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��{9� Û¼��{9�_� áÔ�ÐÕªÏþ� ì�r$3�

��{9� Û¼��{9�(+þAd�� �7Ho� r�Û¼%7� Û¼��{9�)�Ð ��{9�s�ü@_� �̧�	כ Ä»ÆÒ

K��Ð��.

\V) áÔ�ÐÕªÏþ� z�́'��×�æ\� ��6 x���H Bj�̧o� ÂÒ0A��H #Qb�G>�

÷&��? effect analysis, region analysis

\V) áÔ�ÐÕªÏþ� z�́'��×�æ\�  ñØ�¦÷&��H �<ÊÃº[þt�Ér #Q�"� �	כ [þt�����?

control flow analysis

(λx.(λy.y (x 1))) (λz.λw.w + z) (λa.a 2)
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ì�r$3� \V

(λ0x.(λ1y.y (x 1))) (λ2z.λ3w.w + z) (λ4a.a 2)
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ÆÒ�:r ½©gË:

ÆÒ�:r½©gË:(inference rules)�Ér “Γ ` e : τ, c”g1J�̀¦ Ä»ÆÒ���H

½©gË:[þt

[[e : τ, c]] = true

iff “e �� ë�H]j\O�s� z�́'��÷& 9, =åQèß������ Õª ���õ���H τ

��{9�s� 9 Õª z�́'��×�æ\� c\� e����H �<ÊÃº[þts�  ñØ�¦�)a��.”

��&ñ
[þt Γ

���Ãº[þt\� @/ô�Ç ��&ñ


x + 1 : ι, ∅, ��&ñ
 x : ι ��A�"f.

f 1 : ι, {l}, ��&ñ
 f : ι
{l}→ ι ��A�"f

��&ñ
s� x : τ�� ��m��¦ x : τ, c {9� ?¹כ��9 cbv v.s. cbn
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#Q�"���?

Γ ` n : ι, ∅ Γ ` x : τ, ∅ x : τ ∈ Γ

Γ ` e1 : ι, c1 Γ ` e2 : ι, c2

Γ ` e1 + e2 : ι, c1 ∪ c2

Γ + x : τ ` e : τ ′, c

Γ ` λx.e : τ → τ ′, ∅

Γ ` e1 : τ → τ ′, c1 Γ ` e2 : τ, c2

Γ ` e1 e2 : τ, c1 ∪ c2

Õª�Q���,

` (λ0x.x 1)(λ1y.2) : ι, ?
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#Q�"���?

τ → ι | τ
c→ τ c ∈ 2LamLabel

Γ ` n : ι, ∅ Γ ` x : τ, ∅ x : τ ∈ Γ

Γ ` e1 : ι, c1 Γ ` e2 : ι, c2

Γ ` e1 + e2 : ι, c1 ∪ c2

Γ + x : τ ` e : τ ′, c

Γ ` λlx.e : τ
c→ τ ′, ∅

Γ ` e1 : τ
c→ τ ′, c1 Γ ` e2 : τ, c2

Γ ` e1 e2 : τ, c1 ∪ c2 ∪ c

ÕªA�"f,

` (λ0x.x : 1)(λ1y.2) : ι, ?
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#Q�"���?

Γ ` n : ι, ∅ Γ ` x : τ, ∅ x : τ ∈ Γ

Γ ` e1 : ι, c1 Γ ` e2 : ι, c2

Γ ` e1 + e2 : ι, c1 ∪ c2

Γ + x : τ ` e : τ ′, c

Γ ` λlx.e : τ
c ∪ {l}→ τ ′, ∅

Γ ` e1 : τ
c→ τ ′, c1 Γ ` e2 : τ, c2

Γ ` e1 e2 : τ, c1 ∪ c2 ∪ c

ÕªA�"f,

` (λ0x.x : 1)(λ1y.2) : ι, ?

Õª���X<

` (λk.k (λy.2) · · · k (λz.3)) (λx.x 1) : τ, ?
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Õªo��#�

Γ ` n : ι, ∅ Γ ` x : τ, ∅ x : τ ∈ Γ

Γ ` e1 : ι, c1 Γ ` e2 : ι, c2

Γ ` e1 + e2 : ι, c1 ∪ c2

Γ + x : τ ` e : τ ′, c

Γ ` λlx.e : τ
c ∪ {l}→ τ ′, ∅

Γ ` e1 : τ
c→ τ ′, c1 Γ ` e2 : τ, c2

Γ ` e1 e2 : τ, c1 ∪ c2 ∪ c

Γ ` e : c
Γ ` e : c′ c⊆c′

ÕªA�"f,

` (λk.k (λy.2) · · · k (λz.3)) (λx.x 1) : τ, ?
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a%v�Ér �Ð;�¤Ü¼�Ð z�́'��_�p�\�¦ &ñ
_�����:

` e : τ, cs��¦ e → e′ s���� ` e′ : τ, c ?

