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o= B9 Al2® Simple Type System

BV FAyy)2:e
FAzz+1) (A\yy)2):e

: !
: FAyy:t—1t FAz.z:e
Fldxoz+1:0—0 F(Ayy) (A\z.2) i
FAz.z+1) (Ayy) (Az.2)) i e

/
T=T—>T

{f:7—>7"}.|—f:7'—>7-’ {f:7—>7."}|—f:7'

{fir—=7}Yff:7
EXfff:(m—T)— 7

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Spring 2006 Note 16



o|X

|

@ Progress: Zrol Y& uwl] 7}x] BA|Qle] 233t}
Fe:7 o)Al e7} gho] ofYH QEEA] e — €.
@ Subject Reduction: F 32 E}YS HE3HT)

Fe:Tollle—e o]HFE 7.
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o= B9 Al2® Simple Type System

Zgza= Aol A (\z.e)v— {v/z}e

{v/z}n = n

{v/z}x = v

{v/z}y

{v/z}(er + e2)

{v/z}(e1 ea)

{v/z}(Ay-e)

A FolgdE Mt 02 Aredt N de B 2L AR G
AR % ek

o wetA, {v/z}(Ay.e)7t /& 9] 2
y ¢{z} UFV(v)eta) b5 sl = 7.

y ify#ux
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Theorem (Progress)
Fei7 ol e} grol of W WEA Y e ¢ Fh

Proof. Fe:79 ZHo] gt Aidoes. !
e=ecr e A Ferex:7o|BE EIYFE I 3 e 7 — 7)1

Fep:7' otk wabA, A 7H-ddl g3iA,
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Theorem (Progress)
Fe:r ol e7} gho] oh B WFEA WY e ¢ FLh

L

Proof. Fe:79 Z9o] 3t Agyes. !
e=ere2? AF: Ferex:TO|BR BYFE FHO 3 Fer: 7 - To]2L
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Theorem (Progress)
Fei7 ol e} grol of W WEA Y e ¢ Fh
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Theorem (Progress)
Fei7 ol e} grol of W WEA Y e ¢ Fh

Proof. Fe:79 Z9o that Agdyoe=. !
e=ecr1 e AF: Ferer: o BE EFYFE FFo F Fe 7 — 0]
Fez:7' olth webA, A 7Hg ol 9siA,
@ e1¢] Fo] of W & e; — e B, o] T ZEIY AY 9
ool o3&l e1 ez — e ex T} ZTL
o npIIIA R, er©] Fholal ex7k Fkel ohvEtd A Y ex — e 3, ol
Z 223 A -2 FYo & e ea — e1 ehT 2T}
0 ext ex7t BF Foletd, Fer: 7 =78 F U a2 24
Ar.e' A% Holt). weld Zza A o] Fojo o3 wEA
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Theorem (Subject Reduction, Preservation)

Fe:TolZe—¢e oJH|¢

Proof. Fe:79 S st AdHo= 313
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= €}¢] Al2®l Simple Type System

Theorem (Subject Reduction, Preservation)

Fe:TolZe—¢e oJH|¢

Proof. Fe:72 S o A dHoz A3
e=¢e1 e AP Feler:70)BE EIYFE FZof s e — 10|
Fez:7r' o]tk e1ex — e o]2tA AI7EA] B9
0 cr—erolTM erer —eier A B FAd A s ey i -7
Fey:7'0]Bg, EFYSE F 2o o8] Fefex: .
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<= EFQ] Al2~®l Simple Type System

=

-
U=

Theorem (Subject Reduction, Preservation)

Fe:TolZe—¢e oJH|¢

Proof. Fe:72 ZdHo] that Aoz A3

e=e1e9l A% Ferex:To|BR EIYFE 73 ]B]FHFel 7 —Tolx
Feo:7 ©|th €1 ez — ¢ o)A M 7FA] A-S-uko)] Qi

0 e —efolB eres —etex 9 AR AW T ol by — T
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= €}¢] Al2®l Simple Type System

Theorem (Subject Reduction, Preservation)

Fe:TolZe—eé oJHIe T

Proof. Fe:78 Z9o] tjat Aoz Ay} 2
e=¢e1 e AP Feler:70)BE EIYFE FZof s e — 10|

Feair Otk eres— e'ol2kE AZFA A3l Rk
0 e —erfB A erer —etex 1 A A M sl ey 7 — 7

Fey:7'0|BE, BFYFE FRo) 9l Fejex:T.

