing) <�Ê�Ér ë�HZO����7£x(parsing) õ�&ñ
_�

[O�>��̧



s�]jÂÒ'� “áÔ�ÐÕªÏþ�” ����

a(����¹כ ë�HZO�(abstract syntax)Ü¼�Ð ëß�[þt#Q��� 2	�"é¶_� ��Áº

½̈�̧Óüt

I ¼#�_�\�¦ 0AK�"f 1	�"é¶ z�́�Ð ³ð�&³

I &h�]X�y� F�c ñ\�¦ s�6 xK�"f Õª ½̈�̧\�¦ "î
r�



_�p�½̈�̧(semantics)

I áÔ�ÐÕªÏþ�s� >pw���H ��\�¦ &ñ
_�

I áÔ�ÐÕªÏþ�s� >pw ���H ��?



“1+2”����H áÔ�ÐÕªÏþ�_� >pw?

I _�p� = >�íß�õ�&ñ
: “1õ� 2�̀¦ �8K�"f 3�̀¦ >�íß�ô�Ç��.”

õ�&ñ
�̀¦ ×¼�Q?/��H _�p�½̈�̧(operational semantics)



õ�&ñ
�̀¦ ×¼�Q?/��H _�p�½̈�̧(operational

semantics)

áÔ�ÐÕªÏþ� z�́'�� õ�&ñ
�̀¦ &ñ
_�.

I Ø�æì�ry� %3�x9�

I �̧wn�d��(compositional)s� ��u�́ Ãº e����

I �t�ëß� )±ú�&h�(inductive)s���

I áÔ�ÐÕªÏþ� ½̈�̧\�¦ ���� ÷&[�tl��̧

I áÔ�ÐÕªÏþ� s�ü@_� �¦̀�	כ ���� ÷&[�tl��̧



_�p�/BNçß�(semantic domain)

�Ð:�x_� |9�½+Ë

I )±ú�ZO�, "é¶�è��\P�ZO�, �̧|	�]jr�ZO�,

S ∪ T, S + T, S × T, S
fin→ T

S
fin→ T = {f |f ∈ S ′ → T, S ′ fin

⊆ S}

I {9�ìøÍ �<ÊÃº|9�½+Ë ëß�[þtl� →\�¦ ��6 x���� �4HêøÍ



Style 1: áÔ�ÐÕªÏþ�_� _�p� = 7£x"î


structural operational semantics,

natural semantics, relational semantics

I 7£x"î
 ½©gË:(inference rule): áÔ�ÐÕªÏþ� ½̈�̧���� ��� s��©� m��

· · ·
(M, skip,M ′)

· · ·
(M,x := E,M ′)

· · ·
(M,C1 ; C2,M

′)
· · ·

(M, if E C1 C2,M
′)

· · ·
(M, while E C, M ′)

I Áºô�Çô�Ç z�́'��õ�&ñ
? Áºô�Çô�Ç 7£x"î




\V

"î
§î
ë�H Cü< &ñ
Ãºd�� e_� _�p���H (Bj�̧o� M \�"f)

M ` C ⇒ M ′ ü< M ` e ⇒ v

_� 7£x"î


I 7£x"î
 Ô�¦��0px ⇔ C��H Bj�̧o� M\�"f Áº_�p�



	�H �Ð;�¤Ü¼�Ð(big-step operational semantics)

M ∈ Memory = Var
fin→ Val

v ∈ Val = Z

M ` skip⇒ M

M ` E ⇒ v
M ` x := E ⇒ M{x 7→ v}

M ` C1 ⇒ M1 M1 ` C2 ⇒ M2

M ` C1 ; C2 ⇒ M2



M ` E ⇒ 0 M ` C2 ⇒ M ′

M ` if E C1 C2 ⇒ M ′

M ` E ⇒ v M ` C1 ⇒ M ′

M ` if E C1 C2 ⇒ M ′ v 6= 0

M ` E ⇒ 0
M ` while E C ⇒ M

M ` E ⇒ v M ` C ⇒ M1 M1 ` while E C ⇒ M2

M ` while E C ⇒ M2
v 6= 0



M ` n ⇒ n

M ` x ⇒ M(x)

