Ça‹ĘĎÈø5˘ Ça‹ÊÁ TÒĳđâ &PffĎ7ˇčıů ĂDø5˘ Ě]ˇ’ŚŒ/ŠŒ şÀżÈÐ ěo>ñ5Ñ˘« Ça‹Ÿ+^∗

"fĆ–¨E^O ô̌ÇšDGõ̆Ę¡ÆlffÕüt"éű Ďı̈˘«Ďı̈íSSŰĘ¡Æõ̆ / áÔŰÐÕłÏþŻ ìfir$3~ rffÛĳ%7Ż Čȷ̈¡ĺéSSŰ^†

saseo@ropas.kaist.ac.kr

Backward Abstract Arithmetic Operations for Integer Congruence Analysis

Sunae Seo^O Dept. of EECS / Research On Program Analysis System, KAIST

ŕź ĂŊŢ &ñ̇Ãž ¡+Ë1lx ìfir$3~(integer congruence analysis)ŞÉr áÔŰÐÕłÏþŻ Ą—¨Ãž[þt_‹ _‹pff %ò̇%ĩ‘ę̌ &ñ̇Ãž ¡+Ë1lx (integer congruence) |9˘¡+ËÜĳŰÐ &ñ̇_‹‚«#Ň ìfir$3~ô»Ç^«. &ñ̇Ãž ¡+Ë1lx ìfir$3~‘ę̌ 0Aô»Ç &ñ̇Ãž ¡+Ë1lx ffiŔ̃˘«(lattice of integer congruences)ü< íH~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«\Ą @/ô»Ç &ñ̇_‹Ŋ›H sffpff P. Granger\Ą _‹K Źè>hœ&%3„^«. ‚«tffëSSŰ, ìfir$3~_‹ &ñ̇SXĽŢÿ\Ą %ò̇Ę¿Ó‘ę̌ pffuffŊ›H %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«\Ą @/ô»Ç Čȷ̈¡ĺŊ›H ˇ«fŤ̃ œ&#Q eŤ„tff ůúğ^«.

sff Ŋ7HëH\Ą"fŊ›H &ñ̇Ãž ¡+Ë1lx ìfir$3~‘ę̌ 0Aô»Ç %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«\ę̌ &ñ̇_‹ô»Ç^«. %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«\ę̌ &ñ̇_‹ ‚«Ŋ›H ~¡ÓZŎŞÉr &ñ̇Ãž ~¡Ó&ñ̇dŤ̃‘ę̌ ÉÒŊ›H ~¡ÓZŎ‘ę̌ lffìøÍÜĳŰÐ ŞęîSSŰœ&%3„^«. &ñ̇_‹İ)a %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H áÔŰÐÕłÏþŻ ìfir $3~_‹ &ñ̇SXĽŢÿ\ę̌ Zȷ}sffŊ›HX< lff#Ň\ę̌ ¡+É Ãž eŤ„Ŋ›HX<, sff Ŋ7HëH\Ą"fŊ›H \V]j\ę̌ :§xK"f sff ˚«ẑť‘ę̌ ŸÐŞff̈^«.

1 "-Òeţ

&ñ̇Ãž ¡+Ë1lx ìfir$3~(integer congruence analysis)sffêøÍ &ñ̇Ãž Ą—¨Ãž\ę̌ §í Ę<Ê‚«Ŋ›H áÔŰÐÕłÏþŻ_‹ >ȷíSSŰ ffi—˚õ̆\ę̌ &ñ̇Ãž ¡+Ë1lx(integer congruence)_‹ +þAIŰÐ \V8čď‚«Ŋ›H ìfir$3~sff^«. 7čď, áÔŰÐÕłÏþŻ\Ą #QŃ"¨ &ñ̇Ãž Ą—¨Ãž x `« §íĘ<Ê|ĺc M:, &ñ̇Ãž ¡+Ë1lx ìfir$3~ŞÉr Ą—¨Ãž x`« áÔŰÐÕłÏþŻ ?/\Ą"f `«|9˚ Ãž eŤ„Ŋ›H řúŕ‘ę̌ &ñ̇Ãž ¡+Ë1lx |9˘¡+ËÜĳŰÐ >ȷíSSŰô»Ç^«. ›«~«"f, áÔŰÐÕłÏþŻ ?/_‹ ŮÿŐ›H &ñ̇Ãž Ą—¨Ãž[þtŞÉr c + mZ +þAI_‹ řúŕ‘ę̌ `«tff>ı İ)a^«(éSSŰ, cü< mŞÉr ÅÒ#QŤff̈ &ñ̇Ãžsff^«). c + mZ ŞÉr m ÜĳŰÐ ´«¿ž%3„‘ę̌ M:, c `« zŇŹŊ›H ŮÿŐ›H &ñ̇Ãž_‹ |9˘¡+Ë‘ę̌ ťúŸô»Ç^«. \V\ę̌ [þt#Q, 1 + 3Z ŞÉr 3 ÜĳŰÐ ´«¿ž%3„‘ę̌ M: 1 sff zŇŹŊ›H &ñ̇Ãž[þt_‹ |9˘¡+Ësff^«. −2 + 3Z Ţÿ 3 ÜĳŰÐ ´«¿ž%3„‘ę̌ M: 1 sff zŇŹŊ›H &ñ̇Ãž_‹ |9˘¡+ËsfftffëSSŰ, Ŋ7HëH\Ą"fŊ›H 0 ≤ c < m ü< 0 < m ‘ę̌ `« &ñ̇ô»Ç^«. m = 0 ŞÉr "éűŹè`« c ‚«´«œfirŞff̈ |9˘¡+Ë {c} ‘ę̌ _‹pffô»Ç^«.