@ e1 Foli ez — epoletA e1 e — e ey Q1 AR A AL AR

0 a1 7} BEF FHA A Fer: 7 =7 Fed BFYFE F 3
g5 Az.e ¥role Atk &, e1 e2 = (Az.€’) v 0],
(Az.e)v — {v/x}e’ olt). FAx.e : 7 — 7o]E}H EFYFE FH

A z:7Fe 7ot} Fov:7 ©]BE, “Preservation under

Substitution Lemma” o] &3 F {v/z}e’ : 70|}
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= E}¢] A]2®l Simple Type System

A2 BHYd= B

Theorem (Preservation under Substitution)
F'tov:r o] T+z:7Fe:7 oJHTF{v/z}e:T. J

Proof. T'+z:7'Fe:79 S0l st AdH oz ST

e=MXy.e ¢ A FAdygZ{z}UFVvS \ye'Z 153 4= 9long
{v/a} y.e’ = Ay {v/zye’. webd, Y AL Tk My {v/z}e 721 — n.
M T+z:7FAye :m— 7 SZHE BYFE 739 o3
F+z:7+y:mbke moll, Thv:7Yyg FV(v) &2 HE
T+y:mbo:r?ol2g2 A AR Il T +y:m bk {v/z}e i 1. &,
EFSE FZof g3l T Ay {v/z}e : 11 — To.

e A%E 08 ged A O

32 B} 7] (Weakening Lemma) R 2)(RH+ZH7)
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%= EF9) Al2®! Simple Type System

U= Fte=
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o= B9 Al2® Simple Type System
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u = T=T B g A
| uw Au A

T = o« BHe) W
| | 7—>71
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KIS ): ul’
S € Subst = TyVar > Type

o] ]
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& SThRe: ST

“S+& WA A ue sl (model)

I Type2 759 Fg
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St =87 S)Zul S)ZUQ

S):TliTg S':U1/\'LL2

7T fa—T1 €S8
o if a ¢ Dom S
St =

S(r—1) = (S7)— (ST
SI' = {zx:S7|x:7el}
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o= B9 Al2® Simple Type System

EF] o d A A7 V(F,eﬁ)

V(lyn,7) = 7=
V(T,z,7) = 7=7' ifex:7 el
V(l,e1 +ea,7) = 7=t A V(Ier,0) N V(I e2,0)
V([ Ax.e,T) T=a; —as AN V(C+x:a,e,a) new aj,ao
V(e ea,7) = V([er,a—71) A V([ e, ) new o
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<= EFQ] Al2~®l Simple Type System

SEVIe,r) & SThe:Sr

ol 7p?
Proof. eo] 7xof tfst A g o=,
Az.eQl A9 SEV(I, \ve,1) S
= SkE7=a1—a AN V(I +x:01,e,a2) new ai,asz
& SET=a1 — a
ANSEVI+z:a,ea2)
& St=8a1 — S
AST+z:Saike:Sa (AE7HA)
& St =Sa; — Saz
A ST F Az.e: Sa; — Saz
& STk Aze: ST,

o2 A% "R o
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& Y3} &1 e E (unification algorithm):
“A Machine-Oriented Logic Based on the Resolution
Principle”, J.A.Robinson, Journal of ACM, Vol.12, No.1,

pp.23-41, 1965.

o B WAAE(r=7") ol T Type)> A =&
& ¥ s} (unification) &3l
o dVFFU=ETEuUAT
general unifier)E -3} &t}
o Uu)E S=u olx
o TE=u = T=RS 2 Ro] Ut}

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Spring 2006 Note 16




= E}¢] A]2®l Simple Type System

2lZ UV (T, e ))

U(u) = unify-all(u, § : Subst) : Subst = TyVar 5 Type
o)1
unify-all(7=7",S) = (unify(r,7'))S
unify-all(u Au',S) = let T = unify-all(u, S) in unify-all(Tw', T
olw, & L3} (unification) L8] Z unify(r, ') : Subst =
unify(r,7) = 0
{ {a—71} ifagr

fail 0.W.

unify(a, 7) or unifty(r, &)

let S = unify(ri, 1)

S" = unify(Sta, S75)
in 59’
unify(-) = fail

unify(my — 12,7 — 75)
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= E}¢] A]2®l Simple Type System s
F& 749 72

= A 3H(sound & complete) T3

oA (sound) UV (T,e,a))=85 = STte:Sa

Z/{(V(F, €, Oé)) - S
’%‘r%i(complete)‘ AT/ = RST e he:r
AT = RS«
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M :

M(T,n,7)
M(T,z,7)
M(T, \z.e,T)

M(T,eé,T)

M(D,e+é,T)

TyEnv x Exp x Type — Subst

= unify(s,7)
= unify(r,7) ifz:r el
= let S = unify(a; — a2, 7) new ai,as
S’ = M(ST + 2 : Saq,e, Saz)
in §'S
= let S=M(T,e,a0 —7) new a
S’ = M(ST, ¢, Sa)
in §'S
= let S = unify(¢,7)
S = M(ST,e,1)
S" = M(S'ST, ¢,
in $"5'S
M, e,a)=8 = ST'ke:Sa
M(T,e,a)=S

S+ (complete)| AT’ = RST < ke

AT = RSa
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W(T.n)
W(T, )
W(T, Az.e)

W(T,ee)

: TyEnv x Exp — Type x Subst

= (1,0)
= (r,0) fz:7el
= let (1,8)=W({[ +xz:a,e) newa
in (Saa —7,95)
= let (1,5) = W(T,e)
(r',8") = W(ST,¢)
S” = unify(t' — @, S'7) new a

in (5"5'S,8"a)

W(Te+e) = let(r,5)=W(T,e)

S' = unify(r, 1)

(r',8") = W(S'ST, ¢')

S" = unify(', 1)
in (¢,5"5"8'S)

W(,e)=(r,S) = ST'ke:7
W(T,e) = (r,5)
AT’ = RST < et
AT =Rr
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