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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

��{9� ì�r$3�_� &ñ
SX��̧ �̀¦o�l�

éß�í�H ��{9� r�Û¼%7�(simple type system)s� “ú̧� �̧ØÔ��x��”�¦ 
���H

�â
Äº\�¦ ×�¦#��Ð��.

��{9� r�Û¼%7�\�"f��H

“ú̧� �̧ØÔ��x��” = “��{9�~½Ó&ñ
d��_� K��� \O���”

��+þA ��{9� r�Û¼%7�(polymorphic type system)(`p)\�"f��H “ú̧�

�̧ØÔ��x��”�¦ 
���H �â
Äº�� &h���, éß�í�H ��{9� r�Û¼%7�(simple

type system)(`) �Ð��:

Γ ` e : τ ⇒ Γ `p e : τ

`p��H `_� “conservative extension”s����¦ �<Ê.
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��+þA ��{9� r�Û¼%7� Polymorphic Type System
��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

ÂÒ&ñ
SX�ô�Ç éß�í�H ��{9� r�Û¼%7�

...
{f : τ → τ ′} ` f : τ → τ ′

...
{f : τ → τ ′} ` f : τ

τ = τ → τ ′

{f : τ → τ ′} ` f f : τ ′

` λf.f f : (τ → τ ′) → τ ′

...
{f : τ → τ} ` f : τ → τ

...
{f : τ → τ} ` f : τ

τ = τ → τ

{f : τ → τ} ` f f : τ → τ
...

` λf.f f : (τ → τ) → (τ → τ)
` (λf.f f)(λx.x) : τ → τ
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

��{9��̀¦ {9�ìøÍ�o(type generalization) r�v����?

��{9�(ì�r$3� ���õ� 7£¤, �¹���K�$3כ /BNçß�_� "é¶�è)\� &ñ
�§ô�Ç ��s	כ �í�<Ê

H�d:

∀α.α → ι, ∀α1, α2.α1 → α2, · · ·

ÕªA�"f

...
{f : ∀α.α → α} ` f : (ι → ι) → (ι → ι)

...
{f : ∀α.α → α} ` f : ι → ι

{f : ∀α.α → α} ` f f : ι

` λf.f f : (∀α.α → α) → ι

s��¦

...
` λf.f f : (∀α.α → α) → (ι → ι)

...
` λx.x : ι → ι

` (λf.f f)(λx.x) : ι → ι
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³


�t�ëß� �<ÊÂÒ�Ð {9�ìøÍ�o\�¦ s�6 x
����

îß����
�t� ·ú§�̀¦ ÷�r�8�Q

¢-a���(complete)ô�Ç ½̈�&³s� Ô�¦��0px(undecidable):

2éß�(rank 2)s��©�_� ��+þA��{9�(polymorphism)�Ér x�K���

Õª�Q�� “¢-a���ô�Ç” ����̀¦ �íl�
���� Ô�¦��0px½+É �̧�	כ \O�5pu:

áÔ�ÐÕªÏþ�ì�r$3�_� l��:r

��Óüכ�Ér, 1éß�(rank 1) ��+þA��{9�(polymorphism)��t�ëß� s�6 x

0éß�(rank 0) = éß�í�H��{9�(monomorphic types)

1éß�(rank 1) = “∀”s� ]j{9� ��¾ú (prenex forma)��� ��+þA��{9�
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

néß� ��+þA��{9� σn(rank-n polymorphism)

τ, σ0 ::= ι | τ → τ | α

σn+1 ::= σn | ∀α.σn+1

| σn → σn+1

\V)

ι → ι 0éß�

∀α.(α → α) 1éß�

(∀α.α) → ι 2éß�

((∀α.α) → ι) → ι 3éß�
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

�<ÊÂÒ�Ð {9�ìøÍ�o
���� Ô�¦îß����

...
{f : ∀α.α → ι} ` f : ι → ι · · ·

{f : ∀α.α → ι} ` f 1 : ι · · ·
{f : ∀α.α → ι} ` (f 1, f true) : ι× ι

` λf.(f 1, f true) : (∀α.α → ι) → (ι× ι)

...
` λx.x + 1 : ι → ι

` (λf.(f 1, f true))(λx.x + 1) : ι× ι

<�Ê�Ér

...
` (λx.(let y = x in (y 1, y true)))(λz.z + 1) : ι× bool
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

��+þA ��{9�_� _�p� γ(∀α.τ)?

°úכ[þt_� |9�½+Ë

�̧��H ��{9� α\� @/K�"f τ ��{9���� °úכ[þt

\V\�¦[þt#Q, ∀α.α → α_� _�p���H: �������{9�\� �©��'a\O�s� {9��̀¦


��¦�������{9�õ�°ú �Ér��{9�_�°ú̀�כ¦o����
���H�<ÊÃº[þt_�|9�½+Ë

7£¤,

γ(∀α.τ) =
⋂

t∈SimpleType

γ({t/α}τ)

\V\�¦[þt#Q,

γ(∀α.α → α) =
⋂

t∈SimpleType γ(t → t)

= γ(ι → ι) ∩ γ(bool → bool) ∩ · · ·
= {λx.x, λx.1, λx.x + 1, · · · }∩

{λx.x, λx.(x||true), · · · } ∩ · · ·
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��+þA ��{9� r�Û¼%7� Polymorphic Type System
��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

îß����ô�Ç ì�r$3� n������: let-polymorphism \V

“Hindley-Milner style let-polymorphism”

áÔ�ÐÕªÏþ�s� :£¤Z>�y� Òqt|�� �â
Äºëß� ÕªXO�>� &ñ
�§ô�Ç ì�r$3�s�

���1lx
��̧2�¤

�<ÊÃº�� #Qn�"f Áº��H ������Ð #Qb�G>� ��6 x÷&��H t�\�¦ ·ú� Ãº

e����H �â
Äº 7£¤,

(λx. · · ·x · · ·x · · ·︸ ︷︷ ︸
e

)e′

7£¤,

let x = e′ in e

��� �â
Äºëß�

s� �â
Äº, e′s� ��+þA��{9�{9� Ãº e����H t� “îß����
�>�” ì�r$3�ô�Ç

Êê\�, eîß�\�"f x�� #Qb�G>� ��6 x÷&��H t� ì�r$3�.

