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Preface

F�+þAs���H 2000�̧� 4�§, l�#3�s���H 2002�̧� 4�§, KAIST CS320�̀¦ Ãºy©��%i��¦, s� M: nML
áÔ�ÐÕªA�bç
_� [j>�\�¦ %�6£§Ü¼�Ð ]X��>� ÷&%3���. nML\� @/ô�Ç a%~�Ér Õþ��̀¦ æ¼�¦ z�·�Ér 6 ¤d��
s� e�����¦ �U�́A�, ?/�� ��6£§_� Õþ��̀¦ nMLõ� Äºo�ú́��Ð ���îß�K� �Ð��� ÊêC��� ú́§�Ér ��|ÃÐ[þt
�̀¦ 0AK� a%~�Ér {9�s� |̈c�����¦ ÆÒ��;�>� ÷&%3���:

Functional Approaches to Programming, Guy Cousineau and Michel Mauny,
Cambridge Univ. Press, 1998

0A_� Õþ��Ér, áÔ|½ÓÛ¼_� Ósqo�àÔ ���íß� �ïÛ¼\�"f ��6 x÷&��H Õþ�Ü¼�Ð"f ML_� áÔ|½ÓÛ¼ !Q������
OCaml�̀¦ \V]j�Ð ��¦ e����. s� ���%i��Ér 0A_� Õþ�_� ]j4�©� ��t�_� ���îß�\� K�{©��)a��. ���%i�
s� ��t���H #QÒ�oô�Ç ���s� e���̀¦ �,�s�t�ëß	כ ����¦ _�p�e���¦ ��2£§��î�r r����s�l�\�¦!
�&³F�F�+þAs�ü<l�#3�s���H#î
§4�:£¤YV¹כ"é¶Ü¼�ÐÖ�r(�Û¼\�¦*���e����.��6£§Ü¼�Ðq���H'��î�r

s� ���²ú�÷&l�\�¦ yn= 9.

s� F�g��H (2003�̧� 3�Z4)
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�<ÊÃº×�æd��&h�áÔ�ÐÕªA�bç
(Functional Programming)s�êøÍ�<ÊÃº(function)_�&ñ

_�ü< 6£x6 x�̀¦ ×�æ¹כô�Ç >h¥Æ�Ü¼�Ð ��6 x���H áÔ�ÐÕªA�bç
 Û¼��{9�s���. s� ]X���H ~½ÓZO�
\�"f��H, ���Ãº[þt�Ér Ãº�<Æ\�"fü< >á¤°ú �Ér %i�½+É�̀¦ ô�Ç��. 7£¤, Õª�þt�Ér]	כ °úכ(value)[þt�̀¦
³ð�&³���H l� ñ(symbol)s��¦, :£¤y�, �<ÊÃº_� �����(parameter)�Ð ���6 xô�Ç��. ë�HZO�
½̈�̧(syntax)\�¦ ³ð�&³���H l��:r&h���� ~½ÓZO��Ér ³ð�&³d��(expression)�̀¦ ��6 x���H �	כ
s��¦, �<ÊÃº %i�r� ³ð�&³d��(expression)�̀¦ s�6 x��¦, ���Ãº[þt�̀¦ ������Ð �#� &ñ
_��)a
��.
\V\�¦ [þt���, nML ���#Q\�"f��H

fn x → 2 ∗ x + 1

s�����H ³ð�&³d���Ér x\�¦ 2 ∗ x + 1\� @/6£xr�v���H �<ÊÃº\�¦ �����·p��.
ëß�{9� C ¢̧��H ��Û¼ºú�\�"f°ú �Ér�<ÊÃº\�¦ &ñ
_���¦�� Ùþ¡�����,��6£§õ� °ú s� /ú��̀¦

�.���s	כ

function F(x:integer) : integer;
begin

F := 2*x+1
end

¢̧��H

int F(int x){
return (2*x+1);

}

��Û¼ºú�s��� C\�"f��H, Äºo�_� &ñ
_���H ���çß�_� �O\¹כ��9��H ÂÒì�r - e��_�_� s�2£§
��� F_� �̧{9� - �̀¦ �í�<Êô�Ç��. Õªü< °ú �Ér 7áxÀÓ_� ���#Q[þt\�"f��H, Äºo���H �<ÊÃº\� s�
2£§�̀¦ B�l�t� ·ú§�¦ �<ÊÃº\�¦ &ñ
_�½+É Ãº \O���. �8¹¡¤ �8 z©�q���� �,�Ér	כ ���íß��<Æ\�ëß� �'a
º��÷&�¦ �<ÊÃº_� &ñ
_�ü<��H l��:r&h�Ü¼�Ð �'aº��s� \O���H ½+É{©�(assignment)���íß� ¢̧��H
returnë�Hs� æ¼%i�����H &h�s���. ¢̧ô�Ç, q�2�¤ B�Äº ×�æ¹כô�Ç 	�s���H ��m�t�ëß�, ��Û¼ºú�
s��� C\�"f��H �<ÊÃº_� ������ ÂÒì�r\� ��{9�(type)s� �>rF�ô�Ç��. nML\�"f�̧ ��{9��Ér
�>rF��t�ëß�, Õª�þt�Ér]	כ r�Û¼%7�\� _�K� >�íß�÷&�¦, ����"f ��6 x���� ������½+É ¹כ��9
��H \O���.
s�\V]j�ÐÂÒ'�l�%3�½+É�9¹כ���e����H��{9�(Functional��Ér�<ÊÃº×�æd��Û¼	כ style)�Ér

Ãº�<Æ&h�³ð�&³_�çß����$í
õ�Õª&ñ
����̀¦�Ð�>r���H�â
�¾Ós�e������H&h�s���.\V\�¦[þt���,
�<ÊÃº�� ³ð�&³d��[þtëß�Ü¼�Ð "î
r�|̈c Ãº e������H ��z�́�Ér �<ÊÃº ���̂�� ���Ér °úכ[þtõ� ��

ðøÍ��t��Ð �¦�9�)a����H �¦̀�	כ _�p�ô�Ç��. ���õ�&h�Ü¼�Ð, �<ÊÃº[þt�Ér ���Ér �<ÊÃº_� �����
�Ð [þt#Q������, ���Ér �<ÊÃº_� ���õ��Ð ���̀¦ Ãº e����. s���Ér	כ nML\�"f��H ì�r"î
 ��
0px�t�ëß�, ���:�x&h���� ���#Q\�"f��H ÕªXO�t� ·ú§��.