P. Granger [Gra89] Ŋ›H ŕźĂŊŢ K$3~(abstract interpretation) [CC77]‘ę̌ lffìøÍÜĳŰÐ ‚«Ŋ›H &ñ̇Ãž ¡+Ë1lx ìfir$3~\Ą @/K"f Čȷ̈¡ĺ\ę̌ ‚«%i„^«. &ñ̇Ãž ¡+Ë1lx ìfir$3~‘ę̌ 0AK"f ìfir$3~ ffi—˚õ̆_‹ %ò̇%ĩŞff̈ ¡+Ë1lx ffiŔ̃˘«(lattice of congruences)ü< ¡+Ë1lx ffiŔ̃˘« ŕźŹè çSSŰ_‹ Čȷ̈íSSŰ˘«[þtsff &ñ̇_‹œ&%3„^«. ćÿô»Ç, áÔŰÐÕłÏþŻ\Ą"f &ñ̇Ãž íSSŰÕüt Čȷ̈íSSŰ˘«(integer arithmetic operator)[þtsff ˚«6ăxœ&ÙĳŰÐ, P. Granger Ŋ›H ŕźĂŊŢİ)a &ñ̇Ãž íSSŰÕüt Čȷ̈íSSŰ˘«[þt‘ę̌ &ñ̇_‹‚«%i„^«. sff ŕźĂŊŢİ)a &ñ̇Ãž íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H xffČȷ̈íSSŰ˘«`« ÅÒ#Q&Š„‘ę̌ M: Čȷ̈íSSŰ_‹ ffi—˚õ̆\ę̌ \V8čď‚«Ŋ›HX<, ÄžoffŊ›H sff-–¨ íSSŰÕüt Čȷ̈íSSŰ˘«\ę̌ íH~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«(forward abstract arithmetic operator)~«Şę ô»Ç ^«. íH~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«ü< qffŞğK"f, ffi—˚õ̆`« ÅÒ#Q&Š„‘ę̌ M: Õł ffi—˚õ̆\ę̌ řúİŢÿ2§ď ‚«Ŋ›H xffČȷ̈˘«[þt‘ę̌ \V8čď‚«Ŋ›H ffiŕ̄‘ę̌ %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰ Õüt Čȷ̈íSSŰ˘«(backward abstract arithmetic operator)~«Şę ô»Ç^«. íH ~¡ÓĘ¿Ó íSSŰÕüt Čȷ̈íSSŰ˘«`« áÔŰÐÕłÏþŻ_‹ Ãž’§İ ffi—˚õ̆\ę̌ \V8čď‚«Ŋ›H ìøÍĂ—¨, %ĩ~¡Ó Ę¿Ó íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H ÅÒ#QŤff̈ Ãž’§İ ffi—˚õ̆\ę̌ `«0px‚«>ı ‚«Ŋ›H {9˘ğ4~‘ę̌ \V 8čď‚«ÙĳŰÐ ìfir$3~_‹ &ñ̇SXĽŢÿ\ę̌ Zȷ}Şff̈^«. \V\ę̌ [þt#Q, ^«6čğ áÔŰÐÕłÏþŻ\Ą"f code1(x) ŞÉr condition(x) sff ĆÃÐ{9˚M:ëSSŰ Ãž’§İsff œ&ÙĳŰÐ, ìfir$3~lffŊ›H condition(x) sff ĆÃÐsff œ&>ı ‚«Ŋ›H x_‹ řúŕëSSŰ‘ę̌ \V8čď‚«#Ň code1(x) \Ą "f sff6ăx‚«Ă—¨ İ)a^«.

