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ë�HZO�½̈�̧

áÔ�ÐÕªÏþ� |9�½+Ë = )±ú�&h���� &ñ
_�
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ë�HZO�½̈�̧

&ñ
Ãºd��

E → n (n ∈ Z)

| E + E

| - E
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ë�HZO�½̈�̧

"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�

C → skip

| x := E

| if E C C

| C ; C
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ë�HZO�½̈�̧

ç�H�8�8l� \O�s�

C → &

| = x E

| ? E C C

| ; C C

E → n (n ∈ Z)

| + E E

| - E
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ë�HZO�½̈�̧

C → &

| x E

| E C C

| C C

E → n (n ∈ Z)

| E E

| - E

s�XO�>� ��t� þj@/ô�Ç ?¹���K�"fכ
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ë�HZO�½̈�̧

a(����¹כ <�Ê�Ér ½̈�̂&h����

a(����¹כ v.s. ½̈�̂&h���� ë�HZO�½̈�̧

a(����¹כ ë�HZO�½̈�̧(abstract syntax)

áÔ�ÐÕªÏþ��̀¦ ëß�[þt M: ��6 x���H ½©gË:

��Áº½̈�̧\�¦ ����� 2	�"é¶_� ½̈�̧Óüt

½̈�̂&h���� ë�HZO�½̈�̧(concrete syntax)

{9��̀¦ M: ��6 x���H ½©gË:

áÔ�ÐÕªÏþ�_� ³ð�&³: 1	�"é¶_� z�́

1	�"é¶_� z�́\�"f 2	�"é¶_� ½̈�̧Óüt�̀¦ 4�¤½̈���H ½©gË:
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ë�HZO�½̈�̧

a(����¹כ <�Ê�Ér ½̈�̂&h����

½̈�̂&h���� ë�HZO�(concrete syntax)

-1+2 ��H ((− 1) + 2) ? − (1 + 2) ?

²ú���� Ô�¦��

E → n (n ∈ Z)

| E + E

| - E

²ú���� ��0px

E → n (n ∈ Z)

| E + E

| - F

F → n

| ( E )
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ë�HZO�½̈�̧

a(����¹כ <�Ê�Ér ½̈�̂&h����

½̈�̂&h���� ë�HZO�(concrete syntax)

1	�"é¶_� z�́\�"f 2	�"é¶_� ½̈�̧Óüt�̀¦ �D¥1lx\O�s�

4�¤½̈r�v���H ½©gË:

~½Ó�¾Ó$í
(associativity)õ� Äº���í�H0A(precedence)

áÔ�ÐÕªÏþ� 4�¤"é¶(parsing) <�Ê�Ér ë�HZO����7£x(parsing) õ�&ñ
_�

[O�>��̧
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ë�HZO�½̈�̧

a(����¹כ <�Ê�Ér ½̈�̂&h����

s�]jÂÒ'� “áÔ�ÐÕªÏþ�” ����

a(����¹כ ë�HZO�(abstract syntax)Ü¼�Ð ëß�[þt#Q��� 2	�"é¶_� ��Áº

½̈�̧Óüt

¼#�_�\�¦ 0AK�"f 1	�"é¶ z�́�Ð ³ð�&³

&h�]X�y� F�c ñ\�¦ s�6 xK�"f Õª ½̈�̧\�¦ "î
r�
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_�p�½̈�̧

_�p�½̈�̧(semantics)

áÔ�ÐÕªÏþ�s� >pw���H ��\�¦ &ñ
_�

áÔ�ÐÕªÏþ�s� >pw ���H ��?
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_�p�½̈�̧

“1+2”����H áÔ�ÐÕªÏþ�_� >pw?

_�p� = ÏãÎ�FG: “3”

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

_�p� = >�íß�õ�&ñ
: “1õ� 2�̀¦ �8K�"f 3�̀¦ >�íß�ô�Ç��.”

õ�&ñ
�̀¦ ×¼�Q?/��H _�p�½̈�̧(operational semantics)
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_�p�½̈�̧

���ª����

áÔ�ÐÕªÏþ�_� _�p�\�¦ �D¥1lx\O�s� ³ð�&³���H Û¼��{9�[þt

�̧¿º Ø�æì�ry� %3�x9�

y�� Û¼��{9����� ���ª�ô�Ç 7£x"î
 l�Õüts� �>rF�

y�� Û¼��{9�s� #QÖ�¦o���H �â
Äº�� e��5pu

Äºo� _��̧\� ú́���H _�p�½̈�̧ ~½Ód���̀¦ ���×þ�
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational

semantics)

áÔ�ÐÕªÏþ�_� _�p�: ���:�x&h���� Ãº�<Æ_� [j>�\�"f,

_�p����H �� Õª ÏãÎ�FG�̀¦ ×¼�QÍÇr

“denotational semantics” = “t�g�A���H ��\�¦ ×¼�Q?/��H

_�p�½̈�̧”