#��Qì�r�Ér s� Õþ�_� ?/6 x�̀¦ ¿º ��t� ���Ér �'a&h�\�"f {9��̀¦ Ãº e����. Äº��� #��Qì�r
�Ér s� ?/6 x�̀¦ \V]j\�¦ :�xK� nML ���#Q ��6 xZO��̀¦ �Ð#�ÅÒ��H �Ü¼�Ð	כ s�K�½+É Ãº e��
��. �t�ëß�, #��Qì�r�Ér ¢̧ô�Ç Õª ?/6 x�̀¦ ��ÅÒ çß�éß�ô�Ç ��&ñ
\�"f Ø�¦µ1Ïô�Ç #Q�"� áÔ�Ð
ÕªA�bç
 ���#Q_� �7Ho�&h���� ½̈$í
 õ�&ñ
s����¦ Òqty��½+É Ãº�̧ e����. Õª ���#Q�� ìøÍ×¼r�
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³ð�&³d��õ� �<ÊÃº_� >h¥Æ�\� l�ìøÍK��� ô�Ç����H l��:r&h���� Òqty��\�"f Ø�¦µ1Ï�#�, Äºo�
��H �̧�FKm�� Äºo��� ò́õ�&h�Ü¼�Ð áÔ�ÐÕªA�bç
�̀¦ ½+É Ãº e����H d�¦�̀¦ ëß�×¼��H X< =�G �9�

¹ô�Çכ >h¥Æ�[þt�̀¦ �è>hK� ��°ú� �.���s	כ
s� ½̈$í
 õ�&ñ
�̀¦ ���������"f, Äºo���H Ãº�<Æõ� B�Äº q�5pwô�Ç Òqty��[þtõ� ³ðl�ZO��̀¦

��6 x½+É �.���s	כ ��z�́�©�, áÔ�ÐÕªA�bç
 ���#Q�� Ãº�<Æ&h���� ���:�x�̀¦ x�½+É z�́6 x&h���� s�
Ä»��H ���)� \O���. �̧y��9, Äºo���H Õª îß�\� [þt#Q����H >h¥Æ��̀¦ �Ð�� &ñ
SX���¦ "î
SX�
�>� ³ðl��l� 0Aô�Ç Ãº�<Æ��[þt_� Y>� [jl�\� ����2; �̧§4�Ü¼�ÐÂÒ'� s�1pq�̀¦ %3�#Q��

ëß� ���H �.���s	כ Äºo��� Ãº�<Æ&h� ³ð�&³Ü¼�ÐÂÒ'� ���r� *����� ½+É M:��H, Äºo���H �=
ÕªA���ëß� ���Ht�\�¦ [O�"î
��¦ s��Ð ���K� "é¶ Ãº�<Æ&h� ³ð�&³�Ð�� �8 "î
SX��>� Áº���

��\�¦³ð�&³½+ÉÃºe��>�÷&%3���Ht�,��m�������Érs�Ä»�Ð���K�ÕªXO�Ãºµ1Ú\�\O�%3���Ht�
\�¦ �Ð#� ×�¦ �.���s	כ ��r� ú́�����, Õª��s	כ d���̧ô�Ç s�Ä»\�"f���t� ��m���� ÅÒ��� 8̈�
�â
\� _�ô�Ç �,	כ \V\�¦ [þt���, �&³F� (����{9��Q l�Õüt_� ô�Ç>�\� _�ô�Ç �¦�\����t	כ �Ð#� ×�¦
�.���s	כ
��6£§_� Y>� �̀s�t�\� Ãº�<Æ\�"f ��������H ³ð�&³d��õ� �<ÊÃº ×�æd�� áÔ�ÐÕªA�bç
\�

"f ��������H ³ð�&³d��_� 	�s�\�¦ ì�r$3�K� Z�~��¤��.

Äºo�_�³ð�&³d��_�B�Äº"î
SX�ô�Ç(Õª�Q��Õªo�×�æ¹כ�t�·ú§�Ér)Ãº�<Æ&h����:�xõ�_�
���Ér&h�[þt×�æ_� ����Ð,ë�HZO� ½̈�̧(syntax)��æ¼#���� �̧_þv_�	�s�\�¦[þtÃºe����.
{9�ìøÍ&h�Ü¼�Ð, áÔ�ÐÕªA� Q[þt�Ér ���:�x&h���� ASCII ·ú��� Ï@\� 5Åq���H ë�H��[þt�Ð áÔ�Ð
ÕªÏþ��̀¦ ùß���. ����"f, Ãº�<Æ&h� æ¼l� ³ð�&³d�����

√
x2 + y2�Ér sqrt(x*x + y*y) ¢̧��H

sqrt(x**2 + y**2)�Ð ��7#Q æ¼#��� ô�Ç��.
ë�HZO� ½̈�̧\�¦ #Q�"� ë�H��\P� +þAI��Ð ����èqt�\�¦ ���×þ����H ����íß��<Æ)	כ 6 x#Q�Ð��H

½̈�̂&h� ë�HZO� ½̈�̧(concrete syntax)�� ô�Ç��.)�Ér /'î�r ë�H]j�� ��m���. ��z�́, Õª�	כ
�Ér ×�æ¹כô�Ç ì�r����� ë�HZO� ½̈�̧ ì�r$3�(syntax analysis)\�"f ��ÀÒ#Qt��¦ e����. ����
"f, t��FK Äºo���H s�\�¦ U�·>� ��ÀÒt� ·ú§�̀¦ �.���s	כ ë�HZO� ½̈�̧ ì�r$3��̀¦ 0Aô�Ç l�Õüt[þt
_� >hµ1Ï�Ér Äºo��� ÅÒ�Ð ³ð�&³d��_� U�·�Ér ½̈�̧, ���íß��<Æ 6 x#Q�Ð��H ÆÒ�©�&h� ë�HZO� ½̈
�̧(abstract syntax)\� |9�×�æ½+É Ãº e���̧2�¤ K� ÅÒ%3���.
ÕªXO��� ��8���̧, ë�HZO� ½̈�̧\� @/ô�Ç �7H_�\���H #Q�9î�r ë�H]j[þts� z�#Q e����.

\V\�¦ [þt���, æ¼#���� l� ñ_� K�$3�\� �'aô�Ç ë�H]j[þtõ� °ú �Ér �.���s	כ {9�ìøÍ&h�Ü¼�Ð, Ãº
�<Æ&h� ³ð�&³d��[þt�Ér ë�HÐ�o, 1lq��_� t�0px, ¢̧��H 4�¤ú̧�ô�Ç ����W�©�_� �'a_þv�̀¦ æ¼t� ·ú§�¦
��H K�$3�K� èq Ãº \O���H �̧ ñ$í
�̀¦ ����� l� ñ[þt�̀¦ �í�<Êô�Ç��. \�\�¦ [þt���, #Q�"� ���+þA
@/Ãº�<Æ �§õ�"f\�"f�̧, M1 ×M2 ��H ¿º '��§>=_� Y�L�̀¦ _�p��t�ëß�, ���Ér ë�HÐ�o\�"f
��H, × ���íß��Ér ú́§�Ér ���Ér _�p�\�¦ ��|9� Ãº e����. áÔ�ÐÕªA�bç
 ���#Q\�"f��H, l� ñ_�
&ñ
_�ü< Õª ��6 x�̀¦ e±	��H ~½ÓZO��Ér &ñ
SX���¦ �̧ ñ�t� ·ú§>� &ñ
_�÷&#Q�� ô�Ç��. ÕªXO�
>� ���H ��Ér	כ Ä»ò́#3�0A(scope)ü< 8̈��â
(environment)\� @/ô�Ç ë�H]j\�¦ ëß�[þt#Q ?/
�¦, #Q�"� ¢-a���y� &ñ
+þA�o�)a ���#Q_� ��6 x\�"f�̧ s� ë�H]j[þt�Ér �>rF�ô�Ç��.