... x ...;

if condition(x) then code1(x) else code2(x)

∗Ś:r Čȷ̈¡ĺŊ›H $-˘«`« áÔ|¡ÓÛĳ Ecole Polytechnique \Ą Şğĺ8Ł Ę<ÆÒqtÜĳ ŰÐ ~¡ÓëHrff Čȷ̈¡ĺô»Ç ?/6ăxÜĳŰÐ, õ̆Ę<ÆlffÕütÂÒ Ć¡Ó_‹&h̃ Čȷ̈¡ĺŤff̈<Éł˚«\Ŏõ̆ áÔ|¡ÓÛĳ CNRS(http://www.cnrs.fr)_‹ tff"éű\Ą _‹ô»Ç ffi—˚õ̆eŤ̌.

†http://ropas.kaist.ac.kr line 1: x:=4; y:=10; z:=8; i:=?; line 2: while i=0 do line 3: x := x+2; y := y+7; z := z+6 line 4: od;

line 5: if y * z = 6 then line 6: if y mod 3 = 0 then line 7: x := y*z line 8: else line 9: if y mod 3 = 1 then line 10: x := y*z + 2 line 11: else line 12: x := y*z + 2 line 13: fi line 14: fi line 15: else line 16: x := y line 17: fi

ÕłaË> 1: \V]j áÔŰÐÕłÏþŻ

sff Čȷ̈¡ĺ\Ą"f ÄžoffŊ›H &ñ̇Ãž ¡+Ë1lx ìfir$3~‘ę̌ 0Aô»Ç %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«\ę̌ &ñ̇_‹ô»Ç^«. Äžoff`« &ñ̇_‹ô»Ç %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H &ñ̇ Ãž ~¡Ó&ñ̇dŤ̃‘ę̌ ÉÒŊ›H ~¡ÓZŎ‘ę̌ &ñ̇Ãž ¡+Ë1lx ~¡Ó&ñ̇dŤ̃‘ę̌ ÉÒŊ›H ffiŕ̄\Ą &h̃6ăx‚«#Ň ŞęîSSŰœ&%3„^«. &ñ̇_‹İ)a %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H ìfir$3~ ffi—˚õ̆_‹ &ñ̇SXĽ Ţÿ\ę̌ Zȷ}sffŊ›HX< Õłffiŕ̄‘ę̌ \V]j\ę̌ :§xK"f ŸÐŞff̈^«.

ÕłaË> 1_‹ áÔŰÐÕłÏþŻ‘ę̌ %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«`« \OflŊ›H ìfir$3~lff \ę̌ sff6ăxK"f ìfir$3~‘ę̌ ‚«Ă—¨, ÕłaË> 2ü< řúă^«. ÄžoffŊ›H sff ìfir$3~lff\ę̌ P. Cousot _‹ Marktoberdorf ìfir$3~lff [Cou99] \ę̌ ˝«Ď¡ÓÜĳŰÐ ]jĄŇŢ‚«%i„ ^«. yŇŢ İïŒĳ_‹ ˇ«Ï?@ ÂÒìfir\Ą {} FŃcăñŰÐ Óü-#Ň eŤ„Ŋ›H ffiŕ̄ŞÉr áÔŰÐÕłÏþŻ_‹ ĺ8Łffiâ̇‘ę̌ _‹pffô»Ç^«. \V\ę̌ [þt#Q, {x : [0, 2]; y : [3, 7]}Ŋ›H x _‹ řúŕsff 2Z \Ą, y _‹ řúŕsff 3 + 7Z \Ą §íĘ<Êİ)a^«Ŋ›H ffiŕ̄‘ę̌ ťúŸô»Ç^«. řúăŞÉr \V]j\ę̌ Äž off_‹ Čȷ̈íSSŰ˘«ŰÐ ìfir$3~ô»Ç ffi—˚õ̆\ę̌ 3ĄľĲ\Ą"f Źè>h‚«Şę eŤ„^«.

2 Ě]ˇ’ŚŒ/ŠŒ şÀżÈÐ ñ5Ñ�äů ěo>ñ5Ñ˘«Ÿ+ Ça‹Ÿ+

sff ĄľĲ\Ą"fŊ›H %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«[þt‘ę̌ îSSŰĎı̈‚«>ı &ñ̇_‹ô»Ç^«. sff ĄľĲ\Ą"f ^«ÀÒŊ›H íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H £ž éSSŰĘ¡Ó Čȷ̈íSSŰ˘«ü<ż̄!lr, õüŽ!lr, Y–L!lr, ´«Ðüw!lr ÕłoffŞę ´«Qtff(modular) Čȷ̈íSSŰ˘«sff^«.

