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#Qn��Ð��: ��{9� ÆÒ�:r

e_� Òqt�̂�Dh���� �̧f�� 
���_� ½©gË:. ����"f,

Γ ` λx.e : τ → τ ′ ⇔ Γ + x : τ ` e : τ ′

Γ ` e e′ : τ ⇔ Γ ` e : τ ′ → τ ∧ Γ ` e′ : τ ′

...

ÅÒ#Q��� e\� @/K�"f, Γ ` e : τ��� τ�� #�!Á	��0px

{x : ι} ` x : ι

` λx.x : ι → ι

{x : ι → ι} ` x : ι → ι

` λx.x : (ι → ι) → (ι → ι)
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...
` λx.x + 1 : ι → ι

...
` (λy.y) 2 : ι

` (λx.x + 1) ((λy.y) 2) : ι

...
` λx.x + 1 : ι → ι

...
` λy.y : ι → ι

!
` λz.z : ι

` (λy.y) (λz.z) : ι

` (λx.x + 1) ((λy.y) (λz.z)) : ι

...
{f : τ → τ ′} ` f : τ → τ ′

...
{f : τ → τ ′} ` f : τ

τ = τ → τ ′

{f : τ → τ ′} ` f f : τ ′

` λf.f f : (τ → τ ′) → τ ′
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ÆÒ�:r ½©gË:_� îß����$í
 7£x"î
: ÆÒ�:r÷&��H @/�Ð z�́'���)a��

7£x"î
~½ÓZO� I

Progress: °úכs� ���̀¦ M: ��t� ë�H]j\O�s� ���'��ô�Ç��.

` e : τ s��¦ e�� °úכs� ��m���� ìøÍ×¼r� e → e′.

Subject Reduction: ���'���Ér ��{9��̀¦ �Ð�>rô�Ç��.

` e : τ s��¦ e → e′ s���� ` e′ : τ .
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#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î
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u�8̈� {v/x}e

áÔ�ÐÕªÏþ� z�́'��_� Ùþ�d��: (λx.e) v → {v/x}e

{v/x}n = n

{v/x}x = v

{v/x}y = y if y 6= x

{v/x}(e1 + e2) = ({v/x}e1) + ({v/x}e2)

{v/x}(e1 e2) = ({v/x}e1) ({v/x}e2)

{v/x}(λy.e) = λy.{v/x}e if y 6∈ {x} ∪ FV (v)

��z�́: Óü�#�e����H ���Ãºëß� ���Ér λx.eü< λx′.e′
��H °ú �Ér �;	כ "f�Ð �½Ó

�©� @/���½+É Ãº e����.

����"f, {v/x}(λy.e)�� �½Ó�©� &ñ
_� |̈c Ãº e����H λy.e���¦ (7£¤,

y 6∈ {x} ∪ FV (v)���¦) çß�ÅÒ K��̧ Áº~½Ó.
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��{9�s� e��Ü¼��� ë�H]j\O�s� ���'��

Theorem (Progress)

` e : τ s��¦ e�� °úכs� ��m���� ìøÍ×¼r� ���'�� e → e′ ô�Ç��.

Proof. ` e : τ_� 7£x"î
\� @/ô�Ç )
±ú�ZO�Ü¼�Ð. 1

e = e1 e2��� �â
Äº: ` e1 e2 : τs�Ù¼�Ð ��{9�ÆÒ�:r ½©gË:\� _�K� ` e1 : τ ′ → τs��¦

` e2 : τ ′ s���. ����"f, )
±ú� ��&ñ
\� _�K�"f,

e1s� °úכs� ��m���� ���'�� e1 → e′
1 
��¦, s���H /BI áÔ�ÐÕªÏþ� z�́'�� →_�

&ñ
_�\� _�K� e1 e2 → e′
1 e2õ� °ú ��.

��ðøÍ��t��Ð, e1s� °úכs��¦ e2�� °úכs� ��m������ ���'�� e2 → e′
2 
��¦, s���H

/BI áÔ�ÐÕªÏþ� z�́'�� →_� &ñ
_�\� _�K� e1 e2 → e1 e′
2õ� °ú ��.

e1õ� e2�� �̧¿º °úכs������, ` e1 : τ ′ → τ{9� Ãº e����H °úכ e1�Ér �̧f��

λx.e′
�â
Äº ÷�rs���. ����"f áÔ�ÐÕªÏþ� z�́'�� →_� &ñ
_�\� _�K� ìøÍ×¼r�

���'�� e1 e2 = λx.e′ e2 → {e2/x}e′ô�Ç��.