¢̧ô�Ç, Ãº�<Æ&h� ³ð�&³d���Ér {9�ìøÍ&h�Ü¼�Ð ô�Ç éß�>� s��©�_� >pw�̀¦ t�m��¦ e����. \V\�¦
[þt���

x2 + 2x + 1

�Ér ���Ãº x\� @/ô�Ç ���½Ód���̀¦ ³ð�&³�<Êõ� 1lxr�\� Õª��õ	כ �������)a R\�"f R �Ð_� �<Ê
Ãº\�¦ ³ð�&³ô�Ç��.
���íß��<Æ\�"f��H, Äºo��� ���\O����H /BM\�"f_� >pw_� éß�>���H ìøÍ×¼r� ¢-a���y� "î
Ñþ�

K��� ô�Ç��. áÔ�ÐÕªA� Q\� _�K� æ¼#���� #Q�"� ³ð�&³d���̧ Ä»{9�ô�Ç ~½ÓZO�Ü¼�Ð &ñ
_�÷&
��H °úכÜ¼�Ð °úכB��̂�(evaluation) ��0pxK��� ô�Ç��. °úכõ� ³ð�&³d�� ��s�_� @/6£x �'a>���H
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áÔ�ÐÕªA�bç
 ���#Q\�"f��H _�p� ½̈�̧(semantics)���¦ Ô�¦o�0>t��¦, ìøÍ×¼r� �̧ ñ�
t� ·ú§>� &ñ
_�÷&#Q�� ô�Ç��.

����"fÄºo���H³ð�&³d��(áÔ�ÐÕªA�bç
���#Q\�"f_�)õ�°úכ(>�íß�_����õ��Ð���̧��H)
�̀¦ ì�r"î
y� ½̈ì�r½+É �.���s	כ s�XO�>� ½+É �â
Äº, �¦�9K��� ½+É ë�H]j[þts� Zþt#Qèß���. \V
\�¦ [þt���, Äºo��� {9�ìøÍ&h���� >�íß��̀¦ �l� 0AK� áÔ�ÐÕªÏþ��̀¦ Âú� M: ��ÀÒ#Qt���H +þA
d�� ³ð�&³[þt�Ér °úכ[þt Õª ���̂s��¦, ����"f áÔ�ÐÕªA�bç
 ���#Q\�"f_� ³ð�&³d��õ���H ½̈
ì�r÷&#Q�� ô�Ç��. áÔ�ÐÕªA�bç
 ���#Q\�"f_� ³ð�&³d���Ér s� ³ð�&³[þtõ� q��§½+É M: {9�7áx
_� ×�æçß� ���#Q�Ð"f_� %i�½+É�̀¦ ô�Ç��. s�XO�>� �Ð:�x_� ���#Qü< ×�æçß� ���#Q\�¦ ½̈ì�r���H
{9��Ér �&³F�_� Ãº�<Æ&h� �'aYV\�"f��H ±ú���� �.���s	כ ìøÍ@/�Ð, �7Ho��<Æ\�"f��H ���íß��<Æ\�
"fü< >á¤°ú �Ér s�Ä»�Ð Õª��Ér	כ ×�æ¹כô�Ç ½̈ì�rs���.

��t�}��Ü¼�Ð,Äºo���H��{9�\�@/ô�Ç>h¥Æ�\�@/K���r�s���l�½+É�9¹כ���e����.Õª
��Ér	כ Ãº�<Æ\�"f��H ì�r"î
y� ³ð�&³÷&t� ·ú§�¦ æ¼%i�t�ëß�, ���íß��<Æ\�"f��H �Ð�� &ñ
SX��
�¦�8¹¡¤]jô�Ç&h����_�p��Ðæ¼�����.³ð�&³d��s�°úכB��̂���0px�l�0AK�"f��H, �̀��Érë�H
ZO� ½̈�̧\�¦ ��t���H �ëß�Ü¼�Ð��H	כ Ø�æì�r�t� ·ú§��. 7á§�8 4�¤ú̧�ô�Ç ë�H]j�� e����. \V\�¦
[þt#Q, f(x)ü< °ú �Ér ³ð�&³d��(f��H �<ÊÃºs��¦ x��H �<ÊÃº ?/_� 1lqwn� ���Ãº)\�"f, s� ³ð�&³
d��s� °úכB��̂�÷&�¦ >pw�̀¦ ��t�l� 0AK�"f��H x��H �<ÊÃº f_� &ñ
_�%i� ?/\� 5ÅqK� e��#Q��
ô�Ç��.ëß�{9�ÕªXO�t�·ú§�����,l�>�&h����°úכB��̂�½©gË:_�&h�6 x�Ér�Ð:�xÃº'��s�Ô�¦��0px
ô�Ç {9��̀¦ ̈½¹כ��¦ ú́� �.���s	כ \V\�¦ [þt���, ë�H��\P�_� ]jY�L��H�̀¦ ½̈��9�¦ ���H {9�
���ô�Ç̈½¹כ¦̀����Õªü<q�5pwô�Ç{9��̀¦��9½+Ét��̧ �̧�Ér��.s����7áxÀÓ_�'��1lx�Érz�́
'�� \��Q\�¦ ëß�[þt#Q ?/���� ¢-a���y� _�p��� ���Ér ²ú��̀¦ ëß�[þt#Q èq Ãº e����. s���� s�
Ä»[þtM:ë�H\�,Äºo���H���#Q_�°úכ[þt�̀¦Õª�þt]כ�{9�\�������¾º>�÷&%3���.°ú��þt_]	כ
s� ��{9��̀¦ ��t�>� ÷&���, &ñ
SX�ô�Ç ³ð�&³d�� %i�r� ��{9��̀¦ ��t�>� �)a��. 7£¤, Õª��_þt]	כ
��{9��Ér Õª��_þt]	כ °úכ_� ��{9�õ� °ú >� �)a��. ëß�{9� s� ��{9��̀¦ z�́]j °úכB��̂� ���\� ½̈
½+É Ãº e�������, ³ð�&³d��\�"f_� d�¦wn= ��0px$í
s� e����H /BM�̀¦ ¹1Ô�̀¦ Ãº e���̀¦ �,¦��s	כ Äº
o���H °úכB��̂�s� &h�{©��t� ·ú§�Ér �����\� ���íß���\�¦ &h�6 x����� Ãº'�� \��Q\�¦ ?/t�

·ú§��H���¦ �Ð7£x½+É Ãº e���̀¦ �.���s	כ

Äºo��� ��6 x½+É áÔ�ÐÕªÏþ� ]X���H ~½Ód���Ér °úכB��̂� ��0pxô�Ç ³ð�&³d��\� @/ô�Ç >h¥Æ�\�

l�ìøÍ��¦ e����. Õª��_	כ ”���©� í�HÃºô�Ç +þAI����” 1�©�õ� 2�©�\�"f��H, s� ]X���H ~½Ód��
�Ér 1pxu�ëß�[þtl� �7HZO�(equational reasoning)�̀¦ ~1�>� s�K��>� K� ×�¦ ��©�s���.(3	כ
\�"f ��[jy� ��ê�r��.) 3�©�\�"f��H ”°úכB��̂� ��0pxô�Ç ³ð�&³d��” s� Áº%Á	�̀¦ _�p����H
t�%�6£§Ü¼�Ð7á§�8&ñ
SX��>�&ñ
_�½+É�/@�\�<õ�_�@/6£x�'aכs���.³ð�&³d��õ�Õª°ú	כ
ô�Ç &ñ
+þA�o�)a &ñ
_���H Äºo��� s� ���#Q_� _�p� ½̈�̧(semantics)���¦ ÂÒ\�¦ #Q�"� �	כ
�̀¦ ½̈$í
�>� �)a��. _�p� ½̈�̧��H áÔ�ÐÕªÏþ�\� @/ô�Ç �7Ho�&h� Òqty��_� l�ìøÍ�̀¦ ]j/BN�
 9 ½̈�&³½+É ���½Ó\� @/ô�Ç "î
[j"f_� %i�½+É ¢̧ô�Ç K� ï�r��. 3.1]X�\�"f��H nML\�"f_�
_�p� ½̈�̧\�¦ &ñ
_���¦, s���H 3.4]X�\�"f áÔ�ÐÕªÏþ�s� ú́���Ht�\�¦ SX�������H X< æ¼���
��. _�p� ½̈�̧��H ¢̧ô�Ç ??]X�\�"f &ñ
_��)a ½̈�&³\�"f_� �ÃÐ�¦ ��«Ñ_� %i�½+É�̀¦ ô�Ç��.
³ð�&³d��_� ��{9��̀¦ &ñ
SX��>� &ñ
_��l� 0AK�, Äºo���H ���#Q_� �̧��H ½̈$í
 ~½Ó

ZO�(construction)\� @/K� ��{9�ëß�[þtl� ½©gË:(typing rule)�̀¦ &ñ
_�K��� ô�Ç��. s�ü<
°ú �Ér ��{9�ëß�[þtl� ½©gË:�Ér M:M:�Ð 1lx&h���� _�p� ½̈�̧(dynamic semantics)\� @/�̧
�#�,&ñ
&h����_�p� ½̈�̧(static semantics)���¦·ú��94Re���¦,s���H°úכB��̂�½©gË:�̀¦
&ñ
_�ô�Ç��.&ñ
&h����_�p� ½̈�̧ü<1lx&h����_�p� ½̈�̧×�æ#QÖ¼�s�&h�]X�ô�Çt�_�#�ÂÒ	כ
��H °úכB��̂�s� ³ð�&³d��_� ��{9��̀¦ �Ð�>r���Ht�\�¦ 7£x"î
���H �Ü¼�Ð	כ SX����½+É Ãº e����.
Äºo���H ��{9�s� &ñ
&h�Ü¼�Ð >�íß�(7£¤, z�́'�� ���\� >�íß�)�)a ³ð�&³d��_� �â
Äº ��{9� \��Q
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\�¦ {9�Ü¼v�t� ·ú§�¦ °úכB��̂�s� ��0px�<Ê�̀¦ �Ð7£x½+É Ãº e����. Äºo�_� ���#Q\�"f ��{9��̀¦
���&ñ
���H ½©gË:�Ér 3.5]X�\� &ñ
_�÷&#Q e����.

Äºo��� ú́�Ùþ¡~��?/6 x\�"f,½+É{©�(assignment)\�@/ô�Ç?/6 xs����)����/åL÷&t�·ú§
��¤6£§�̀¦ è�H#��� �Ð��. ½+É{©� ���íß��Ér ���Ãº_� °ú̀�כ¦ #��Q 	�YV ��Ë̈��H �¦̀�	כ ��0px�
>� K� ï�r��. Õª��Ér	כ @/ÂÒì�r_� ���:�x&h���� áÔ�ÐÕªÏþ� ���#Q\�"f �9�Ãº&h�s�%3��¦, áÔ�Ð
ÕªÏþ����#Q_��'a&h�\�"f��H,Õª���Ér$�Ãºï	כrl�>����íß�,7£¤Bj�̧o�_�?/6 x�̀¦z�́]j�Ð
����â
���H�
ìøÍ%ò¦̀�	כ��¦e��%3���.áÔ�ÐÕªÏþ�\�@/K��7Ho�&h�Ü¼�Ð]X���H½+ÉM:,s����
íß��Ér d��y��ô�Ç éß�&h��̀¦ ��t��¦ e����. Õª��Ér	כ Äºo��� áÔ�ÐÕªÏþ�s� °ú �Ért� °ú t� ·ú§�Ér
t�\�¦ ��t���H �¦̀�	כ jËµ[þt>� ô�Ç��. \V\�¦ [þt���, ëß�{9� f�� �<ÊÃºs��¦ x�� ���Ãº�����, ëß�
{9� f�� ?/ÂÒ\�"f ½+É{©� ���íß��̀¦ Ãº'��½+É �â
Äº f(x) + f(x)��H 2f(x)ü< °ú t� ·ú§�̀¦ Ãº
�̧ e����. ����"f ½+É{©� ���íß��̀¦ ��6 x���H ��Ér	כ áÔ�ÐÕªÏþ�_� &ñ
SX�$í
�̀¦ #Q�"� +þAd���̀¦
��6 x�#� ���7£x���H �¦̀�	כ @/éß�y� #Q§>�>� ô�Ç��.
î�r ��åÔ>��̧, #Q�"� ·ú��¦o�7£§[þt�̀¦ ò́õ�&h�Ü¼�Ð ��6 x��9��� ½+É{©� ���íß��̀¦ ¢-a���

y� ��6 x�t� ·ú§��H ��Ér	כ jËµ[þt>� �)a��. ����"f, Äºo���H 4�©�\�"f ½+É{©� ���íß�\� @/K�
��Ò�¦ �.���s	כ