éSSŰĘ¡Ó %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H £ž >h_‹ xffČȷ̈íSSŰ˘«\ę̌ řúİŊ›H^«. ’Í̄ Ą–¨P: xffČȷ̈íSSŰ˘«Ŋ›H íSSŰÕüt Čȷ̈íSSŰ_‹ {9˘ğ4~(p)‘ę̌ _‹pff‚«Şę, £žĄ–¨P: xffČȷ̈íSSŰ ˘«Ŋ›H íSSŰÕüt Čȷ̈íSSŰ_‹ ffi—˚õ̆(q)\ę̌ _‹pffô»Ç^«. ÕłA"f, %ĩ~¡ÓĘ¿Ó íSSŰÕüt Čȷ̈íSSŰ ˘«`« Òqt$í̇‚«Ŋ›H řúŕŞÉr íSSŰÕüt Čȷ̈íSSŰ_‹ ffi—˚õ̆ q`« œ&Ţÿ2§ď ‚«Ŋ›H \V-ľĲ {9˘ğ4~ Œ̋æ\Ą"f p \Ą §íĘ<Êœ&Ŋ›H řúŕsff^«.

c = 0, m = 0 c = 0, m ≠ 0 c ≠ 0, m = 0 c ≠ 0, m ≠ 0 c_i = 0, m_i = 0 Z Z {} {}

c_i = 0, m_i ≠ 0 Z Z if m_i|c then

if c/m_i is odd then 1 + 2Z else Z else {} if g.c.d.(m, m_i)|c then let c^′ + m^′ Z= {x | xm_i ∈ c + mZ}_c in if c^′ is odd and m^′ is even then 1 + 2Z else Z else {} c_i ≠ 0, m_i = 0 {0} {x | xc_i ≡ 0[m]}_c if c_i|c then {c/c_i} else {} {x | xc^i ≡ c[m]}^c c_i ≠ 0, m_i ≠ 0 {0} {x | xc_i ≡ c[g.c.d.(m, m_i )]}_c şð 1: {x | ∃e ∈ ci + miZ,e^′ ∈ c + mZ. e × x = e^′}c ‘ę̌ §íĘ<Ê‚«Ŋ›H &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë[þt.

{x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 5: if y * z = 6 then {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 6: if y mod 3 = 0 then {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 7: x := y*z {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 8: else {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 9: if y mod 3 = 1 then {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 10: x := y*z + 2 {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 11: else {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 12: x := y*z + 2 {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 13: fi {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 14: fi {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 15: else {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 16: x := y {x : [3, 7]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 17: fi {x : [0, 1]; y : [3, 7]; z : [2, 6]; i : [0, 1]}

ÕłaË> 2: %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ Čȷ̈íSSŰ˘«\ę̌ sff6ăx‚«tff ůúğŞÉr ìfir$3~ ffi—˚õ̆

Ça‹Ÿ+ 1 (Ě]ˇ’ŚŒ/ŠŒ şÀżÈÐ í5˘/ŚŒ ěo>ñ5Ñ˘«) £ž &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë c1 + m1Z õ̆ c + mZ \Ą @/K"f, +^◁_u(c1 + m1Z,c + mZ) ≜ (c1 + m1Z) ∩ (c + mZ) −^◁_u(c1 + m1Z,c + mZ) ≜ (c1 + m1Z) ∩ (−c + mZ). ^«Ę¡Ó %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H [j >h_‹ xffČȷ̈íSSŰ˘«\ę̌ řúİŊ›HX<, ůúą _‹ £ž xffČȷ̈íSSŰ˘«Ŋ›H íSSŰÕüt Čȷ̈íSSŰ_‹ {9˘ğ4~(p1 õ̆ p2)‘ę̌ _‹pff‚«Şę, [jĄ–¨P: xffČȷ̈íSSŰ˘«Ŋ›H íSSŰÕüt Čȷ̈íSSŰ_‹ ffi—˚õ̆(q)\ę̌ _‹pffô»Ç^«. %ĩ~¡ÓĘ¿Ó íSSŰÕüt Čȷ̈íSSŰ˘« `« Òqt$í̇‚«Ŋ›H řúŕŞÉr p1 õ̆ p2 _‹ řúŕ Œ̋æ\Ą"f íSSŰÕüt Čȷ̈íSSŰ‘ę̌ ‚«%i„‘ę̌ M:, q \ę̌ Òqt$í̇‚«Ŋ›H řúŕ[þtsff^«. 7čď, ^«Ę¡Ó %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H £ž >h _‹ ffi—˚õ̆\ę̌ Òqt$í̇ô»Ç^«.

