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E → n (n ∈ Z)

| x ���Ãº

| E + E

| - E

| let x E1 E2 t�%i� ���Ãº

| if E1 E2 E3
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þt]���¹כ

r����: �̧1pu_�p�(collecting semantics)

V ∈ Exp → 2Env → 2Z

Env = Var fin→ Z

���¹כ {9�ìøÍ:

2Env → 2Z −→←−α
γ ˆEnv → Ẑ, 2Env −→←−α1

γ1 ˆEnv , 2Z −→←−α2

γ2

Ẑ

s��¦, ���¹כ _�p� V̂ E��

V̂ E w α(V E) = α2 ◦ V E ◦ γ1

s� ÷&�̧2�¤.

���¹כ \V

8̈��â
\�"f ���Ãºçß�_� �'a>�\�¦ {9�#Q!Qo�l�

ˆEnv = Var fin→ 2Z α1 = λΣ.{x 7→
⋃

σ∈Σ(σx) | x ∈ Var}
Ẑ = 2Z α2 = id

Õªo��4H, ���Ãº�� ��t���H &ñ
Ãº[þt�̀¦ 
���¹כ�l� (α2 6= id)

ˆEnv = Var fin→ Ẑ α1 = λΣ.{x 7→ α2(
⋃

σ∈Σ(σx)) | x ∈ Var}
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Ẑ

s��¦, ���¹כ _�p� V̂ E��

V̂ E w α(V E) = α2 ◦ V E ◦ γ1

s� ÷&�̧2�¤.

���¹כ \V

8̈��â
\�"f ���Ãºçß�_� �'a>�\�¦ {9�#Q!Qo�l�

ˆEnv = Var fin→ 2Z α1 = λΣ.{x 7→
⋃

σ∈Σ(σx) | x ∈ Var}
Ẑ = 2Z α2 = id

Õªo��4H, ���Ãº�� ��t���H &ñ
Ãº[þt�̀¦ 
���¹כ�l� (α2 6= id)
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⋃

σ∈Σ(σx)) | x ∈ Var}
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�̧1pu _�p�(collecting semantics)

�̧1pu _�p��<ÊÃº V��H ��A�ü< °ú �Ér /BNçß�\�"f

V ∈ Exp → 2Env → 2Z

Σ ∈ 2Env

σ ∈ Env = Var fin→ Z

�̧wn�d��Ü¼�Ð &ñ
_��)a��:

V n Σ = {n}

V x Σ = {σ x | σ ∈ Σ}

V E1 + E2 Σ = {z1 + z2 | zi ∈ V Ei Σ}

V - E Σ = {−z | z ∈ V E Σ}

V let x E1 E2 Σ = V E2 {σ{x 7→ v} | σ ∈ Σ, v ∈ V E1 Σ}

V if E1 E2 E3 Σ = V E2 (B E1 Σ) ∪ V E3 (¬B E1 Σ)

B E Σ = ∪{Σ′ | V E Σ′ 63 0,Σ′ ⊆ Σ}

¬B E Σ = ∪{Σ′ | V E Σ′ = {0},Σ′ ⊆ Σ}
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_�p�/BNçß� ���¹כ

a(����¹כ _�p��<ÊÃº V̂��H ��6£§_� /BNçß�\�"f

V̂ ∈ Exp → ˆEnv → Ẑ

&ñ
_�÷&�¦, _�p�/BNçß� ��s�_� °ú��Ð�� ������

2Env → 2Z −→←−α
γ ˆEnv → Ẑ

�Ér y�� ÂÒ¾¡§_� °ú��Ð�� ������

2Env −→←−α1

γ1 ˆEnv ü< 2Z −→←−α2

γ2

Ẑ

\�¦ ��t��¦ îß����
�>� &ñ
_�|̈c Ãº e����.
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���¹כ _�p� �<ÊÃº V̂ E