�̧wn�d�� _�p�½̈�̧(compositional semantics): áÔ�ÐÕªÏþ�

ÂÒ¾¡§[þt_� _�p�[þt�̀¦ ��t��¦ &ñ
_�

�¦&ñ
&h� _�p�½̈�̧(fixpoint semantics): #QÖ¼�<ÊÃº_�

�¦&ñ
&h�Ü¼�Ð áÔ�ÐÕªÏþ�_� _�p�\�¦ &ñ
_�
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

C → skip

| x := E

| if E C C

| C ; C

E → n (n ∈ Z)

| x

| E + E

| - E

"î
§î
#Q C_� _�p� = �<ÊÃº: Bj�̧o�\�"f Bj�̧o��Ð

Bj�̧o� = �<ÊÃº: ÅÒ�è\�"f °úכÜ¼�Ð
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

_�p�/BNçß�(semantic domain)

_�p�\�¦ &ñ
_�½+É M: ��6 x���H Óüt|	�[þt_� |9�½+Ë

M ∈ Memory = Var → Value

z ∈ Value = Z
x ∈ Var = ProgramVariable

"î
§î
ë�H C_� _�p� [[C]] ∈ Memory → Memory

>�íß�d�� E_� _�p� [[E]] ∈ Memory → Z
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

[[skip]] M = M

[[x := E]] M = M{x 7→ [[E]] M}
[[if E C1 C2]] M = if [[E]]M 6= 0 then [[C]]M else [[C2]]M

[[C1 ; C2]] M = [[C2]] ([[C1]] M)

[[n]] M = n

[[E1 + E2]] M = ([[E1]] M) + ([[E2]] M)

[[- E]] M = −([[E]] M)

ú̧� &ñ
_�÷&%3���H��? �̧wn�d�������?
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

�̧wn�d��s� îß�÷&��H �â
Äº

while E do C

_� _�p�

[[while E do C]]M

= if [[E]]M 6= 0 then [[while E do C]]([[C]]M) else M

�̧wn�d�������?



SNU 4541.664A Program Analysis Spring 2006 Note 2

_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

[[while E do C]]M

= if [[E]]M 6= 0 then [[while E do C]]([[C]]M) else M

&ñ
_��� ��_��; ~½Ó&ñ
d��{9� ÷�r

Õª K���H Áº%Á	{9���? K���H õ���� e���̀¦��? �½Ó�©� e���̀¦��?

e������� Ä»{9��>� e���̀¦��?
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

Õª |9�ë�H[þt\� @/ô�Ç ²ú��Ér �̧¿º “\V”

_�p�~½Ó&ñ
d��\�"f ��6 x���H Óüt|	�[þts� �è5Åq�)a

/BNçß�(semantic domain)s� :£¤Z>��l� M:ë�H

{9�l�: [Sco89,Sco72,Sco70]

�̧��H (��ÉÓ'� áÔ�ÐÕªÏþ�(�̧��H >�íß� ��0pxô�Ç �<ÊÃº[þt)_� _�

p�(_�p�~½Ó&ñ
d��_� K�)��H _�p�/BNçß� s��:r\�"f ½©&ñ
���H

$í
|9�_� |9�½+Ëîß�\�"f Ä»{9��>� �>rF���¦ Õª��Ér	כ s��Qs�

�Q���.
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

_�p�/BNçß� s��:r(domain theory)

_�p�/BNçß� = CPO(complete partial order set)

áÔ�ÐÕªÏþ�_� _�p�~½Ó&ñ
d��[þt\� æ¼s���H �þt�Ér]	כ �̧¿º #Q�"�

CPO_� "é¶�è[þt

���íß���[þt�Ér �̧¿º CPO\�"f CPO�Ð ����H

���5Åq�<ÊÃº(continuous function)

“Computability is continuity.”

“áÔ�ÐÕªÏþ��Ér ���5Åq�<ÊÃºs���.”
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

áÔ�ÐÕªÏþ� C_� _�p� [[C]]\� @/ô�Ç _�p�~½Ó&ñ
d���Ér �½Ó�©� ��6£§õ�

°ú �¦

[[C]] = F([[C]])

#�l�"f [[C]] ∈ D (#Q�"� CPO)

Õªo��¦ F ∈ D → D (D\�"f D�Ð_� ���5Åq�<ÊÃº[þt_� CPO)

s� ~½Ó&ñ
d��_� K���H �½Ó�©� ���5Åq�<ÊÃº F_�
þj�è�¦&ñ
&h�(least fixpoint)Ü¼�Ð &ñ
_�.