Ça‹Ÿ+ 2 (Ě]ˇ’ŚŒ/ŠŒ şÀżÈÐ Á’‚ûŮgø̧ űAfûŮg ěo>ñ5Ñ˘«) [j &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë c1 + m1Z,c2 + m2Z ü< c + mZ \Ą @/‚«#Ň, +^◁_b (c1 + m1Z,c2 + m2Z,c + mZ) ≜ ⟨((c − c2) + (g.c.d.(m, m2))Z) ∩ (c1 + m1Z), ((c − c1) + (g.c.d.(m, m1))Z) ∩ (c2 + m2Z)⟩ −^◁_b (c1 + m1Z,c2 + m2Z,c + mZ) ≜ ⟨((c + c2) + (g.c.d.(m, m2))Z) ∩ (c1 + m1Z), ((c1 − c) + (g.c.d.(m, m1))Z) ∩ (c2 + m2Z)⟩ Ça‹Ÿ+ 3 (Ě]ˇ’ŚŒ/ŠŒ şÀżÈÐ ĲŕźûŮg ěo>ñ5Ñ˘«) [j &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë c1 + m1Z,c2 + m2Z ü< c + mZ \Ą @/‚«#Ň, ×^◁(c1 + m1Z,c2 + m2Z,c + mZ) ≜ ⟨(c1 + m1Z) ∩ Ci=2, (c2 + m2Z) ∩ Ci=1⟩.

sffM:, Ci=j (j ∈ {1, 2}) Ŋ›H £ž {9˘ğ4~ ¡+Ë1lx |9˘¡+Ë c + mZ õ̆ cj + mj Z \Ą @/K"f &ñ̇_‹İ)a şð 1‘ę̌ ťúŸô»Ç^«^∗.

^«ŔÉr Čȷ̈íSSŰ˘«[þtõ̆ šúŸoff, ´«Ðüw!lr Čȷ̈íSSŰ˘«Ŋ›H a%~ŞÉr %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ Čȷ̈ íSSŰ˘«\ę̌ &ñ̇_‹‚«Ŋ›H ffiŕ̄sff #Qğ>˘^«. &ñ̇Ãž ´«Ðüw!lr_‹ $í̇|9˚ŞÉr a%~ŞÉr Čȷ̈íSSŰ ˘«\ę̌ &ñ̇_‹‚«lff #Qğ>˘>ı ‚«lff M:ëHsff^«. \V\ę̌ [þt#Q"f, &ñ̇Ãž ~¡Ó&ñ̇dŤ̃ x ÷ 6 = 5 _‹ x \Ą @/ô»Ç KŊ›H 30, 31, 32, 33, 34, 35_‹ 5 `«tffŞff̈X<, sff 5 `«tff Õüw˘«\ę̌ §íĘ<Ê‚«Ŋ›H `«ĄľĲ ĄŇŢŞÉr &ñ̇Ãž ¡+Ë1lx |9˘¡+ËŞÉr &ñ̇Ãž Ďı̈^Ľ |9˘¡+Ë(Z) œfirsff^«. ćÿô»Ç, ÅÒ#QŤff̈ -ľĲÃž a ü< c \Ą @/‚«#Ň, &ñ̇Ãž ~¡Ó&ñ̇dŤ̃ a ÷ x = c _‹ K\ę̌ ¡ĺ‚«Ŋ›H ~¡ÓZŎsff \Ofllff M:ëH\Ą, £žĄ–¨P: xffČȷ̈íSSŰ˘«\Ą @/K"fŢÿ a%~ŞÉr ffi—˚õ̆\ę̌ %3˝‘ę̌ Ãž \Ofl^«. éSSŰtff, Äžoff`« ůúŸ Ãž eŤ„Ŋ›H ffiŕ̄ ŞÉr |c| > |a| sffĂ—¨, x \Ą @/ô»Ç K`« \Ofl^«Ŋ›H ffiŕ̄sff^«. sffffiŕ̄‘ę̌ &ñ̇Ãž ¡+Ë 1lx |9˘¡+ËÜĳŰÐ SXĽĄľĲ‚«Ă—¨ ^«6čğõ̆ řúăŞÉr dŤ̃‘ę̌ %3˝‘ę̌ Ãž eŤ„^«. • m > 0, M = c+m((|d|−c)÷m), N = c+m((−|d|−c)÷m) ü< Cx = {x | ∃e ∈ (c + mZ). d ÷ x = e}c \Ą @/K"f, ëSSŰ{9˚ M < −|d| sfffi–´« N > |d| sffĂ—¨, Cx = {}.

M ŞÉr |d| ŸÐ^« ĄŇŢfi–´« řúăŞÉr c + mZ ?/_‹ `«ĄľĲ ¯›H &ñ̇ÃžsffŞę, N ŞÉr −|d| ŸÐ^« SSĳfi–´« řúăŞÉr c + mZ ?/_‹ `«ĄľĲ ĄŇŢŞÉr &ñ̇Ãžsff^«.

