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αü< γ_� $í
|9�[þt

°ú��Ð�� ������ &ñ
_�:

∀x ∈ D, x̂ ∈ D̂ : α(x) v x̂⇐⇒ x v γ(x̂).

α��H þj�è\�¦ �Ð�>rô�Ç��(strict): α(⊥) = ⊥̂.

Proof. α(⊥) v ⊥̂ �=����� ⊥ v γ(⊥̂).

id v γ ◦ α.

Proof. α(x) v α(x) s��¦ °ú��Ð�� �������Ð x v γ(α(x)).

α ◦ γ v id .

Proof. γ(x̂) v γ(x̂) s��¦ °ú��Ð�� �������Ð α(γ(x̂)) v x̂.

γ ��H éß��̧(monotonic) �<ÊÃºs���.

Proof. x̂ v ŷ ����� α(γ(x̂)) v ŷ, ����"f °ú��Ð�� �������Ð γ(x̂) v γ(ŷ).
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αü< γ_� $í
|9�[þt

°ú��Ð�� ������ &ñ
_�:

∀x ∈ D, x̂ ∈ D̂ : α(x) v x̂⇐⇒ x v γ(x̂).

α ��H éß��̧(monotonic) �<ÊÃºs���.

Proof. x v y ����� x v γ(α(y)), ����"f °ú��Ð�� �������Ð α(x) v α(y).

α ��H ���5Åq(continuous) �<ÊÃºs���.

Proof. �Ð{9� ��Ér	כ D_� e��_�_� �̂��� S\� @/K�"f

α(
F

x∈S x) =
F

x∈S α(x). α�� éß��̧�<ÊÃº s�Ù¼�Ð,F
x∈S α(x) v α(

F
x∈S x) s���. ìøÍ@/ ~½Ó�¾Ó�̧ $í
wn�ô�Ç��. �=������,

id v γ ◦ αs��¦ γ�� éß��̧(monotonic) �<ÊÃº s�Ù¼�Ð,G
x∈S

x v
G
x∈S

(γ(α(x))) v γ(
G
x∈S

α(x))

s��¦, °ú��Ð�� �������Ð α(
F

x∈S x) v
F

x∈S α(x) �� �)a��.
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αü< γ_� $í
|9�[þt

Dü< D̂�� t\� @/K�"f {��)�e��Ü¼��� (t-semi-lattice),

α(x t y) = α(x) t α(y).

Proof. α��H éß��̧(monotonic) �<ÊÃºs�Ù¼�Ð, α(x) t α(y) v α(x t y)s���.

ô�Ç¼#�, x v γ(α(x)) v γ(α(x)t α(y)) s��¦ y v γ(α(y)) v γ(α(y)t α(y))

s�Ù¼�Ð xt y v γ(α(x)tα(y)). °ú��Ð�� �������Ð, α(xt y) v α(x)tα(y).
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Fixpoint Transfer Theorem1
Theorem (fixpoint transfer)

Dü< D̂��H y��y�� CPOs��¦ °ú��Ð�� ������s� ÷&#Qe����. �<ÊÃº

F : D → D��H ���5Åq�<ÊÃºs��¦ F̂ : D̂ → D̂��H éß��̧�<ÊÃºs���.

α ◦ F v F̂ ◦ α s���. Õª�Q���,

α(lfpF ) v
⊔
i∈N

F̂ i(⊥̂).

Proof. α ◦ F v F̂ ◦ α�Ð ÂÒ'�

∀n ∈ N : α ◦ Fn v F̂n ◦ α

s���. �=������,

α ◦ Fn+1 = α ◦ F ◦ Fn

v α ◦ F ◦ γ ◦ α ◦ Fn

(α ◦ F��H éß��̧�<ÊÃºs��¦ id v γ ◦ α)

v α ◦ F ◦ γ ◦ F̂n ◦ α

(α ◦ F ◦ γ��H éß��̧�<ÊÃºs��¦ )±ú���&ñ
)

v F̂ ◦ F̂n ◦ α.

(α ◦ F v F̂ ◦ α s��¦ F̂��H éß��̧�<ÊÃºs�Ù¼�Ð α ◦ F ◦ γ v F̂ ◦ α ◦ γ v F̂ )

����"f

∀n ∈ N : (α ◦ Fn)⊥ v (F̂n ◦ α)⊥

7£¤

∀n ∈ N : α(Fn⊥) v F̂n⊥̂.