���Ér �â
Äº�̧ ��ðøÍ��t��Ð 7£x"î
.
1
“By induction on typing derivation.” 7£x"î
 ½©gË:s� e_� ½̈�̧\�¦ ���� )
±ú�
�Ù¼�Ð, “e_� ½̈�̧\� @/ô�Ç

)
±ú�ZO�Ü¼�Ð”(“By structural induction on e”)���¦ K��̧ �)a��.
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z�́'���Ér ��{9��̀¦ �Ð�>r

Theorem (Subject Reduction, Preservation)

` e : τ s��¦ e → e′ s���� ` e′ : τ .

Proof. ` e : τ_� 7£x"î
\� @/ô�Ç )
±ú�ZO�Ü¼�Ð ���'��ô�Ç��. 2

e = e1 e2��� �â
Äº: ` e1 e2 : τs�Ù¼�Ð ��{9�ÆÒ�:r ½©gË:\� _�K� ` e1 : τ ′ → τs��¦

` e2 : τ ′ s���. e1 e2 → e′s������ [j��t� �â
Äºµ1Ú\� \O���:

e1 → e′
1s���"f e1 e2 → e′

1 e2 ��� �â
Äº. )
±ú� ��&ñ
\� _�K� ` e′
1 : τ ′ → τ .

` e2 : τ ′s�Ù¼�Ð, ��{9�ÆÒ�:r ½©gË:\� _�K� ` e′
1 e2 : τ .

e1�Ér °úכs��¦ e2 → e′
2s���"f e1 e2 → e1 e′

2 ��� �â
Äº. 0A_� �â
Äºü< Ä»��.

e1õ� e2�� �̧¿º °úכ��� �â
Äº. ` e1 : τ ′ → τ��� °úכ e1�Ér ��{9�ÆÒ�:r ½©gË:\�

_�K� λx.e′ µ1Ú\���H \O���. 7£¤, e1 e2 = (λx.e′) v s��¦,

(λx.e′) v → {v/x}e′ s���. ` λx.e′ : τ ′ → τs������ ��{9�ÆÒ�:r ½©gË:\�

_�'?@ x : τ ′ ` e′ : τs���. ` v : τ ′ s�Ù¼�Ð, “Preservation under

Substitution Lemma”\� _�K� ` {v/x}e′ : τs���.

2
“By induction on typing derivation.” 7£x"î
 ½©gË:s� e_� ½̈�̧\�¦ ���� )
±ú�
�Ù¼�Ð, “e_� ½̈�̧\� @/ô�Ç

)
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±ú� ��&ñ
\� _�K� ` e′
1 : τ ′ → τ .

` e2 : τ ′s�Ù¼�Ð, ��{9�ÆÒ�:r ½©gË:\� _�K� ` e′
1 e2 : τ .

e1�Ér °úכs��¦ e2 → e′
2s���"f e1 e2 → e1 e′

2 ��� �â
Äº. 0A_� �â
Äºü< Ä»��.

e1õ� e2�� �̧¿º °úכ��� �â
Äº. ` e1 : τ ′ → τ��� °úכ e1�Ér ��{9�ÆÒ�:r ½©gË:\�

_�K� λx.e′ µ1Ú\���H \O���. 7£¤, e1 e2 = (λx.e′) v s��¦,

(λx.e′) v → {v/x}e′ s���. ` λx.e′ : τ ′ → τs������ ��{9�ÆÒ�:r ½©gË:\�

_�'?@ x : τ ′ ` e′ : τs���. ` v : τ ′ s�Ù¼�Ð, “Preservation under

Substitution Lemma”\� _�K� ` {v/x}e′ : τs���.

2
“By induction on typing derivation.” 7£x"î
 ½©gË:s� e_� ½̈�̧\�¦ ���� )
±ú�
�Ù¼�Ð, “e_� ½̈�̧\� @/ô�Ç

)
±ú�ZO�Ü¼�Ð ���'��ô�Ç��”�¦ K��̧ �)a��.
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

u�8̈��Ér ��{9��̀¦ �Ð�>r

Theorem (Preservation under Substitution)

Γ ` v : τ ′ s��¦ Γ + x : τ ′ ` e : τ s���� Γ ` {v/x}e : τ .