Ça‹Ÿ+ 4 (Ě]ˇ’ŚŒ/ŠŒ şÀżÈÐ ´«�äžûŮg ěo>ñ5Ñ˘«) [j &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë c1 + m1Z,c2 + m2Z(≠ {0}) ü< c + mZ \Ą @/‚«#Ň, • π1(÷^◁(c1 + m1Z,c2 + m2Z,c + mZ)) ŞÉr c2 + m2Z _‹ yŇŢ ffiâ̇Äž\Ą ›«~« {1} → (c1 + m1Z) ∩ (c + mZ) {−1} → (c1 + m1Z) ∩ ((−c) + mZ) otherwise → c1 + m1Z • π2(÷^◁({d}, c2 + m2Z,c + mZ)) ŞÉr ëSSŰ{9˚ M < −|d| sfffi–´« N > |d| Ă—¨, {} ÕłXO“tff ůúğÜĳĂ—¨, c2 + m2Z.

• Õłţ1Ú\Ą π2(÷^◁(c1 + m2Z,c2 + m2Z,c + mZ)) ŞÉr c2 + m2Z.

0A_‹ &ñ̇_‹\Ą"f π Ŋ›H £ž "éűŹè\ę̌ řúİŊ›H ŃŇŢ‘ę̌ ~ÃÎˇ«"f ŃŇŢ_‹ ’Í̄Ą–¨P: "éűŹè (π1), <Ȩ̂ŞÉr ŃŇŢŞÉr £žĄ–¨P: "éűŹè (π2)\ę̌ fflÅ̌fi—ÅÒŊ›H Ę<ÊÃžsff^«.

Ça‹Ÿ+ 5 (Ě]ˇ’ŚŒ/ŠŒ şÀżÈÐ ´«xmff ěo>ñ5Ñ˘«) [j &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë (c1 + m1Z),(c2 + m2Z)(≠ {0}) ü< (c + mZ) \Ą @/‚«#Ň,

• ëSSŰ{9˚ c − c1 sff f.ËÃžsffŞę, m1, m sff ŃŇŢÃžsffĂ—¨,

mod^◁((c1 + m1Z),(c2 + m2Z),(c + mZ)) ≜ ⟨(c1 + m1Z) ∩ C2, (c2 + m2Z) ∩ (1 + 2Z)⟩. • ÕłXO“tff ůúğÜĳĂ—¨,

mod^◁((c1 + m1Z),(c2 + m2Z),(c + mZ)) ≜ ⟨(c1 + m1Z) ∩ C2, (c2 + m2Z) ∩ Z⟩. éSSŰ, Cx Ŋ›H şð 2\Ą &ñ̇_‹İ)a ffiŕ̄sff^«.

∗|9˘¡+Ë lffăñ {}_c Ŋ›H &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë‘ę̌ ťúŸô»Ç^«. \V\ę̌ [þt#Q, {1, 3}_cŞÉr 1õ̆ 3‘ę̌ §íĘ<Ê‚«Ŋ›H `«ĄľĲ ĄŇŢŞÉr &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë, 7čď 1 + 2Z\ę̌ _‹pffô»Ç^«.

Cases Definitions

m = m_2 = 0 if 0 ≤ c < c_2 then c + c_2Z else if c_2 < c ≤ 0 then c + c_2Z else {}

m ≠ 0, m_2 = 0 if 0 < c_2 then

let A_+ = {λ ∈ Z| 0 ≤ c + λm < c_2}_c in case |A_+| of 0 → {} 1 → (c + λm) + c_2Z, where λ ∈ A_+ otherwise → c + (g.c.d.(m, c_2))Z if c_2 < 0 then

let A_− = {λ ∈ Z| c_2 < c + λm ≤ 0}_c in case |A_−| of 0 → {} 1 → (c + λ^′ m) + c_2Z, where λ^′ ∈ A_− otherwise → c + (g.c.d.(m, c_2))Z m = 0, m_2 ≠ 0 c + (g.c.d.(c_2, m_2))Z m ≠ 0, m_2 ≠ 0 c + (g.c.d.(m, c_2, m_2))Z şð 2: {x | ∃e ∈ c2 + m2Z,∃e^′ ∈ c + mZ. x mod e = e^′}c \ę̌ §íĘ<Ê‚«Ŋ›H &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë[þt.