�8Ô�¦#Q {α(F i⊥)}iü< {F̂ i⊥̂}i��H �̂���s�Ù¼�Ð (α, F , F̂s� �̧¿º éß�

�̧�<ÊÃºs�l�M:ë�H) tiα(F i⊥)ü< ti(F̂ i⊥̂)s� �>rF�� 9⊔
i∈N

α(F i⊥) v
⊔
i∈N

(F̂ i⊥̂)

s���. α�� ���5Åq�<ÊÃºs�Ù¼�Ð ¢,a¼#�d���̀¦ ��r� æ¼���,⊔
i∈N α(F i⊥) = α(

⊔
i∈N(F i⊥)) (α��H ���5Åq�<ÊÃº)

= α(lfpF ). (���5Åq�<ÊÃº_� þj�è�¦&ñ
&h�)

7£¤,

α(lfpF ) v
⊔
i∈N

(F̂ i⊥̂).
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Fixpoint Transfer Theorem1b
Theorem (fixpoint transfer’)

Dü< D̂��H y��y�� CPOs��¦ °ú��Ð�� ������s� ÷&#Qe����. �<ÊÃº

F : D → D��H ���5Åq�<ÊÃºs��¦ F̂ : D̂ → D̂��H Ø���½Ó�<ÊÃº s���.

α ◦ γ = ids���. α ◦ F v F̂ ◦ α s���. Õª�Q���,

α(lfpF ) v
⊔
i∈N

F̂ i(⊥̂).

Proof. α ◦ F v F̂ ◦ α�Ð ÂÒ'�

∀n ∈ N : α ◦ Fn v F̂n ◦ α

s���. �=������,

α ◦ Fn+1 = α ◦ F ◦ Fn

v α ◦ F ◦ γ ◦ α ◦ Fn

(α ◦ F��H éß��̧�<ÊÃºs��¦ id v γ ◦ α)

v α ◦ F ◦ γ ◦ F̂n ◦ α

(α ◦ F ◦ γ��H éß��̧�<ÊÃºs��¦ )±ú���&ñ
)

v F̂ ◦ F̂n ◦ α.

(α ◦ F v F̂ ◦ α s��¦ α ◦ γ = ids�Ù¼�Ð α ◦ F ◦ γ v F̂ ◦ α ◦ γ = F̂ )

����"f

∀n ∈ N : (α ◦ Fn)⊥ v (F̂n ◦ α)⊥

7£¤

∀n ∈ N : α(Fn⊥) v F̂n⊥̂.

�8Ô�¦#Q {α(F i⊥)}iü< {F̂ i⊥̂}i��H �̂���s�Ù¼�Ð(αü< F��H éß��̧�<ÊÃº,

F̂��H Ø���½Ó�<ÊÃºs�l� M:ë�H) tiα(F i⊥)ü< ti(F̂ i⊥̂)s� �>rF�� 9⊔
i∈N

α(F i⊥) v
⊔
i∈N

(F̂ i⊥̂)

s���. α�� ���5Åq�<ÊÃºs�Ù¼�Ð ¢,a¼#�d���̀¦ ��r� æ¼���,⊔
i∈N α(F i⊥) = α(

⊔
i∈N(F i⊥)) (α��H ���5Åq�<ÊÃº)

= α(lfpF ). (���5Åq�<ÊÃº_� þj�è�¦&ñ
&h�)

7£¤,

α(lfpF ) v
⊔
i∈N

(F̂ i⊥̂).
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Fixpoint Transfer Theorem2

Theorem (fixpoint transfer2)

CPO Dü< D̂��H °ú��Ð�� ������ D −→←−α
γ

D̂ ÷&#Qe����. �<ÊÃº

F : D → D ��H ���5Åq�<ÊÃº s��¦, F̂ : D̂ → D̂ ��H éß��̧�<ÊÃºs�����

Ø���½Ó�<ÊÃºs���. α f v f̂ s���� α(F f) v F̂ f̂ s���. Õª�Q���,

α(lfpF ) v
⊔
i∈N

F̂ i(⊥̂).

Proof. °ú��Ð�� ������r�&�ÅÒ��H α��H þj�è\�¦ �Ð�>r�Ù¼�Ð

α⊥ v ⊥̂s���. �̧|	� “α f v f̂ s���� α(F f) v F̂ f̂” Ü¼�ÐÂÒ'�

α(F ⊥) v F̂ ⊥̂

s��¦, °ú �Ér �̧|	�M:ë�H\� ���²DG�Ér,

∀i ∈ N : α(F i⊥) v F̂ i⊥̂.