M ` E1 ⇒ v1 M ` E2 ⇒ v2

M ` E1 + E2 ⇒ v1 + v2

M ` E ⇒ v
M ` - E ⇒ −v



C
let
= x := 1 ; y := x + 1

∅ ` 1⇒ 1
∅ ` x := 1⇒ {x 7→ 1}

{x 7→ 1} ` x ⇒ 1 {x 7→ 1} ` 1⇒ 1
{x 7→ 1} ` x + 1⇒ 2

{x 7→ 1} ` y := x + 1⇒ {x 7→ 1, y 7→ 2}
∅ ` C ⇒ {x 7→ 1, y 7→ 2}



����Ér �Ð;�¤Ü¼�Ð(small-step operational semantics)

"î
§î
ë�H Cü< &ñ
Ãºd�� e_� _�p���H (Bj�̧o� M\�"f), ����Ér �Ð

;�¤[þt

(M,C) → (M1, C1)

(M1, C1) → (M2, C2)
...

(Mn, Cn) → (M ′, done)

ü<

(M0, e) → (M1, e1)

(M1, e1) → (M2, e2)
...

(Mm, em) → (M ′′, v)

_� 7£x"î
[þt.



M ∈ Memory = Var fin→ Val

v ∈ Val = Z
C → · · · | done

(M, skip) → (M, done)

(M,E) → (M,E′)
(M,x := E) → (M,x := E′)

(M,x := v) → (M{x 7→ v}, done)

(M,C1) → (M ′, C ′
1)

(M,C1 ; C2) → (M ′, C ′
1 ; C2)

(M, done ; C2) → (M,C2)



(M,E) → (M,E′)
(M, if E C1 C2) → (M, if E′ C1 C2)

(M, if 0 C1 C2) → (M,C1)

(M, if n C1 C2) → (M,C1)
n 6= 0

(M, while E C) → (M, if E C ; while E C skip)

(M,x) → (M,M(x))

(M,E1) → (M,E′
1)

(M,E1 + E2) → (M,E′
1 + E2)

(M,E2) → (M,E′
2)

(M,v1 + E2) → (M,v1 + E′
2)

(M,v1 + v2) → (M,v1 + v2)



x := 1︸ ︷︷ ︸
C1

; y := x + 1︸ ︷︷ ︸
C2

(∅, x := 1 ; C2) → ({x 7→ 1}, done ; C2)

({x 7→ 1}, done ; C2) → ({x 7→ 1}, C2)

({x 7→ 1}, x + 1) → ({x 7→ 1}, 1 + 1)
({x 7→ 1}, C2) → ({x 7→ 1}, y := 1 + 1)

({x 7→ 1}, 1 + 1) → ({x 7→ 1}, 2)
({x 7→ 1}, y := 1 + 1) → ({x 7→ 1}, y := 2)

({x 7→ 1}, y := 2) → ({x 7→ 1, y 7→ 2}, done)



áÔ�ÐÕªÏþ�_� _�p� = ���s�(transition)

���s�õ�&ñ
 _�p�½̈�̧(transition semantics)

I áÔ�ÐÕªÏþ�_� z�́'�� = Áº������� ���K�����H õ�&ñ


I Áºô�Çô�Ç z�́'��õ�&ñ
? Áºô�Çy� ���K���l�

I \V) 1+2+3_� _�p� = 1+2+3→ 3+3→ 6



�ÃÐ�¦�Ð,

I s����_� ����Ér�Ð;�¤ _�p� ½©gË:[þt�̀¦ �7Ho�d��_�

7£x"î
½©gË:(proof rule) @/���\�

I ���s�½©gË:(transition rule)Ü¼�Ð �̂¦ Ãº e����HX<, s� M:

I ô�Ç Û¼9\�_� ����o��H

· · ·
(M,C) → (M ′, C ′)

s�XO�>� ÷&��� áÔ�ÐÕªÏþ� C_� _�p�(z�́'��õ�&ñ
)��H

· · ·
(M0, C) → (M1, C1) ⇒

· · ·
(M1, C1) → (M2, C2) ⇒ · · ·

����H ���s�õ�&ñ
Ü¼�Ð &ñ
_�½+É Ãº e��5pu



ë�HÐ�o½̈�̧\�¦ :�xK�"f(evaluation-context

semantics)

���s�õ�&ñ
 _�p�½̈�̧\�¦ ³ð�&³���H ô�Ç ~½Ód��

I ���s� = áÔ�ÐÕªÏþ� ��r� æ¼l�

I #Qn�\�¦ ��r� +�(>�íß� K�)?

z�́'��ë�HÐ�o(evaluation context)s� ���&ñ


I Áº%Á	Ü¼�Ð ��r� +�?

��r�æ¼l� ½©gË:(rewriting rule)s� ���&ñ




“z�́'��ë�HÐ�o”(evaluation context) K = ��r� jþt ÂÒì�rs� &ñ
_�

÷&#Q e����H áÔ�ÐÕªÏþ�

I K�� ë�HZO�&h�Ü¼�Ð &ñ
_� ��0px

I ��r� jþt ÂÒì�rs� [ ](���ñß�)Ü¼�Ð ³ð�&³H�d

I ¼#�_��©�: ��r� jþt ÂÒì�r [ ]�̀¦ ¾¡§�Ér áÔ�ÐÕªÏþ��̀¦

“K[ ]”�Ð ³ð�&³

I ¼#�_��©�: ��r� jþt ÂÒì�rs� C��� áÔ�ÐÕªÏþ��Ér “K[C]”�Ð

³ð�&³



z�́'��ë�HÐ�o K_� &ñ
_�

K → [ ]

| x := K

| K ; C

| done ; K

| if K C C

| while K C

| K + E

| v + K

| - K



��r� +���½+É ÂÒì�r�̀¦ Áº%Á	Ü¼�Ð ��r� +�?

��r�æ¼l� ½©gË:(rewriting rule)\� _�K� &ñ
_�

I ��r� jþt /BM�Ér ��r� æ¼��� ÷&�¦

(M, C) → (M ′, C ′)

(M, K[C]) → (M ′, K[C ′])

(M, E) → (M, E ′)

(M, K[E]) → (M, K[E ′])

I 5Åq\�"f #Qb�G>� ��r� æ¼#�t���H �� ����:



(M,x := v) → (M{x 7→ v}, done)

(M, done ; done) → (M, done)

(M, if 0 C1 C2) → (M,C1)

(M, if v C1 C2) → (M,C2) (v 6= 0)

(M, while 0 C) → (M, done)

(M, while v C) → (M,C ; while E C) (v 6= 0)

(M,v1 + v2) → (M,v) (v = v1 + v2)

(M, - v) → (M,−v)

(M,x) → (M,M(x))



x := 1 ; y := x + 1 _� _�p�:

(∅, x := 1) → ({x 7→ 1}, done)
(∅, [x := 1] ; y := x + 1) → ({x 7→ 1}, done ; y := x + 1)

��6£§�Ér,



({x 7→ 1}, x) → ({x 7→ 1}, 1)
({x 7→ 1}, done ; y := [x] + 1) → ({x 7→ 1}, done ; y := 1 + 1)

��6£§�Ér,



({x 7→ 1}, 1 + 1) → ({x 7→ 1}, 2)
({x 7→ 1}, done ; y := [1 + 1]) → ({x 7→ 1}, done ; y := 2)

��6£§�Ér,



({x 7→ 1}, y := 2) → ({x 7→ 1, y 7→ 2}, done)
({x 7→ 1}, done ; [y := 2]) → ({x 7→ 1, y 7→ 2}, done ; done)

��6£§�Ér,



({x 7→ 1, y 7→ 2}, done ; done) → ({x 7→ 1, y 7→ 2}, done).