�¦&ñ
&h� _�p�½̈�̧(fixpoint semantics)
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

CPO (_�p�/BNçß�)

áÔ�ÐÕªÏþ�_� Ãº�<Æ&h����(ÏãÎ�FG&h����) _�p���H CPO(complete

partial order)����H /BNçß�_� ô�Ç "é¶�è

CPO ��H |9�½+Ë

|9�½+Ë_� "é¶�è[þt çß�\� #Q�"� í�H"f�� e���¦(partial order)

�̧��H "é¶�è�Ð������Ér x9���{�� "é¶�è(⊥)�� e���¦

Õª í�H"f�Ð {9�§>=�Ð ×�¦ [jÖ�¦ Ãº e����H "é¶�è[þt(chain)_�

þj�è�À»Ìº,á
(least upper bound, LUB)s� �½Ó�©� Õª

|9�½+Ëîß�\� e����.
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

���5Åq�<ÊÃº(continuous function)

CPO D1\�"f CPO D2�Ð ����H �<ÊÃº f : D1 → D2�� ���5Åq �<Ê

ÃºêøÍ, �̂���(chain)�̀¦ �̂���Ü¼�Ð �Ð?/���"f, D1_� �̂

���(chain)_� LUB\�¦ �Ð���K� ÅÒ��H �<ÊÃº:

∀chain X ⊆ D1.f(
⊔

X) =
⊔
x∈X

f(x).

CPO\�"f CPO�Ð ����H ���5Åq�<ÊÃº f��H �½Ó�©� þj�è �¦&ñ
&h�

fixfs� Ä»{9��>� e���¦, Õª��Ér	כ

⊥ t f(⊥) t f(f(⊥)) t · · · =
⊔
i∈N

f i(⊥)

s���.(�=?)
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

CPO ëß�[þtl�

S set

CPO → S⊥

| CPO × CPO

| CPO + CPO | CPO ⊕ CPO

| CPO → CPO
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

�̀¦�9·¡��� |9�½+Ë(lifted set) S⊥�Ér CPO

CPOü< CPO_� X<
�ØÔàÔ Y�L(Cartesian product)�̧ CPO

CPOü< CPO_� Ø�¦����̀¦ l�%3����H ½+Ë(separated sum)�̧

CPO

CPO\�"f CPO�Ð ����H ���5Åq�<ÊÃº[þt_� |9�½+Ë�̧ CPO

Ø�æì�ry� Û�æÂÒ���.
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

d��t�#Q��H CPO��s�\�"f 0A_� ~½ÓZO�Ü¼�Ð &ñ
_��)a CPO ~½Ó&ñ


d��(domain equation)_� K��̧ �½Ó�©� �>rF�ô�Ç��.

\V\�¦[þt#Q,

Store = Loc → (Int + Loc + Cmd)

Cmd = Store → Store

\�¦ ëß�7á¤���H CPO Store��H �½Ó�©� �>rF�ô�Ç��.

¢̧,

D = D → D

\�¦ ëß�7á¤���H CPO D�̧ �>rF�. s� ��z�́s�, �= CPO�� �̧��H

áÔ�ÐÕªÏþ�_� _�p�\�¦ {���̀¦ Ãº e����H Õª2£©���t�\�¦ ú́�K�ï�r��.
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

Z⊥ = Z ∪ {⊥}

Z "é¶�è[þt ��s�_� í�H"f��H \O��¦

í�H"f��H �̧f�� ⊥õ� Z ��s�\�ëß�: ∀x ∈ Z.⊥ v x.

�̧��H �̂����Ér Ä»ô�Ç. ����"f,
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

CPO D1õ� D2_� X<
�ØÔàÔ Y�L(Cartesian product)

D1 ×D2 = {〈x, y〉 | x ∈ D1, y ∈ D2}

"é¶�è[þt_� í�H"f��H �̧wn�d��(component-wise)

〈x, y〉 v 〈x′, y′〉 iff x vD1 x′ ∧ y vD2 y′.

�= CPO?
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

CPO D1õ� D2_� ½+Ë

D1 + D2 = {〈x, 1〉 | x ∈ D1} ∪ {〈x, 2〉 | x ∈ D2} ∪ {⊥}

"é¶�è[þt_� í�H"f��H Ø�¦���Z>��Ð

〈x, 1〉 v 〈x′, 1〉 iff x vD1 x′

〈x, 2〉 v 〈x′, 2〉 iff x vD2 x′

�= CPO?
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

�<ÊÃº\�¦ ³ðl����H ~½ÓZO�

“λx.�<ÊÃº ?/ÂÒ” �Ð (x��H �<ÊÃº_� �����)

1�̀¦ �8���H ���5Åq�<ÊÃº: “λx.x + 1”

�<ÊÃº f\�¦ 2\� &h�6 x: “f2”, “f(2)”
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

CPO D1\�"f D2�Ð ����H �̧��H ���5Åq�<ÊÃº_� |9�½+Ë D1 → D2

�Ér CPO

���5Åq�<ÊÃº[þt í�H"f��H �̧wn�d��(point-wise):

f v g iff ∀x ∈ D1.f(x) vD2 f(y).