&ñ̇_‹İ)a ŕźĂŊŢ Čȷ̈íSSŰ˘«[þt_‹ îSSŰĎı̈$í̇ŞÉr lffŤ>r_‹ &ñ̇Ãž íSSŰÕüt Čȷ̈íSSŰ˘«_‹ Čȷ̈íSSŰ ffi—˚õ̆\ę̌ ŕźĂŊŢ Čȷ̈íSSŰ˘«[þtsff §íĘ<Ê‚«Ŋ›Htff\ę̌ ŸÐsffŊ›H ffiŕ̄ÜĳŰÐ 7čx"î̇ sff İ)a^«.

Ça‹hff 1 (ěo>ñ5Ñ˘«đæůŸ+ ò5ÑęĞ>Å]‹) &ñ̇_‹İ)a %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«[þtŞÉr "éűA_‹ íSSŰÕüt Čȷ̈íSSŰ˘«\Ą @/K "f îSSŰĎı̈‚«^«. +^◁_u(c1 + m1Z,c + mZ) = {i ∈ c1 + m1Z | i ∈ c + mZ}c −^◁_u(c1 + m1Z,c + mZ) = {i ∈ c1 + m1Z | (−i) ∈ c + mZ}c. [j &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë q1, q2 ü< p \Ą @/‚«#Ň^†, +^◁_b (q1, q2, p) = nr({⟨i1, i2⟩ ∈ ⟨q1, q2⟩ | i1 + i2 ∈ p}) −^◁_b (q1, q2, p) = nr({⟨i1, i2⟩ ∈ ⟨q1, q2⟩ | i1 − i2 ∈ p}) ×^◁(q1, q2, p) ⊇ nr({⟨i1, i2⟩ ∈ ⟨q1, q2⟩ | i1 × i2 ∈ p}) ÷^◁(q1, q2, p) ⊇ nr({⟨i1, i2⟩ ∈ ⟨q1, q2⟩ | i1 ÷ i2 ∈ p}) mod^◁(q1, q2, p) ⊇ nr({⟨i1, i2⟩ ∈ ⟨q1, q2⟩ | i1 mod i2 ∈ p}). 3 UdVĄ

ÕłaË> 3ŞÉr &ñ̇_‹İ)a %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ Čȷ̈íSSŰ˘«\ę̌ sff6ăxô»Ç ìfir$3~ ffi—˚õ̆sff^«. %ĩ ~¡ÓĘ¿Ó ŕźĂŊŢ Čȷ̈íSSŰ˘«\ę̌ sff6ăx‚«Ă—¨, ìfir$3~lffŊ›H line 5 _‹ if ëH ?/ÂÒ\Ą"f Ą—¨Ãž y Ŋ›H ¡+Ë1lx |9˘¡+Ë 3 + 21Z \Ą 5Åqô»Ç^«Şę ìfir$3~ô»Ç^«. 3 + 21Z _‹ Ůÿ Ő›H Õüw˘«[þtŞÉr 3_‹ CÃžsffÙĳŰÐ, Ą—¨Ãž y `« 3_‹ CÃž`« ˇ«ûť M: Ãž’§İ œ&Ŋ›H line 9 \Ą"f line 13 ‹«tff_‹ İïŒĳŊ›H ẑť’§İœ&tff ůúğŊ›H İïŒĳ(deadcode)sff^«. Äžoff_‹ %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ Čȷ̈íSSŰ˘«\ę̌ ˚«6ăxô»Ç ffi—˚õ̆Ŋ›H sff ẑť’§İ œ&tff ůúğŊ›H İïŒĳ\ę̌ ź1ÔŊ›H^«: ÕłaË> 3\Ą"f áÔŰÐÕłÏþŻ_‹ line 9 \Ą"f line 13 ‹«tff_‹ ĺ8Łffiâ̇ {x : ⊥; y : ⊥; z : ⊥; i : ⊥} ŞÉr ẑť’§İœ&tff ůúğŊ›H İïŒĳ eŤ̌‘ę̌ _‹pffô»Ç^«. ìøÍĂ—¨\Ą, %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ Čȷ̈íSSŰ˘«\ę̌ ˚«6ăx‚«tff ůúğŊ›H ìfir$3~ lff(ÕłaË> 2)Ŋ›H line 5 _‹ if ëH ?/ÂÒ\Ą"f Ą—¨Ãž y `« ¡+Ë1lx |9˘¡+Ë 3 + 7Z _‹ řúŕ‘ę̌ řúİŊ›H^«Şę ‚«#Ň, ẑť’§İœ&tff ůúğŊ›H İïŒĳ`« eŤ„6čğ‘ę̌ ź1Ôˇ«?/tff 3lw ô»Ç^«.