þj���_� ���¹כ _�p��<ÊÃº

V̂ E = α(V̂ E) = α2 ◦ V E ◦ γ1

_� &ñ
_�:

V̂ n Σ̂ = α2 {n}

V̂ E1 + E2 Σ̂ = α2{v1 + v2 | v1 ∈ γ2(V̂ E1 Σ̂), v2 ∈ γ2(V̂ E2 Σ̂)}

V̂ - E Σ̂ = α2{−v | v ∈ γ2(V̂ E Σ̂)}

V̂ let x E1 E2 Σ̂ = V̂ E2 (α1{σ{x 7→ v} | σ ∈ γ1(Σ̂), v ∈ γ2(V̂ E1 Σ̂)})

V̂ if E1 E2 E3 Σ̂ = V̂ E2 (α2(B E1 (γ1Σ̂))) t V̂ E3 (α2(¬B E1 (γ1Σ̂)))

Lemma (Correctness)

∀E : α(V E) v V̂ E
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���¹כ _�p��<ÊÃº V̂ E

¢̧ ���Ér ���¹כ _�p��<ÊÃº_� &ñ
_�:

V̂ n Σ̂ = α2 {n}

V̂ E1 + E2 Σ̂ = (V̂ E1 Σ̂)+̂(V̂ E2 Σ̂)

V̂ - E Σ̂ = −̂(V̂ E Σ̂)

V̂ let x E1 E2 Σ̂ = V̂ E2 (Σ̂{x ˆ7→ V̂ E1 Σ̂})

V̂ if E1 E2 E3 Σ̂ = (V̂ E2 (B̂ E1 Σ̂)) t (V̂ E3 (¬̂B E1 Σ̂))

#�l�"f +̂, −̂, ·{x ˆ7→ ·}, B̂, ¬̂B��H K�{©� ���íß�[þt�̀¦ îß����
�>� ¹���ô�Çכ
�.��þts�#Q]	כ

Lemma (Correctness)

∀E : α(V E) v V̂ E
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"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

C → skip | x := E | C ; C

| if B C C

| while B C

E → n (n ∈ Z) | x
| E + E | B (boolean expr)

_�p�/BNçß��Ér

C C ∈ 2Memory → 2Memory

V E ∈ 2Memory → 2Value

B B ∈ 2Memory → 2Memory

Memory = Loc fin→ Value

Value = Z + B
Loc = Var

B = {T, F}
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m ∈ Memory M ∈ 2Memory

C skip M = M

C x := E M = {m{x 7→ v} | m ∈M,v ∈ V E M}
C C1 ; C2 M = C C2 (C C1 M)

C if B C1 C2 M = C C1 (B B M) ∪ C C2 (B ¬B M)

C while B C M = B ¬B (fixλX.M ∪ C C (B B X))

V n M = {n}
V x M = {m x | m ∈M}

V E1 + E2 M = {v1 + v2 | v1 ∈ V E1 M,v2 ∈ V E2 M}
B B M = ∪{M ′ | V B M ′ = {T},M ′ ⊆M}
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���¹כ

Ĉ C ∈ ˆMemory → ˆMemory

V̂ E ∈ ˆMemory → ˆValue

B̂ B ∈ ˆMemory → ˆMemory

°ú��Ð�� ������ �)a �BNçß/���¹כ

2Memory −→←−α1

γ1 ˆMemory 2Value −→←−α2

γ2 ˆValue
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Ĉ skip m̂ = m̂

Ĉ x := E m̂ = α1{m{x 7→ v} | m ∈ γ1m̂, v ∈ γ2(V̂ E m̂)}
Ĉ C1 ; C2 m̂ = Ĉ C2 (Ĉ C1 m̂)

Ĉ if B C1 C2 m̂ = Ĉ C1 (B̂ B m̂) t Ĉ C1 (B̂ ¬B m̂)