��+þA��{9��Ér 1éß�(rank-1 polymorphism)��t�ëß�:

ι → ι,∀α.α → α, ∀α1, α2.α1 → α2
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

��+þA ��{9� ÆÒ�:r

��{9�(type)õ� ��{9�d�¦(type scheme)

Type τ → ι | τ → τ | α

TypeScheme σ → τ | ∀α.σ

��{9�d�¦(type scheme)�Ér éß�í�H��{9�õ� ��+þA��{9��̀¦ �í�<Ê.

��+þA��{9��Ér 1éß�(rank-1)��t�ëß� (prenex form).

ÆÒ�:r½©gË:(inference rules)�Ér “Γ ` e : τ”g1J�̀¦ Ä»ÆÒ
���H

½©gË:[þt

��&ñ
[þt Γ
���Ãº[þt_� ��{9�d�¦(type scheme)\� @/ô�Ç ��&ñ


x + 1 : ι, ��&ñ
 x : ι ��A�"f.

(f 1, f true) : ι× bool , ��&ñ
 f : ∀α.α → α ��A�"f
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

Γ ` e : τ\�¦ ÆÒ�:r
���H ½©gË:

Γ ` n : ι Γ ` x : τ
σ � τ, x : σ ∈ Γ

Γ ` e : τ Γ + x : GenΓ(τ) ` e′ : τ

Γ ` let x = e in e′ : τ

Γ ` e1 : ι Γ ` e2 : ι
Γ ` e1 + e2 : ι

Γ ` e1 : τ ′ → τ Γ ` e2 : τ ′

Γ ` e1 e2 : τ

Γ + x : τ ` e : τ ′

Γ ` λx.e : τ → τ ′

generalization GenΓ(τ) = ∀α1, · · · , αn.τ {α1, · · · , αn} = FTV (τ) \ FTV (Γ)

instantiation σ � τ σ = ∀α1, · · · , αn.τ ′, τ = {τi/αi}iτ

FTV (τ) = TV (τ)

FTV (∀α.σ) = FTV σ \ {α}
FTV (Γ) = ∪x:σ∈ΓFTV (σ)
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

ÆÒ�:r ½©gË:_� îß����$í
: GenΓ(τ)

�= ��{9� τ\�¦ {9�ìøÍ�o ∀α.τ r�v���HX< α�� Γ \� ��������� ]jü@?

GenΓ(τ) = ∀α1, · · · , αn.τ #�l�"f {α1, · · · , αn} = FTV (τ)\FTV (Γ)

Γ\� ��&ñ
(x : σ)s� '���� ÷&��H �â
Äº��H λx.e_� �â
Äº

Γ\� e����H ��&ñ
�̀¦ ��6 x
���H �â
Äº��H �<ÊÃºîß�\�"f �<ÊÃº_�

�����\�¦ ì�r$3�½+É M:

�<ÊÃº_� ����� ��{9��̀¦ {9�ìøÍ�or�v��¦��"f �<ÊÃº ?/ÂÒ��

ì�r$3�÷&��� ·ú§÷&

�<ÊÃº��  ñØ�¦÷&���"f ���²ú�~ÃÎ��H z�́]j�������H {9�ìøÍ�o�)a ��{9�_�

°úכs� ��u�́ Ãº e��l� M:ë�H

\V\�¦ [þt#Q,

λx.(let y = x in (y 1, y true))

s��¦ s� �<ÊÃº�� λz.z + 1\� &h�6 x÷&���?
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

ÆÒ�:r ½©gË:_� îß����$í
 7£x"î
: ÆÒ�:r÷&��H @/�Ð z�́'���)a��

��{9�s� e��Ü¼��� ë�H]j\O�s� ���'��:

Theorem (Progress)

` e : τ s��¦ e�� °úכs� ��m���� ìøÍ×¼r� ���'�� e → e′ ô�Ç��.

���'���Ér ��{9��̀¦ �Ð�>r:

Theorem (Subject Reduction, Preservation)

` e : τ s��¦ e → e′ s���� ` e′ : τ .
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��+þA ��{9� ÆÒ�:r
ÆÒ�:r ½©gË:_� îß����$í

ÆÒ�:r ½©gË:_� ½̈�&³

ÆÒ�:r ½©gË:_� ½̈�&³

éß�í�H��{9� Ä»ÆÒ ·ú��¦o�7£§ Mõ� W_� “�����Û¼�Qî�r” SX��©�

Mp�� Wp�̧ �̧¿º Ø�æz�́ô�Ç ½̈�&³. \V\�¦[þt#Q,

îß����(sound) Wp(Γ, e) = (τ, S) ⇒ SΓ ` e : τ

¢-a���(complete)

Wp(Γ, e) = (τ, S)

∧ Γ′ = RSΓ

∧ R(GenSΓ(τ)) � τ ′

 ⇐ Γ′ ` e : τ ′

�ÃÐ�¦: “Proofs about a Folklore Let-Polymorphic Type Inference

Algorithm”, Oukseh Lee and Kwangkeun Yi, TOPLAS, 20(4), 1998
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