Äºo�_� áÔ�ÐÕªA�bç
 ���#Q\� @/ô�Ç &ñ
_���H 4�©�\� ���5g s�ÀÒ#Q�����. ”³ð�&³d��\�
@/�#�”����H]j3lq�̀¦�����'Í	���P:�©�\�"f��H���#Q?/_� ½̈$í
~½ÓZO�(constructions)\�
@/K� ��ÀÒ�¦ Õª�¦þt�̀]	כ #Qb�G>� ��6 x���Ht�\� @/K� [O�"î
ô�Ç��. s� �©�\�"f, Äºo���H
ÅÒ�Ð B�Äº çß�éß�ô�Ç Õüw�� ��{9��̀¦ s�6 xô�Ç áÔ�ÐÕªÏþ�[þtëß��̀¦ ��ê�r��. ”X<s�'� ½̈�̧”
����H ]j3lq�̀¦ ����� ¿º ���P: �©�\�"f��H 4�¤ú̧�ô�Ç X<s�'�\�¦ ��ÀÒl� 0AK� #Qb�G>� ��6 x

��[þts� Õª[þtëß�_� ��{9��̀¦ &ñ
_�½+É Ãº e����Ht�\� @/K� [O�"î
ô�Ç��. ”_�p� ½̈�̧\� @/
�#�” ����H ]j3lq�̀¦ ����� [j ���P: �©�\�"f��H ���#Q_� &ñ
&h���� _�p� ½̈�̧ü< 1lx&h����
_�p� ½̈�̧\�@/�#�&ñ
SX�y�&ñ
_���¦áÔ�ÐÕªÏþ�s�&ñ
SX�ô�Çt�\�¦7£x"î
�l�0AK�#Q

b�G>� K��� ���Ht�\�¦ �Ð#� ï�r��. s� %�6£§_� 3�©��Ér í�HÃº�>� �<ÊÃº ×�æd����� ?/6 xëß�
�̀¦ ��ê�r��. ”l�>� ×�æd��&h���� 8£¤���[þt” s�����H ]j3lq�̀¦ ����� 4�©�\�"f��H nML_� �<Ê
Ãº ×�æd��&h�s�t� ·ú§�Ér l�0px[þt\� @/K� ��ÀÒ�¦ #Q�"� 7áxÀÓ_� áÔ�ÐÕªÏþ�\�"f Õª l�0px

[þt�̀¦ æ¼��H ��s	כ �\�¹ô�Çtכ��9 @/K� [O�"î
ô�Ç��. ¢̧ô�Ç s� �©�\�"f��H Õª l�0px[þt_� ��
6 xs� ���#Q_� _�p� ½̈�̧\� #Q�"� %ò
�¾Ó�̀¦ p�u���Ht�\� @/K� ��ê�r��.



1 �©�

³ð�&³d��\� @/�#�

s� Õþ��Ér B�Äº ú́§�Ér \V]j\�¦ �í�<Ê��¦ e����. s� \V]j[þt�Ér ��u� nML_� @/�od�� �̧
×¼\�"f (��ÉÓ'�_� v��Ð×¼\� ��s�áÔ�)a ��3!�%	כ ³ð�&³|̈c �.���s	כ ���²DG, Õª�þt�Ér]	כ ��
6 x��\�_�K�{9�§4��)a×�¦õ�r�Û¼%7�_�ìøÍ6£x�̀¦�<Êa��í�<Ê½+É�s���.\V]j_�r����ÂÒ	כ
ì�r\�"f��������H #ë�H����Hr�Û¼%7�áÔ2�§áÔàÔs���.��6 x��\�_�K�æ¼#����/åJ}�[þt
�Ér #+'\�"f r�����#� s�×�æ [jp�c+t�:r(;;)Ü¼�Ð =åQèß���. ����"f #õ� ;; ��s�_� �̧
��H��s���.�� Qt���Hr�Û¼%7�_�ìøÍ6£xs���.s�r�Û¼%7	כ��Ér��6 x��\�_�K�{9�§4��)a	כ
ìøÍ6£x�Ér ��{9�õ� °úכ\� @/ô�Ç &ñ
�Ð\�¦ �í�<Êô�Ç��.

nML r�Û¼%7�\�"f��H, ��6 x��\� _�K� {9�§4��)a ³ð�&³d��_� ��{9��Ér &ñ
&h�Ü¼�Ð >�íß�
�)a��. 7£¤, °úכB��̂� ���\� >�íß��)a��. r�Û¼%7��Ér �̧��H ��0pxô�Ç ��{9�_� Ô�¦{9�u�\�¦ ��1lx
Ü¼�Ð ¹1Ô��"f \��Q Bj[jt��Ð �Ð�¦ô�Ç��. s� ��{9� �̂(ç
�Ér ��6 x���� r�Û¼%7�\� ��{9�
\� @/ô�Ç #Q�"� &ñ
�Ð�̧ f��]X� +� ×�¦ ¹כ��9 \O�s� s�ÀÒ#Q�����. 7£¤, C�� ��Û¼ºú�\�"f%�
!3� ��{9��̀¦ ������K� ×�¦ ��¹כ��9 \O���.

��{9�s� ëß�7á¤Û¼XO�>� ëß�[þt#Q��� Êê\�, °úכB��̂�s� r����÷&�¦, ���õ��� >�íß�÷&#Q �o
���\� Ø�¦§4��)a��. s� Ø�¦§4��Ér ��6 x���� {9�§4�ô�Ç ?/6 xs� çß�éß�ô�Ç ³ð�&³d�����t� ��m����
&ñ
_����t�\� ���� ¿º ��t�_� ���Ér +þAI� ×�æ ô�Ç ��t��Ð ���:r��.