Proof. Γ + x : τ ′ ` e : τ_� 7£x"î
\� @/ô�Ç )
±ú�ZO�Ü¼�Ð 7£x"î
ô�Ç��.

e = λy.e′
��� �â
Äº: �½Ó�©� y 6∈ {x} ∪ FV v��� λy.e′�Ð çß�ÅÒ½+É Ãº e��Ü¼Ù¼�Ð

{v/x}λy.e′ = λy.{v/x}e′. ����"f, �Ð{9� ��Ér	כ Γ ` λy.{v/x}e′ : τ
let
= τ1 → τ2.

��&ñ
 Γ + x : τ ′ ` λy.e′ : τ1 → τ2 Ü¼�ÐÂÒ'� ��{9�ÆÒ�:r ½©gË:\� _�K�

Γ + x : τ ′ + y : τ1 ` e′ : τ2 s��¦, Γ ` v : τ ′ü< y 6∈ FV (v) Ü¼�ÐÂÒ'�

Γ + y : τ1 ` v : τ ′3 s�Ù¼�Ð, )
±ú� ��&ñ
\� _�K� Γ + y : τ1 ` {v/x}e′ : τ2. 7£¤,

��{9�ÆÒ�:r ½©gË:\� _�K� Γ ` λy.{v/x}e′ : τ1 → τ2.

���Ér �â
Äº��H �8¹¡¤ éß�í�Hô�Ç )
±ú�.

3
Óüt��l�(Weakening Lemma) &ñ
o�(&ñ
_�+7£x"î
?)
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

7£x"î
 ~½ÓZO� II

��6£§ ¿º>hëß�Ü¼�Ð�̧ Ø�æì�r:

e → error\�¦ &ñ
_�

Subject Reduction:

` e : τ s��¦ e → e′ s���� ` e′ : τ .

�=?

3lq³ð: °úכs� ����� d�� e�� ��{9�s� e��Ü¼���, e�� ë�H]j\O�s�

���'��
� 9 =åQèß������ Õª ��{9�_� °úכs�#Q��.

°úכs� ����� d�� e�� ��{9�s� e�����¦ 
���. ú̧� ���'��
���H��?

ÕªXO���, e → error�Ð ���'��½+É Ãº \O���. ÕªXO�>� ���'��ô�Ç�����

�̧í�H: “Subject Reduction Lemma”\� _�K�"f error��

��{9�s� e��#Q�� 
���HX< error_� ��{9��̀¦ ���&ñ

���H ½©gË:�Ér

\O���.

Õªo��¦ ���'��s� ��{9��̀¦ �½Ó�©� �Ð�>r
�Ù¼�Ð, °úכÜ¼�Ð ���'��s�

=åQ��>� ÷&��� Õª °ú̧�כ °ú �Ér ��{9�.
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

7£x"î
 ~½ÓZO� II

��6£§ ¿º>hëß�Ü¼�Ð�̧ Ø�æì�r:

e → error\�¦ &ñ
_�

Subject Reduction:

` e : τ s��¦ e → e′ s���� ` e′ : τ .

�=?

3lq³ð: °úכs� ����� d�� e�� ��{9�s� e��Ü¼���, e�� ë�H]j\O�s�

���'��
� 9 =åQèß������ Õª ��{9�_� °úכs�#Q��.

°úכs� ����� d�� e�� ��{9�s� e�����¦ 
���. ú̧� ���'��
���H��?

ÕªXO���, e → error�Ð ���'��½+É Ãº \O���. ÕªXO�>� ���'��ô�Ç�����

�̧í�H: “Subject Reduction Lemma”\� _�K�"f error��

��{9�s� e��#Q�� 
���HX< error_� ��{9��̀¦ ���&ñ

���H ½©gË:�Ér

\O���.

Õªo��¦ ���'��s� ��{9��̀¦ �½Ó�©� �Ð�>r
�Ù¼�Ð, °úכÜ¼�Ð ���'��s�

=åQ��>� ÷&��� Õª °ú̧�כ °ú �Ér ��{9�.
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

7£x"î
 ~½ÓZO� II

��6£§ ¿º>hëß�Ü¼�Ð�̧ Ø�æì�r:

e → error\�¦ &ñ
_�

Subject Reduction:

` e : τ s��¦ e → e′ s���� ` e′ : τ .