Ĉ while B C m̂ = B̂ ¬B (fixλx̂.m̂ t Ĉ C (B̂ B x̂))

V̂ n m̂ = α2{n}
V̂ x m̂ = m̂ x

V̂ E1 + E2 m = α2{v1 + v2 | v1 ∈ γ2(V̂ E1 m̂), v2 ∈ γ2(V̂ E2 m̂)}
B̂ B m̂ = α1(∪{M ′ | V B M ′ = {T}, M̂ ′ ⊆ γ1m̂})

Lemma (Correctness)

∀C : α(C C) v Ĉ C
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½̈�&³

ÅÒ#Q��� áÔ�ÐÕªÏþ� Cü<, �'ad��e����H �íl� Bj�̧o� m̂0\� @/K�"f �̧wn�

d��Ü¼�Ð &ñ
_��)a

Ĉ C m̂0

\�¦ >�íß�.

s�M: Cîß�\� e����H while E C ′\� @/K�"f fix F̂ ∈ ˆMemory_�

>�íß��Ér ⊔
i∈N

F̂ i(⊥ ˆMemory)

Ü¼�Ð.

0A_� >�íß�s� =åQ��t� ·ú§���� r�çß�s� �-Áº �̧A����wn= Ãº

e��Ü¼��� »¡¤t�ZO�(5)õ� a%vy�l�(4)\�¦ s�6 x
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Ĉ skip m̂ = m̂

Ĉ x := E m̂ = α1{m{x 7→ v} | m ∈ γ1m̂, v ∈ γ2(V̂ E m̂)}
Ĉ C1 ; C2 m̂ = Ĉ C2 (Ĉ C1 m̂)

Ĉ if B C1 C2 m̂ = Ĉ C1 (B̂ B m̂) t Ĉ C1 (B̂ ¬B m̂)

Ĉ while B C m̂ = B̂ ¬B (Narrow(Widen (λx̂.m̂ t Ĉ C (B̂ B x̂))))

V̂ n m̂ = α2{n}
V̂ x m̂ = m̂ x

V̂ E1 + E2 m = α2{v1 + v2 | v1 ∈ γ2(V̂ E1 m̂), v2 ∈ γ2(V̂ E2 m̂)}
B̂ B m̂ = α1(∪{M ′ | V B M ′ = {T}, M̂ ′ ⊆ γ1m̂})
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Widen(F̂ ) = limi∈N


Ŷ0 = ⊥ ˆMemory

Ŷi+1 =

{
Ŷi if F̂ (Ŷi) v Ŷi

Ŷi 5 F̂ (Ŷi) o.w.

Narrow(m̂) = limi∈N

{
Ẑ0 = m̂

Ẑi+1 = Ẑi 4 F̂ (Ẑi)
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>�íß� z�́'��õ�&ñ
�̀¦ 
���¹כ���H ~½Óîß�[þt

áÔ�ÐÕªÏþ� C_� _�p� [[C]]��H C�� z�́'��÷&���"f ��|9� Ãº e����H l�>��©�

I�[þt_� (Ä»ô�Ç <�Ê�Ér Áºô�Çô�Ç) �̧��H 7á¤&h�[þt

[[C]] ∈ 2Trace

τ, τ0τ1 · · · τn ∈ Trace = Stateω

State = Command ×Memory × · · ·
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2Trace −→←−α
γ ˆTrace

α0→ Trace of set of states: sequence of set of states appearing at

a given time along at least one of the traces

α0(X) = λi.{τi | τ ∈ X, 0 ≤ i < |τ |}

α1→ Set of reachable states (global invariant): set of states

appearing at least once along a trace

α1(Y ) =
⋃
{Y (i) | 0 ≤ i < |Y |}

α2→ Partitioned set of reachable states (local invariant): project

along each control point ∈ ∆

α2({〈ci, si〉 | i ∈ ∆}) = λc.{si | i ∈ ∆, c = ci}
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