#�l�\�"f ÅÒ#Q��� \V]j��H z�́]j 1lx���½+É M: Û¼ß¼�2;�©�\� ��������H �õ���H	כ ���çß�

/åJ��_� �̧�ª�s� ��ØÔ��. 7£¤, Äºo���H {9�l� ~1��¦ �Ðl� a%~>� �l� 0AK� /åJ�� �̧�ª�\�
���çß�_�Ãº&ñ
�̀¦��Ùþ¡��.\V\�¦[þt���,���#Q\�"fæ¼s���H\V���#Q��H¿º��î�r/åJ}��Ð³ð
r�Ùþ¡�¦,'�p�V,�\�"f¿º>h_���Û¼v�ë�H��(->)�Ð��������H�o¶ú�³ð��H#�l�\�"f��H
→ô�Çë�H��ëß�Ü¼�Ð����ÍÇx��.ÕªXO�����8���̧,#��Qì�r�Érs�\V]j[þt\�"fæ¼���³ð
�&³ ~½Ód��õ� #��Qì�rs� Û¼ß¼�2;\�"f �Ð>� |̈c ��Û¼v� +þAd��çß�_� @/6£x �'a>�\�¦ "î
SX�y�

�����½+É Ãº e���̀¦ �.���s	כ

1.1 ³ð�&³d��õ� &ñ
_�_� ½̈ì�r

~½Ó�FK ��� s���l�Ùþ¡1pws�, nML_� @/�od�� �̧×¼\�"f��H ³ð�&³d��õ� &ñ
_���H ��ØÔ>� ³ð
r��)a��. s� ]X�\�"f��H Ñüt ��s�_� 	�s�\� @/K� [O�"î
ô�Ç��.
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1.1.1 ³ð�&³d��

���©� ���:�x&h���� ³ð�&³d��[þt�Ér íß�Õüt\� @/ô�Ç �.���þts]	כ Äºo�_� 'Í	���P: \V]j\�"f, Äº
o���H 2+3s�����H ³ð�&³d���̀¦ {9�§4���¦ r�Û¼%7�_� ìøÍ6£x�̀¦ ¶ú�(R�̂¦ �.���s	כ

# 2+3;;
- : int = 5

s� ìøÍ6£x\�"f, ”-”l� ñ��H ��6 x��\� _�K� {9�§4��)a ³ð�&³d��e���̀¦ �����·p��. int ��H
Õª ³ð�&³d��_� ��{9��̀¦ ����?/�¦(7£¤, &ñ
Ãº+þA_� °úכe���̀¦ �����·p��), Óüt�:r 5 ��H Õª °úכ
�̀¦ �����·p��.
ú́��Ð ³ð�&³����, r�Û¼%7�_� ìøÍ6£x�Ér ��6£§õ� °ú s� K�$3�|̈c Ãº e����.

{©����s� ~½Ó�FK {9�§4�ô�Ç ³ð�&³d��_� ��{9��Ér ints��¦ Õª °úכ�Ér 5{9�m���.

¢-a���y� ���:�x&h�s��¦ e��ņqô�Ç ~½ÓZO�Ü¼�Ð, nML\�"f_� íß�Õüt ³ð�&³d���Ér �̧ ñ�<Ê�̀¦
K�����l� 0AK� F�c ñ\�¦ ��6 x½+É Ãº e����. F�c ñ�� \O��̀¦ M:, *l� ñ(Y�L�l�)ü< /l�
 ñ(��¾ºl�) ��H +l� ñ(�8�l�)ü< -l� ñ(NSl�)\� @/K� Äº����Ý¶�̀¦ �������. °ú �Ér Äº
��� í�H0A_� l� ñ ��s�_� �̧ ñ$í
�̀¦ K�����l� 0AK�, l��:r&h�Ü¼�Ð, nML�Ér ¢,aAá¤ ���
½+Ë\� Äº��� í�H0A\�¦ é�H��. ú́�������, a + b + c��H (a + b) + c�Ð 2[/åL�)a��. Óüt�:r, #�
�Qì�rs� F�c ñ\�¦ æ¼���, #��Qì�rs� "é¶���H @/�Ð ³ð�&³d���̀¦  é
#Qo��Ð Óü�#Q �̧f���o½+É
Ãº e����.

# 1+2*3;;
- : int = 7
# (1+2)*3;;
- : int = 9
# 1-2+3;;
- : int = 2
# 1-(2+3);;
- : int = -4
# 4/2*2;;
- : int = 4
# 4/(2*2);;
- : int = 1

��×�æ\��Ð>�÷&��xt�ëß�,F�c ñ��Hçß�éß�ô�Çíß�Õüt³ð�&³d��÷�rëß�s���m��� �̧��H nML
³ð�&³d��\� @/K� ��6 x½+É Ãº e���̧2�¤ SX��©�÷&#Q e����.

1.1.2 &ñ
_�

&ñ
_���H#��Qì�r[þts�#��Qì�r_� 8̈��â
\�Dh�Ðî�r���Ãº\�¦ëß�[þtÃºe��>�K�ÅÒ�¦s�Dh

�Ðî�r ���Ãº[þt\� °ú̀�כ¦ ������r�&� ï�r��. Ãº�<Æ\�"f%�!3�, ���Ãº����H >h¥Æ��Ér #��Qì�rs�
°úכ[þt�̀¦ l� ñ�Ð ����èq Ãº e��>� K� ï�r��. ¢̧ô�Ç ���Ãº_� ��6 x�Ér >�íß��)a °úכ\� s�2£§
�̀¦ ·¡#�"f #��Q��� F��Ö̧6 x ��0px�>� K� ï�r��. s�\�¦ s�6 xK� 	�H >�íß��̀¦ #��Q ÂÒì�r
Ü¼�Ð ��¾º#Q"f ½+É Ãº e����. nML\�"f��H ���Ãº��H let s�����H ½̈$í
 ~½ÓZO��̀¦ s�6 x�
#� ëß�[þt Ãº e����. s�p� ·ú��¦ e��1pws�, áÔ�ÐÕªA�bç
 ���#Q\�"f ���Ãº_� s�2£§�Ér d��Z>�
��(identifier)���¦ Ô�¦�9�����. nML\�"f��H, 	�	� s���l����xt�ëß�, °úכ, ��{9� ½̈$í
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��, ��«Ñ(data) ½̈$í
��, YU�ï×¼(record)_� �9�×¼, ��{9�+þAd��(pattern) ���Ãº\� d��Z>�
��\�¦ ·¡{9� Ãº e����. #�l�"f��H Äº��� °úכ\� d��Z>���\�¦ ·¡#� �Ðl��Ð ô�Ç��.

nML\�"f��H, °úכ_� d��Z>�����H ·ú¡\� val�̀¦ ·¡#�"f �����·p��. °úכ_� d��Z>�����H ìøÍ
×¼r�%ò
#Q�èë�H��<�Ê�Érô�Ç/åJ�Ðr����K���� 9,ë�H��,Õüw��, (x9�×�¦), ¢̧��H ’(��r�)
�Ð s�ÀÒ#Q�����.

# val x = 2+3;;
val x : int = 5
# val pi = 3.14;;
val pi : real = 3.14

nML\�"f_� 0Aü< °ú �Ér &ñ
_���H Ãº�<Æ\�"f_� ��6£§õ� °ú �Ér ú́�õ� °ú �Ér >pws���.

x�� 2+3s����¦ ��&ñ
���.

¢̧��H

pi�� 3.14���¦ ��&ñ
���.