�=?

3lq³ð: °úכs� ����� d�� e�� ��{9�s� e��Ü¼���, e�� ë�H]j\O�s�

���'��
� 9 =åQèß������ Õª ��{9�_� °úכs�#Q��.

°úכs� ����� d�� e�� ��{9�s� e�����¦ 
���. ú̧� ���'��
���H��?

ÕªXO���, e → error�Ð ���'��½+É Ãº \O���. ÕªXO�>� ���'��ô�Ç�����

�̧í�H: “Subject Reduction Lemma”\� _�K�"f error��

��{9�s� e��#Q�� 
���HX< error_� ��{9��̀¦ ���&ñ

���H ½©gË:�Ér

\O���.

Õªo��¦ ���'��s� ��{9��̀¦ �½Ó�©� �Ð�>r
�Ù¼�Ð, °úכÜ¼�Ð ���'��s�

=åQ��>� ÷&��� Õª °ú̧�כ °ú �Ér ��{9�.
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

ÆÒ�:r ½©gË:_� ½̈�&³

��{9�\� @/ô�Ç ���wn�~½Ó&ñ
d�� [jÄº�¦ Û�¦l�

��{9� ���wn� ~½Ó&ñ
d�� u

u → τ=̇τ ��{9� ~½Ó&ñ
d��

| u ∧ u ���wn�

τ → α ��{9� ���Ãº

| ι | τ → τ
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

��{9� ���wn� ~½Ó&ñ
d�� [jÄºl�

V (Γ, e, τ) = u

s�Ïþ¡Ü¼��� a%~�Ér:

S |= V (Γ, e, τ) ⇔ SΓ ` e : Sτ.

#�l�"f:

“S |= u” = “S��H ~½Ó&ñ
d�� u_� K�(model)”

S ∈ Subst = TyVar fin→ Type s��¦ Type�Ér τ[þt_� |9�½+Ë

s� 9
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

Sτ1 = Sτ2

S |= τ1=̇τ2

S |= u1 S |= u2

S |= u1 ∧ u2

s� 9

Sα =

{
τ if α 7→ τ ∈ S

α if α 6∈ Dom S

Sι = ι

S(τ → τ ′) = (Sτ) → (Sτ ′)

SΓ = {x : Sτ | x : τ ∈ Γ}
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

��{9� ���wn� ~½Ó&ñ
d�� [jÄºl� V (Γ, e, τ)

V (Γ, n, τ) = τ=̇ι

V (Γ, x, τ) = τ=̇τ ′ if x : τ ′ ∈ Γ

V (Γ, e1 + e2, τ) = τ=̇ι ∧ V (Γ, e1, ι) ∧ V (Γ, e2, ι)

V (Γ, λx.e, τ) = τ =̇ α1 → α2 ∧ V (Γ + x : α1, e, α2) new α1,α2

V (Γ, e1 e2, τ) = V (Γ, e1, α → τ) ∧ V (Γ, e2, α) new α
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

V (Γ, e, τ)��H �̀��Ér��?

7£¤,

S |= V (Γ, e, τ) ⇔ SΓ ` e : Sτ

�����?

Proof. e_� ½̈�̧\� @/ô�Ç )
±ú�ZO�Ü¼�Ð.

λx.e��� �â
Äº: S |= V (Γ, λx.e, τ) �Ér

= S |= τ =̇ α1 → α2 ∧ V (Γ + x : α1, e, α2) new α1, α2

⇔ S |= τ =̇ α1 → α2

∧ S |= V (Γ + x : α1, e, α2)

⇔ Sτ = Sα1 → Sα2

∧ SΓ + x : Sα1 ` e : Sα2 ()
±ú���&ñ
)

⇔ Sτ = Sα1 → Sα2

∧ SΓ ` λx.e : Sα1 → Sα2

⇔ SΓ ` λx.e : Sτ.

���Ér �â
Äº�̧ q�5pw
�>�.
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

���wn� ~½Ó&ñ
d��_� K� ½̈
�l�

1lx{9��o ·ú��¦o�7£§(unification algorithm):

“A Machine-Oriented Logic Based on the Resolution

Principle”, J.A.Robinson, Journal of ACM, Vol.12, No.1,

pp.23-41, 1965.