` e : τ, cs��¦ e
c1→ e′ s���� ` e′ : τ, c2 s��¦ c1 ∪ c2 ⊆ c !

7£x"î
 ��0px, Óüt�:r
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s�����'p, 	�H �Ð;�¤Ü¼�Ð z�́'��_�p�\�¦ &ñ
_�K�"f K� �Ð��

z�́6 x&h�: %7�Û¼àÔü< _�p��� Z>�>h (C, ML, Java, C#_� _�p�

&ñ
_�)

��{9� r�Û¼%7�_� îß����$í
 7£x"î
l�ZO�?

��{9�Û¼��{9��Ð &ñ
_�ô�Ç ì�r$3�l�_� îß����$í
 7£x"î
l�ZO�?

���]j�� )±ú�ZO�

áÔ�ÐÕªÏþ� ½̈�̧\� @/ô�Ç (“by structural induction on e”) ¢̧��H

7£x"î
��Áº\� @/ô�Ç (“by induction on derivation”) ¢̧��H

��{9�½̈�̧\� @/ô�Ç (“by logical relation”)
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	�H �Ð;�¤Ü¼�Ð &ñ
_�ô�Ç z�́'��_�p�

v ∈ Value = Z + Closure

σ ∈ Env = Id fin→ Value

Closure = Expr × Env

σ ` n ⇒ n σ ` x ⇒ v
σ(x) = v

σ ` λx.e ⇒ 〈λx.e, σ〉

σ ` e1 ⇒ 〈λx.e′, σ′〉 σ ` e2 ⇒ v σ′{x 7→ v} ` e′ ⇒ v

σ ` e1 e2 ⇒ v

Subject Reduction: ` e : τ s��¦ ` e ⇒ v s���� v : τ

“v : τ”\�¦ #Qb�G>� &ñ
_����H��? �7Ho��'a>�(logical relation)�Ð
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�7Ho��'a>�(Logical Relation)

�7Ho��'a>�(Logical Relation)��H ��{9��̀¦ °ú�ð�r ���#Q(typed

language)\� @/K� ��6 x���H ÏãÎo� �̧½̈(reasoning tool)

�7Ho��'a>�(Logical Relation)��H ��{9�½̈�̧\�¦ ���¦ )±ú�&h�Ü¼�Ð

&ñ
_��)a��

\V\�¦[þt#Q, °úכõ� ��{9� ��s�_� �'a>�:

τ → ι | τ → τ

v ∈ Value = Z + Closure

σ ∈ Env = Id fin→ Value

Closure = Expr × Env

n : ι iff true

〈λx.e, σ〉 : τ1 → τ2 iff ∀v : τ1.(σ{v 7→ x} ` e ⇒ v′) then v′ : τ2
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��{9� r�Û¼%7�_� îß����$í
 7£x"î
�̀¦ 0Aô�Ç z�́'��_�p�\�¦ &ñ
_�

σ ` e ⇒ v, f

“d�� e�� z�́'��÷&�¦ °úכs� vs��¦ z�́'��×�æ\� f ∈ 2LamLabel\� e����H �<Ê

Ãº[þts�  ñØ�¦�)a��.”

σ ` n ⇒ n, ∅ σ ` x ⇒ v, ∅ σ(x) = v

σ ` λx.e ⇒ 〈λx.e, σ〉, ∅

σ ` e1 ⇒ 〈λlx.e′, σ′〉, f1 σ ` e2 ⇒ v, f2 σ′{x 7→ v} ` e′ ⇒ v, f3

σ ` e1 e2 ⇒ v, f1 ∪ f2 ∪ f3 ∪ {l}

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Spring 2006 Note 18



��{9�Û¼��{9�_�áÔ�ÐÕªÏþ�ì�r$3� Type-based Analysis, Effect System
ÆÒ�:r ½©gË:
ÆÒ�:r ½©gË:_� îß����$í
 7£x"î