���©�_� l�>�\�¦ :�xK�"f(abstract-machine

semantics)

���s�õ�&ñ
 _�p�½̈�̧_� ô�Ç ~½Ód��

I áÔ�ÐÕªÏþ�_� _�p� = áÔ�ÐÕªÏþ�s� ���©�_� l�>�\�"f

z�́'��÷&��H õ�&ñ


I z�́'�� õ�&ñ
 = l�>�_� �©�I��� ������H õ�&ñ




&ñ
Ãºd��

E → n | E + E | - E

���©�_� l�>� �©�I�

〈S, C〉 ∈ Stack × Cmd

#�l�"f

S → ε (��� Û¼×þ�)

| n.S (n ∈ Z)

C → ε (��� "î
§î
#Q)

| E.C

| +.C

| -.C

l�>� ���1lxõ�&ñ
_� Û¼9\��Ér:



〈S, n.C〉 → 〈n.S, C〉
〈S, E1 + E2.C〉 → 〈S, E1.E2.+.C〉

〈S, - E.C〉 → 〈S, E.-.C〉
〈n2.n1.S, +.C〉 → 〈n.S, C〉 (n = n1 + n2)

〈n.S, -.C〉 → 〈−n.S, C〉

&ñ
Ãºd�� E_� _�p���H

〈ε, E〉 → · · ·



<�Ê�Ér,

C → ε (��� "î
§î
#Q)

| push n.C (n ∈ Z)

| pop.C

| add.C

| rev.C

l�>� ���1lx_� ô�Ç Û¼9\��Ér:



〈S, push n.C〉 → 〈n.S, C〉
〈n.S, pop.C〉 → 〈S, C〉

〈n1.n2.S, add.C〉 → 〈n.S, C〉 (n = n1 + n2)

〈n.S, rev.C〉 → 〈−n.S, C〉

s�]j &ñ
Ãºd��[þts� #Q�"� "î
§î
#Q[þt�Ð ���8̈�÷&��H t� &ñ
_�:



[[n]] = push n

[[E1 + E2]] = [[E1]].[[E2]].add

[[- E]] = [[E]].rev

Õªo��¦ &ñ
Ãºd�� E_� _�p���H

〈ε, [[E]]〉 → · · ·



I ���©�_� l�>�\�¦ #Qb�G>� n������ ���H��? Õª l�>�_�

n�_�{9��Ér #QÖ¼ YU6\�\�"f &ñ
K��� ���H��?

I Õª\� @/ô�Ç ²ú��Ér áÔ�ÐÕªÏþ�_� _�p�\�¦ &ñ
_����H 3lq&h�\�

���� ���&ñ
H�d

I {9�l�: [CoCuMa87] (higher-order applicative language

(e.g. ML) z�́'��l�\�¦ 0Aô�Ç l�>�)



\V) ���©�_� l�>� SM3

C → skip

| x := E

| C ; C

| if E C C

E → n (n ∈ Z)

| E + E

| - E

l�>� �©�I�

〈S, M, C〉 ∈ Stack ×Memory × Cmd

#�l�"f



S → ε (��� Û¼×þ�)

| n.S (n ∈ Z)

C → ε (��� "î
§î
#Q)

| E.C

| +.C

| -.C

| jmpz(C, C).C

| store(x).C

l�>� ���1lxõ�&ñ
_� Û¼9\��Ér:



〈S, M, n.C〉 → 〈n.S, M, C〉
〈S, M, E1 + E2.C〉 → 〈S, M, E1.E2.+.C〉
〈v2.v1.S,M, +.C〉 → 〈v.S,M,C〉 (v = v1 + v2)

〈v.S,M, -.C〉 → 〈−v.S,M,C〉
〈0.S,M, jmpz(C1, C2).C〉 → 〈S, M, C1.C〉
〈v.S,M, jmpz(C1, C2).C〉 → 〈S, M, C2.C〉 (v 6= 0)

〈v.S,M, store(x).C〉 → 〈S, M{x 7→ v}, C〉
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