��{9� ~½Ó&ñ
d��[þt(τ=̇τ ′)õ� K� /BNçß�(Type)�Ér 0A �7Hë�H_�

1lx{9��o(unification) ·ú��¦o�7£§Ü¼�Ð Û�¦ Ãº e����H 9þtA�Û¼

·ú��¦o�7£§ U��H T |= u��� T ×�æ\�"f ���©� {9�ìøÍ&h���� K�(most

general unifier)\�¦ ½̈K�ï�r��.

U(u) let= S |= u s��¦

T |= u ⇒ T = RS ��� Rs� e����.
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

·ú��¦o�7£§ U(V (Γ, e, α))

U(u) = unify-all(u, ∅ : Subst) : Subst = TyVar fin→ Type

s��¦

unify-all(τ=̇τ ′, S) = (unify(τ, τ ′))S

unify-all(u ∧ u′, S) = let T = unify-all(u, S) in unify-all(Tu′, T )

s� 9, 1lx{9��o(unification) ·ú��¦o�7£§ unify(τ, τ ′) : Subst ��H

unify(τ, τ) = ∅

unify(α, τ) or unifty(τ, α) =

{
{α 7→ τ} if α 6∈ τ

fail o.w.

unify(τ1 → τ2, τ
′
1 → τ ′

2) = let S = unify(τ1, τ
′
1)

S′ = unify(Sτ2, Sτ ′
2)

in SS′

unify( ) = fail
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

·ú��¦o�7£§�Ér Ø�æz�́ô�Ç(sound & complete) ½̈�&³

îß����(sound) U(V (Γ, e, α)) = S ⇒ SΓ ` e : Sα

¢-a���(complete)

U(V (Γ, e, α)) = S

∧ Γ′ = RSΓ

∧ τ ′ = RSα

 ⇐ Γ′ ` e : τ ′
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

���Ér ·ú��¦o�7£§ I: Vü< unify\�¦ 1lxr�\�

M : TyEnv × Exp × Type → Subst

M(Γ, n, τ) = unify(ι, τ)

M(Γ, x, τ) = unify(τ, τ ′) if x : τ ′ ∈ Γ

M(Γ, λx.e, τ) = let S = unify(α1 → α2, τ) new α1, α2

S′ = M(SΓ + x : Sα1, e, Sα2)

in S′S

M(Γ, e e′, τ) = let S = M(Γ, e, α → τ) new α

S′ = M(SΓ, e′, Sα)

in S′S

M(Γ, e + e′, τ) = let S = unify(ι, τ)

S′ = M(SΓ, e, ι)

S′′ = M(S′SΓ, e′, ι)

in S′′S′S

îß����(sound) M(Γ, e, α) = S ⇒ SΓ ` e : Sα

¢-a���(complete)

M(Γ, e, α) = S

∧ Γ′ = RSΓ

∧ τ ′ = RSα

 ⇐ Γ′ ` e : τ ′
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éß�í�H ��{9� r�Û¼%7� Simple Type System
#Qn��Ð��: ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

���Ér ·ú��¦o�7£§ II: Vü< unify\�¦ 1lxr�\�

W : TyEnv × Exp → Type × Subst

W (Γ, n) = (ι, ∅)

W (Γ, x) = (τ, ∅) if x : τ ∈ Γ

W (Γ, λx.e) = let (τ, S) = W (Γ + x : α, e) new α

in (Sα → τ, S)

W (Γ, e e′) = let (τ, S) = W (Γ, e)

(τ ′, S′) = W (SΓ, e′)

S′′ = unify(τ ′ → α, S′τ) new α

in (S′′S′S, S′′α)

W (Γ, e + e′) = let (τ, S) = W (Γ, e)

S′ = unify(τ, ι)

(τ ′, S′′) = W (S′SΓ, e′)

S′′′ = unify(τ ′, ι)

in (ι, S′′′S′′S′S)

îß����(sound) W (Γ, e) = (τ, S) ⇒ SΓ ` e : τ

¢-a���(complete)

W (Γ, e) = (τ, S)

∧ Γ′ = RSΓ

∧ τ ′ = Rτ

 ⇐ Γ′ ` e : τ ′
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