���Ãº xü< pi\�¦ &ñ
_�½+É M: lets� æ¼s�t� ·ú§�Ér ��\	כ ÅÒ_����. @/�od�� �̧×¼\�
"f 0Aü< °ú s� &ñ
_�÷&���, s� ���Ãº[þt�Ér ���\O�_� �� Qt� ÂÒì�r ����̂\�"f ��6 x ��0px
���. \V\�¦ [þt��� 0A &ñ
_� ��6£§\� ��6£§õ� °ú �Ér ³ð�&³d���̀¦ æ¼��H ��s	כ ��0px���.

# x*x;;
- : int = 25

1.1.3 t�%i�\� ô�Ç&ñ
�)a &ñ
_�

#��Qì�r�Ér ¢̧ô�Ç nML\�"fÁº�����\�¦t�%i�&h�Ü¼�Ð&ñ
_�½+ÉÃºe����.7£¤,#��Qì�r�Ér#Q
�"� ³ð�&³d��_� Ä»ò́ #3�0A\�¦ t�&ñ
½+É Ãº e����.

# let val x = 2 in x+1 end;;
- : int = 3
# let val a = 3 and val b = 4 in a*a+b*b end;;

s� &ñ
_�[þt�Ér ����̂ #3�0A\�"f Ä»ò́�t���H ·ú§��. \V\�¦ [þt���, x_� &ñ
_���H x+1s�
����H ³ð�&³d�� ?/\�"fëß� Ä»ò́���. °úכB��̂� Êê\�, ���Ãº x��H ��r� s����\� &ñ
_�÷&%3�
~�� °úכs� �)a��.

# x;;
- : int = 5

let val x=2 in x+1 end õ� °ú �Ér {9�§4��Ér nML\� _�K�"f ����̂�� ³ð�&³d�� ���
�Ð 2[/åL÷&�¦, &ñ
_��Ð 2[/åL÷&t� ·ú§��H��.

1.2 l��:r&h���� ��{9�[þt

nML\� _�K� ]j/BN÷&��H ÅÒ¹כ l��:r ��{9�[þt�Ér &ñ
Ãº(int), z�́Ãº(real), �7Ho�°úכ(bool),
ë�H��\P�(string), Õªo��¦ ë�H��(char)s���.
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1.2.1 &ñ
Ãº ��{9�

nML\�"f, &ñ
Ãº��H −1073741824 \�"f 1073741823 ��t�s���. 7£¤, 30q�àÔ\�¦ s�6 x
�#� ³ð�&³�)a��. #��Qì�r�Ér Õüw�� ·ú¡\� 0x, 0o, 0b1px�̀¦ "î
r��#� y��y�� 16���Ãº, 8���
Ãº, 2���Ãº\�¦ ³ð�&³½+É Ãº e����. #��Qì�rs� int+þA ��{9�\� jþt Ãº e����H ���íß���[þt ×�æ l�
�:r&h���� �þt�Ér]	כ ��6£§õ� °ú ��.

+ �8�l�

- NSl�

* Y�L�l�

/ or div &ñ
Ãº ��¾ºl�

mod �� Qt�(modulo) ���íß�

nML\�"f_� &ñ
Ãº ���íß��Ér >�íß�\�"f �Å�gË>(overflow)s� {9�#Q��t� ·ú§��H s��©� &ñ

SX�ô�Ç íß�Õüt ���íß��̀¦ Ãº'��ô�Ç��. Õªo��¦, e��_�_� ß¼l�_� &ñ
Ãº°ú̀�כ¦ >�íß�½+É Ãº e��>�
K�ÅÒ��H nML ��s�ÚÔ�Qo� %i�r� �>rF�ô�Ç��. 10�©�\�"f, Äºo���H Õª ��s�ÚÔ�Qo�\�¦ ½̈
�&³���H X< l��:rs� ÷&��H "é¶o�[þt\� @/K� ¶ú�(R �̂¦ �.���s	כ

1.2.2 z�́Ãº ��{9�

z�́Ãº��H ��H��°úכ ���íß�\� ��6 x�)a��. s�[þt�Ér ?/ÂÒ&h�Ü¼�Ð Õüw�� m × 10n \� @/K�

x9�(m)õ� t�Ãº(n) Ü¼�Ð ����?/#Q�����. s�ü< °ú �Ér Õüw����H r�Û¼%7�\� _�K� x9��̀¦ ��
��?/��H �èÃº ÂÒì�r, ·ú��� Ï@ e, ��6£§\� ·ú¡_� Õüw��\� 10_� Y>� ]jY�L�̀¦ Y�LK��� ���H
t�\�¦ ����?/��H �©�@/&h���� &ñ
Ãº°úכs� 	�YV�Ð Ø�¦§4�÷&#Q ����?/#Q�����. �èÃº&h� ��
Ï?@ ÂÒì�rs� \O���H, 7£¤ int +þAÜ¼�Ð ³ðr�|̈c Ãº e����H z�́Ãº_� �â
Äº, nML�Ér s�\�¦ �èÕüw
&h� \O�s� Ø�¦§4�K� ï�r��. s� �â
Äº\���H, Õª Õüw��_� ��{9�ëß�s� #��Qì�r\�>� Õª Õüw����
z�́Ãº ��{9�s�����H �¦̀�	כ ·ú��9 ×�¦ �.���s	כ

# 1.0;;
- : real = 1

nML ��{9� r�Û¼%7�\� _�����, int��{9�õ� real��{9��Ér "f�Ð [O�#Q jþt Ãº \O���. Õª
[þt ��s�\���H ��1lx ��{9� ���8̈�s� ��0px�t� ·ú§��. s� ���×þ�s� �̀��Ért���H �7HÔqt_� #�
t��� e��t�ëß�, s���H &ñ
SX�ô�Ç >�íß��̀¦ ��H��°úכ >�íß�õ� "î
SX�y� ��¾º#Q ï�r����H �©�&h�s�
e����. Õª!3�\��̧ Ô�¦½̈��¦, &ñ
Ãº\�¦ z�́Ãº�Ð ��Ë̈#Q ÅÒ��H float of int �<ÊÃº�� �>rF�
ô�Ç��.
��6£§�Ér z�́Ãº\� @/K� &h�6 x|̈c Ãº e����H ���íß���[þts���.

+ �8�l�

- NSl�

* Y�L�l�

/ ��¾ºl�

e��ņqô�Ç ���y�� �<ÊÃº[þts� z�́Ãº+þA Õüw��[þt\� &h�6 x�)a��.
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sqrt ]jY�L��H

log �ÐÕª

exp ex

sin �����

cos �ï�����

tan òøÍH$�àÔ

asin ��ß¼�����

acos ��ß¼�ï�����

atan ��ß¼òøÍH$�àÔ

#�l� ���çß�_� \V]j�� e����.

# sqrt(2);;
This expression has type int but is here used with type real

sqrt �<ÊÃº��H &ñ
Ãº+þAs� ����� z�́Ãº+þA�̀¦ ������Ð ~ÃÎl� M:ë�H\� ��{9� \��Q�� ��>�
�)a��.