4 ÚṙÒeţ

sff Čȷ̈¡ĺ\Ą"fŊ›H &ñ̇Ãž Ą—¨Ãž lffìøÍ áÔŰÐÕłÏþŻ ìfir$3~‘ę̌ 0Aô»Ç &ñ̇Ãž ¡+Ë1lx ìfir $3~_‹ %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«\ę̌ &ñ̇_‹‚«%i„^«. ćÿô»Ç, &ñ̇_‹İ)a %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«`« íSSŰÕüt Čȷ̈íSSŰ_‹ "éűA _‹pff\Ą @/K îSSŰĎı̈Ę<Ê‘ę̌ 7čx"î̇ ‚«%i„^«. %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H :čďyff if ëHsff´« while ëHõ̆ řúă ŞÉr Żÿ|¯¨ëH\Ą"f ìfir$3~_‹ &ñ̇SXĽŢÿ\ę̌ Zȷ}Şff̈^«.

&ñ̇_‹İ)a %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ íSSŰÕüt Čȷ̈íSSŰ˘«Ŋ›H @/ÂÒìfir `«ĄľĲ ĄŇŢŞÉr &ñ̇Ãž ¡+Ë1lx |9˘¡+Ë‘ę̌ ffi—˚õ̆ŰÐ ?/ ïfir^«. Y–L!lrsff´«, ´«Ðüw!lr ÕłoffŞę ´«Qtff Čȷ̈íSSŰ˘«

†nr ŞÉr ŃŇŢ‘ę̌ "éűŹèŰÐ ‚«Ŋ›H |9˘¡+Ë‘ę̌ ŃŇŢ_‹ ’Í̄ "éűŹèzffoff Óü-Şę, ÑütP: "éűŹèzffoff Óü-#Q"f, £ž >h_‹ |9˘¡+ËÜĳŰÐ ´«¿žŊ›H Ę<ÊÃžsff^«. %3ˇx9˚‚«>ıŊ›H ^«6čğõ̆ řúăsff &ñ̇_‹ İ)a^« : nr(p) ≜ ⟨{x | ∃y. ⟨x, y⟩ ∈ p}_c, {y | ∃x. ⟨x, y⟩ ∈ p}_c⟩.

{x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 5: if y * z = 6 then {x : [0, 2]; y : [3, 21]; z : [2, 42]; i : [0, 1]} line 6: if y mod 3 = 0 then {x : [0, 2]; y : [3, 21]; z : [2, 42]; i : [0, 1]} line 7: x := y*z {x : [6, 42]; y : [3, 21]; z : [2, 42]; i : [0, 1]} line 8: else {x : ⊥; y : ⊥; z : ⊥; i : ⊥} line 9: if y mod 3 = 1 then {x : ⊥; y : ⊥; z : ⊥; i : ⊥} line 10: x := y*z + 2 {x : ⊥; y : ⊥; z : ⊥; i : ⊥} line 11: else {x : ⊥; y : ⊥; z : ⊥; i : ⊥} line 12: x := y*z + 2 {x : ⊥; y : ⊥; z : ⊥; i : ⊥} line 13: fi {x : ⊥; y : ⊥; z : ⊥; i : ⊥} line 14: fi {x : [6, 42]; y : [3, 21]; z : [2, 42]; i : [0, 1]} line 15: else {x : [0, 2]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 16: x := y {x : [3, 7]; y : [3, 7]; z : [2, 6]; i : [0, 1]} line 17: fi {x : [0, 1]; y : [3, 7]; z : [2, 6]; i : [0, 1]}

ÕłaË> 3: %ĩ~¡ÓĘ¿Ó ŕźĂŊŢ Čȷ̈íSSŰ˘«\ę̌ sff6ăxô»Ç ìfir$3~ ffi—˚õ̆

_‹ {9˚ÂÒŊ›H `«ĄľĲ ĄŇŢŞÉr ffi—˚õ̆\ę̌ ÅÒtff 3lw‚«tffëSSŰ, `«ĄľĲ ĄŇŢŞÉr ffi—˚õ̆\ę̌ §í Ę<Ê‚«Ŋ›H ffi—˚õ̆\ę̌ ?/ ÅÒlff M:ëH\Ą îSSŰĎı̈‚«^«.

¡ÇÔŤğ ˘«ŕØ

[CC77] P. Cousot and R. Cousot. Abstract interpretation: a unified lattice model for static analysis of programs by construction or approximation of fixpoints. In Conference Record of the Fourth Annual ACM SIGPLAN- SIGACT Symposium on Principles of Programming Languages, pages 238–252, 1977.

[Cou99] P. Cousot. The calculational design of a generic abstract interpreter. In M. Broy and R. Steinbrüggen, editors, Calculational System Design. NATO ASI Series F. IOS Press, Amsterdam, 1999.

[Gra89] P. Granger. Static analysis of arithmetical congruences.

In International Journal of Computer Mathematics, volume 30, pages 165–190. 1989.