ô�Ç¼#� {α(F i⊥)}iü< {F̂ i⊥̂}i��H �̂���s�Ù¼�Ð(αü< F��H éß��̧�<ÊÃº s�

�¦ F̂��H éß��̧�<ÊÃºs����� Ø���½Ó�<ÊÃºs�l� M:ë�H) tiα(F i⊥) ü<

ti(F̂ i⊥̂)�� �>rF�� 9⊔
i∈N

α(F i⊥) v
⊔
i∈N

(F̂ i⊥̂).

α�� ���5Åq�<ÊÃºs�Ù¼�Ð,

α(
⊔
i∈N

(F i⊥)) v
⊔
i∈N

(F̂ i⊥̂),

7£¤, F�� ���5Åq�<ÊÃºs�Ù¼�Ð,

α(lfpF ) v
⊔
i∈N

(F̂ i⊥̂).
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Widening Theorem

»¡¤t�ZO�_� �̧|	�:

∀a, b ∈ D̂ : (a v a5 b) ∧ (b v a5 b) (1)

s��¦

∀7£x�����H �̂���{xi}i : �̂���y0 = x0, yi+1 = yi5xi+1��H Ä»ô�Ç (2)

»¡¤t�K�"f &ñ
_�÷&��H �̂���:

X̂0 = ⊥̂

X̂i+1 = X̂i F̂ (X̂i) v X̂i s���� (3)

= X̂i 5 F̂ (X̂i) ��m����,

Theorem (widen’s safety)

D̂��H CPO s��¦, F̂ : D̂ → D̂��H éß��̧(monotonic) �<ÊÃºs��¦,

5 : D̂ × D̂ → D̂��H �̧|	� (1) õ� (2)�̀¦ ëß�7á¤����, (3)�Ð &ñ
_�÷&��H

�̂��� {X̂i}i �Ér Ä»ô�Ç��¦ Õª =åQ�Ér limi∈N X̂i w
⊔

i∈N F̂ i(⊥̂)s���.
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»¡¤t�ZO�_� �̧|	�:

∀a, b ∈ D̂ : (a v a5 b) ∧ (b v a5 b) (4)

s��¦

∀7£x�����H �̂���{xi}i : �̂���y0 = x0, yi+1 = yi5xi+1��H Ä»ô�Ç (5)

»¡¤t�K�"f &ñ
_�÷&��H �̂���:

X̂0 = ⊥̂

X̂i+1 = X̂i F̂ (X̂i) v X̂i s���� (6)

= X̂i 5 F̂ (X̂i) ��m����,

Proof. �̂��� {X̂i}is� Ä»ô�Ç�����H ��õ	כ ∀i ∈ N : F̂ i(⊥̂) v X̂ie��

�̀¦ �Ðs���� �)a��.

{F̂ (X̂i)}i�� 7£x�����H �̂���s����, �̂��� {X̂i}i�Ér (5)_� �̧|	��̀¦ ëß�

7á¤�Ù¼�Ð Ä»ô�Ç�>� �)a��. {F̂ (X̂i)}i�� 7£x�����H �̂��������? Õª

XO���. �=�����, (6)\� _�K�"f F̂ (X̂i+1)��H F̂ (X̂i) s�����

F̂ (X̂i5 F̂ (X̂i)) s���. �̧|	� (4)Ü¼�Ð X̂i v X̂i5 F̂ (X̂i) s��¦ F̂��H

éß��̧(monotonic) �<ÊÃºs�Ù¼�Ð, �½Ó�©� F̂ (X̂i) v F̂ (X̂i+1)s���.

s�]j ∀i ∈ N : F̂ i(⊥̂) v X̂i�̀¦ �Ðs���. l��í��H {©�������

F̂ 0(⊥̂) = ⊥̂ v X̂0. F̂ i(⊥̂) v X̂i���¦ ���. F̂�� éß�

�̧(monotonic) �<ÊÃº s�Ù¼�Ð F̂ i+1(⊥̂) v F̂ (X̂i)s���.

(6)\� _�K� X̂i+1��H ¿º �â
Äº�� e����. F̂ (X̂i) v X̂i{9� M:��H

X̂i+1 = X̂is�Ù¼�Ð, s�M:��H F̂ (X̂i) v X̂i+1, ����"f

F̂ i+1(⊥̂) v X̂i+1s���.