�= CPO?
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

_�p�~½Ó&ñ
d��\�"f ��6 x���H �̧��H Óüt|	�[þt�Ér CPO_� "é¶�è

���íß���[þt�Ér �̧¿º CPO\�"f CPO�Ð ����H ���5Åq�<ÊÃº[þt

����"f �̧��H _�p�~½Ó&ñ
d��_� K���H �½Ó�©� #Q�"� ���5Åq�<ÊÃº

F_� �¦&ñ
&h�:

X = F(X)

0A_� ~½Ó&ñ
d��_� K���H F_� þj�è �¦&ñ
&h� fixF�Ð &ñ
_�:

fixF = ti∈NF i(⊥)
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

ÕªA�"f while-ë�H_� _�p���H?

M ∈ Memory = Var → Value ���5Åq�<ÊÃº CPO

z ∈ Value = Z⊥ �̀¦�9·¡��� CPO

x ∈ Var = ProgramVariable⊥ �̀¦�9·¡��� CPO

"î
§î
ë�H C_� _�p�

���5Åq�<ÊÃº [[C]] ∈ Memory → Memory ���5Åq�<ÊÃº CPO

>�íß�d�� E_� _�p�

���5Åq�<ÊÃº [[E]] ∈ Memory → Z⊥ ���5Åq�<ÊÃº CPO
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

while-ë�H_� _�p�~½Ó&ñ
d���Ér

[[while E do C]]M

= if [[E]]M 6= 0 then [[while E do C]]([[C]]M) else M

��r� æ¼���,

[[while E do C]] =

λM.if [[E]]M 6= 0 then [[while E do C]]([[C]]M) else M.

7£¤, while-ë�H_� _�p� [[while E do C]]��H ���5Åq �<ÊÃº

λX.(λM.if [[E]]M 6= 0 then X([[C]]M) else M)

∈ (Memory → Memroy) → (Memory → Memroy)

_� þj�è �¦&ñ
&h�
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

[[while E do C]]

= fixF ∈ Memory → Memory

= fix (λX.(λM.if [[E]]M 6= 0 then X([[C]]M) else M))

&ñ
_�÷&%3���H��? [[while E do C]]��H [[E]]ü< [[C]]\�¦ ��t��¦ �̧

wn�.
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_�p�½̈�̧

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

�¦&ñ
&h� )±ú�ZO�(fixpoint induction)

ÏãÎ�FG_� ~½Ód��Ü¼�Ð &ñ
_�ô�Ç áÔ�ÐÕªÏþ�_� _�p���H

CPO0A\�"f &ñ
_��)a ���5Åq�<ÊÃº_� þj�è �¦&ñ
&h�

����"f áÔ�ÐÕªÏþ�_� _�p��� #Q*�#Q*� �����H $í
|9��Ér

#Q�"� þj�è �¦&ñ
&h�s� #Q*�#Q*� �����H $í
|9�s���.

Õª $í
|9��̀¦ 7£x"î
���H �,�Ér	כ þj�è �¦&ñ
&h�_� $í
|9��̀¦

7£x"î
���H �	כ
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ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

CPO X\�"f X�Ð ����H ���5Åq�<ÊÃº f_� þj�è �¦&ñ
&h��Ér

S = {⊥X , f⊥X , f(f⊥X), · · · }

_� þj�è Ö�©Ìº,á
(least upper bound) tS.

S |9�½+Ë�̀¦ ëß�×¼��H )±ú�½©gË::

⊥X

x
f(x)

����"f S |9�½+Ë_� �̧��H "é¶�è[þts� Õª $í
|9��̀¦ ëß�7á¤����

tS�� Õª $í
|9��̀¦ ëß�7á¤ô�Ç��?

⊥X\� @/K� $í
wn��<Ê�̀¦ �Ðs��¦

x�� $í
wn����� f(x)�̧ $í
wn��<Ê�̀¦ �Ðs���� �)a��?

No; tS 6∈ S ��� �â
Äº�� ��¥���: Áºô�Ç CPO
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ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)

�¦&ñ
&h� )±ú�ZO�(fixpoint induction):

P (⊥)�̀¦ 7£x"î
��¦

P (x) ⇒ P (f(x))�̀¦ 7£x"î
����

Õª�Q��� P (fixf)�� ��z�́s���.

éß� $í
|9�P��H ¾¡§\�V,���H $í
|9�(inclusive assertion)[þts�#Q��:

P → P ∧ P | ∀~y.EP

EP → EP ∨ EP | Q(~y) | f(~y) v g(~y)

Q 1	� �7Ho�d��(first order predicate)

f, g ���5Åq�<ÊÃº
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