ÆÒ�:r ½©gË:_� ½̈�&³

îß����$í
 7£x"î


(&ñ
_� σ ` e ⇒ error ��¦) Subject Reduction

(Γ ` e : τ, c) ∧ (σ |= Γ) ∧ (σ ` e ⇒ v, f)s���� v : τ ∧ f ⊆ c

#�l�"f, σ |= Γ (“σ��H Γ\�¦ �>r×�æ”)_� &ñ
_���H

σ |= Γ iff ∀x ∈ Dom Γ.σ(x) : Γ(x)

s��¦ v : τ_� &ñ
_���H

n : ι iff true

〈λx.e, σ〉 : τ1
c→ τ2 iff ∀v : τ1.(σ{v 7→ x} ` e ⇒ v′, f)

then v′ : τ2 ∧ f ⊆ c.

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Spring 2006 Note 18



��{9�Û¼��{9�_�áÔ�ÐÕªÏþ�ì�r$3� Type-based Analysis, Effect System
ÆÒ�:r ½©gË:
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~½Ó&ñ
d��õ� |9�½+Ë]j���d��

~½Ó&ñ
d��: ��{9��̀¦ 0AK�"f

|9�½+Ë]j���d��(set constraint): ÂÒ�� ì�r$3�?/6 x�̀¦ 0AK�"f

u → ut ∧ uc ¿º 7áxÀÓ

ut → τ=̇τ ��{9� ~½Ó&ñ
d��

| ut ∧ ut ���wn�

τ → α ��{9� ���Ãº

| ι | τ
ϕ→ τ

uc → ϕ ⊇ c ÂÒ��ì�r$3� |9�½+Ë]j���d��

| uc ∧ uc ���wn�

c → {l1, · · · , lk} �©�Ãº

| ϕ ÂÒ��ì�r$3� ���Ãº

| c ∪ c ½+Ë|9�½+Ë d��
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~½Ó&ñ
d��õ� |9�½+Ë]j���d�� �̧Ø�¦

V (Γ, n, τ, ϕ) = τ=̇ι ∧ ϕ ⊇ ∅
V (Γ, x, τ, ϕ) = τ=̇τ ′ if x : τ ′ ∈ Γ

∧ ϕ ⊇ ∅
V (Γ, e1 + e2, τ, ϕ) = τ=̇ι ∧ V (Γ, e1, ι, ϕ1) ∧ V (Γ, e2, ι, ϕ2)

∧ ϕ ⊇ ϕ1 ∪ ϕ2

new ϕ1, ϕ2

V (Γ, λlx.e, τ, ϕ) = τ =̇ α1
ϕ1→ α2 ∧ V (Γ + x : α1, e, α2, ϕ

′)

∧ ϕ ⊇ ∅ ∧ ϕ1 ⊇ ϕ′ ∪ {l}
new α1,α2, ϕ1,ϕ

′

V (Γ, e1 e2, τ, ϕ) = V (Γ, e1, α
ϕ′

→ τ, ϕ1) ∧ V (Γ, e2, α, ϕ2)

∧ ϕ ⊇ ϕ1 ∪ ϕ2 ∪ ϕ′

new α, ϕ1, ϕ2, ϕ′
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~½Ó&ñ
d�� [jÄºl� V (Γ, e, τ, c)��H �̀���

7£¤,

S |= V (Γ, e, τ, c) ⇔ SΓ ` e : Sτ, Sc

7£x"î
�Ér e_� ½̈�̧\� @/ô�Ç )±ú�ZO�Ü¼�Ð.
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~½Ó&ñ
d��õ� |9�½+Ë]j���d��_� K� ½̈�l�

V (Γ, e, α, ϕ) = ut ∧ uc

��{9� ���wn�~½Ó&ñ
d�� ut ��H 1lx{9��o(unification) ·ú��¦o�7£§Ü¼�Ð:

K� S1

ÂÒ��ì�r$3� |9�½+Ë]j���d�� uc�Ér

S1�̀¦ ìøÍ%ò
ô�Ç |9�½+Ë]j���d�� S1uc\�"f |9�½+Ë ~½Ó&ñ
d�� wc�Ð ���8̈�:

y��y��_� ϕ\� @/ô�Ç �̧��H |9�½+Ë]j���d��[þt

ϕ ⊇ c1 ∧ · · · ∧ ϕ ⊇ ck \�¦ ϕ = c1 ∪ · · · ∪ ck �Ð.

wc�Ér �¦&ñ
&h� >�íß�(fixpoint iteration) ~½Ód��Ü¼�Ð þj�è K�\�¦

>�íß�.
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