F̂ (X̂i) 6v X̂i{9� M:��H X̂i+1 = X̂i 5 F̂ (X̂i)s�Ù¼�Ð, s�M:�̧ 5_� �̧
|	�\� _�K� F̂ (X̂i) v X̂i 5 F̂ (X̂i) = X̂i+1. )±ú���&ñ
\� _�K�

F̂ i+1(⊥̂) v F̂ (X̂i)s�Ù¼�Ð, F̂ i+1(⊥̂) v X̂i+1s���.
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Narrowing Theorem

a%vy�l� 4_� �̧|	�:

∀a, b ∈ D̂ : x w y ⇒ x w (x4 y) w y (7)

s��¦

∀y���è���H �̂���{xi}i : �̂���y0 = x0, yi+1 = yi4xi+1��H Ä»ô�Ç (8)

a%vy�l��Ð &ñ
_����H �̂���:

Ŷ0 = Â (9)

Ŷi+1 = Ŷi 4F(Ŷi)

Theorem (narrow’s safety)

D̂��H CPO s��¦, F̂ : D̂ → D̂��H éß��̧(monotonic) �<ÊÃº s��¦,

4 : D̂ × D̂ → D̂��H �̧|	� (7) õ� (8)�̀¦ ëß�7á¤��¦, F̂ (Â) v Â s����,

(9)�Ð &ñ
_�÷&��H �̂��� {Ŷi}i �Ér Ä»ô�Ç��¦ Õª =åQ�̧
limi∈N Ŷi w

⊔
i∈N F̂ i(⊥̂)s���.
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a%vy�l� 4_� �̧|	�:

∀a, b ∈ D̂ : x w y ⇒ x w (x4 y) w y (10)

s��¦

∀y���è���H �̂���{xi}i : �̂��� y0 = x0, yi+1 = yi 4 xi+1��H Ä»ô�Ç

(11)

a%vy�l��Ð &ñ
_����H �̂���:

Ŷ0 = Â (12)

Ŷi+1 = Ŷi 4 F̂(Ŷi)

Proof. �̂��� {Ŷi}is� Ä»ô�Ç�����H ��õ	כ ∀i ∈ N : F̂ i(⊥̂) v Ŷie���̀¦

�Ðs���� �)a��.

{F̂ (Ŷi)}i�� y���è���H �̂���s����, �̂��� {Ŷi}i�Ér (11)_� �̧|	��̀¦ ëß�

7á¤�Ù¼�Ð Ä»ô�Ç�>� �)a��. {F̂ (Ŷi)}i�� y���è���H �̂��������? Õª

XO���, ��6£§s� ��z�́s������:

∀i ∈ N : Ŷi w F̂ (Ŷi). (13)

�=�����, Ŷi w F̂ (Ŷi) s������ �̧|	� (10)\� _�K�"f

Ŷi w Ŷi 4 F̂ (Ŷi) w F̂ (Ŷi). F̂��H éß��̧(monotonic) �<ÊÃºs�Ù¼�Ð

F̂ (Ŷi) w F̂ (Ŷi 4 F̂ (Ŷi)) = F̂ (Ŷi+1) s���.

0A_� (13)�Ér ��z�́�����? ÕªXO���. l��í �â
Äº, &ñ
_� (12)ü< �̧|	�

Â w F̂ (Â)\� _�K�"f Ŷ0 w F̂ (Ŷ0). )±ú� �â
Äº: Ŷi w F̂ (Ŷi)���¦

���. �̧|	� (10)\� _�K�"f, Ŷi w Ŷi 4 F̂ (Ŷi) w F̂ (Ŷi). &ñ
_�

(12)\� _�K� ��r� æ¼���, Ŷi w Ŷi+1 w F̂ (Ŷi). #�l�\�, F̂��H éß�

�̧(monotonic) �<ÊÃº s�Ù¼�Ð, ¢,a¼#� ¿º>h�Ð ÂÒ'�

F̂ (Ŷi) w F̂ (Ŷi+1)s��¦, �̧�ÉrAá¤\� ���������� Ŷi+1 w F̂ (Ŷi+1).

�̂��� {Ŷi}is� Ä»ô�Ç�����H ��Ér	כ �Ð%i��¦, ∀i ∈ N : F̂ i(⊥̂) v Ŷie���̀¦

�Ðs���. l��í �â
Äº, F̂ 0(⊥̂) = ⊥̂s�Ù¼�Ð {©�������. )±ú� �â
Äº:

F̂ i(⊥̂) v Ŷi���¦ ���. F̂��H éß��̧(monotonic) �<ÊÃºs�Ù¼�Ð,

F̂ i+1(⊥̂) v F̂ (Ŷi). �½Ó�©� Ŷi w F̂ (Ŷi)s�Ù¼�Ð(13) �̧|	� (10)\� _�K�

"f Ŷi 4 F̂ (Ŷi) w F̂ (Ŷi)s�Ù¼�Ð,

F̂ i+1(⊥̂) v F̂ (Ŷi) v Ŷi 4 F̂ (Ŷi) = Ŷi+1.
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