# sqrt(2.0);;
- : real = 1.41421356237
# sqrt(float of int(2));;
- : real = 1.41421356237
# acos(-1.0);;
- : real = 3.14159265359
# let val x=sin(1.0) and y=cos(1.0) in (x *** x)+++(y *** y) end;;
- : real = 1

1.2.3 �7Ho�°úכ ��{9�

�7Ho�°úכ�Ér¿º��t�_��©�Ãº trueü< false�Ð ½̈$í
�)a��.q��§\�¦���H�<ÊÃº[þt (=, <, >
,≤,≥)�Ér �7Ho�°úכÜ¼�Ð �)a ���õ�\�¦ �·p��.

# 1<2;;
- : bool = true

�7Ho�°úכ�Ér not(ÂÒ&ñ
), andalso(�7Ho�Y�L), orelse(�7Ho�½+Ë) õ� °ú �Ér �7Ho� ���íß�
\� _�K� Óü�#�|9� Ãº e����.

# 1<=2 andalso (0<1 orelse 1<0) andalso not(2<2);;
- : bool = true

�7Ho�°úכ�Ér if – then – else ����H ½̈$í
 ~½ÓZO�\�"f :£¤y� Ä»6 x���.

# let val x=3 in
if x<0 then x else x*x
end;;

- : int = 9

s�½̈$í
~½ÓZO��Érl��>r_����#Q\�"f_� ifë�Hõ���ØÔ��.Õª��\�Ér³ð�&³d��(expression)	כ
%ò
�¾Ó�̀¦ p�u��¦, Õª�	כ ���̂�� ³ð�&³d��Ü¼�Ð 2[/åL�)a��.
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1.2.4 ë�H��\P� ��{9�

nML\�"f,ë�H��\P��Ér string��{9�Ü¼�Ð2[/åL�)a��.ë�H��\P��Ér ”(	�H��6�§³ð)l� ñ��
s�\� +��� ô�Ç��. ̂(���G'pàÔ) l� ñ�Ð ë�H��\P��̀¦ ·¡{9� Ãº e����.

# "a string" ̂" of characters";;
- : string = "a string of characters"

1.2.5 ë�H�� ��{9�

ë�H�� ��{9�(char)�Ér ÅÒ�Ð {9�Ø�¦§4�\� ��6 x�)a��. ë�H����H ’(����Ér ��6�§³ð) ��s�\� ��H
��.

# ’a’;;
- : char = ’a’

ë�H��\� @/ô�Ç ��Û¼v� �ï×¼°úכ�Ér int of char �<ÊÃº�Ð ½̈½+É Ãº e����.

# int of char ’a’;;
- : int = 97

1.3 X<
�ØÔàÔ Y�L

2�©�\�"f��H #Qb�G>� X<s����� ��6 x��\� _�K� &ñ
_��)a ��{9�\� @/6£x�#� 4�¤ú̧�ô�Ç ½̈
�̧ 5ÅqÜ¼�Ð �̧f��÷&#Q [þt#Q����Ht�\� @/K� [O�"î
ô�Ç��. �t�ëß� s� r�&h�\�"f��H, Äºo�
��H éß�í�Hy� X<
�ØÔàÔ Y�Ls�����H Ãº�<Æ&h� >h¥Æ��̀¦ s�6 x�#� 4�¤ú̧�ô�Ç °ú̀�כ¦ ëß�[þt#Q ?/

��H ~½ÓZO�\� @/K� ·ú��� �̂¦ �.���s	כ
°úכ[þt�Ér 2>hm�� ¢̧��H 3>hs��©�m��°ú s�Óü�{9�Ãºe����.s�\�¦0AK�"f,���:�x&h����~½Ó

ZO�õ� >á¤°ú s� �9�×¼(field) ��s�_� �â
>�\�¦ ����?/��H X< ,(~��³ð)�� ��6 x�)a��. (�8 ��
[jô�Ç ?/6 xs� 1.6]X�\� e����.) ”X<
�ØÔàÔ Y�L”_� ��{9��Ér * l� ñ\�¦ s�6 x�#� ����?/
#Q�����.

# (1,1.2);;
- : int * real = (1, 1.2)
# (1+2, true orelse false, "hello");;
- : int * bool * string = (3, true, "hello")
# ((1,2), (3,4));;
- : (int * int) * (int * int) = ((1, 2), (3, 4))

��6£§õ� °ú �Ér ��{9�[þt�Ér "f�Ð ���Ér �Ü¼�Ð	כ 2[/åL�)a��.

t1 ∗ t2 ∗ t3, (t1 ∗ t2) ∗ t3, t1 ∗ (t2 ∗ t3)

'Í	���P: ��Ér	כ 3>h�� ô�Ç Óü�6£§Ü¼�Ð 2[/åL÷&�¦, ¿º���P: ��Ér	כ 'Í	���P: �9�×¼�� 2>h
ô�ÇÓü�6£§Ü¼�Ð�)a 2>h��o�Óü�6£§Ü¼�Ð2[/åL�)a��.[j���P:���¼×��Ér¿º���P:�9	כ 2>hô�Ç
Óü�6£§Ü¼�Ð �)a 2>h��o� Óü�6£§Ü¼�Ð 2[/åL�)a��.

fst ü< snd �<ÊÃº��H #��Qì�rs� 2>h��o� Óü�6£§_� 'Í	���P: �9�×¼ü< ¿º���P: �9�×¼\�¦
%3��̀¦ Ãº e��>� K� ï�r��.
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# snd(1+2, 3+4);;
- : int = 7
# fst((1,2),3);;
- : int * int = (1, 2)
# let val p=(1,2) in

(snd(p),fst(p))
end;;

- : int * int = (2, 1)

��×�æ\� e��_�_� Ì�	Ãº_� �9�×¼�� Óü���� �â
Äº #Qb�G>� Õª×�æ "é¶���H �9�×¼\�¦ %3���H

�<ÊÃº\�¦ &ñ
_�½+É Ãº e����Ht�\� @/K� ��Ò�¦ �.���s	כ
X<
�ØÔàÔ Y�L�Éréß�t�&ñ
K���� ß¼l�_� �9�×¼[þt_�Óü�6£§ëß��̀¦ ��Ò�¦ Ãºe������H ��z�́

\� ÅÒ_����. ß¼l��� ������H �¦þt�̀]	כ ��ÀÒ�9���, #��Qì�r�Ér list ����H ��{9��̀¦ +���
ëß� ô�Ç��.(o�Û¼àÔ\� @/K� �8 ·ú��9���, 2.2.6]X��̀¦ �ÃÐ�¦���.)

1.4 �<ÊÃº\� @/�#�

nML\�"f, �<ÊÃº[þt�Ér Ãº�<Æ\�"fü< B�Äº q�5pwô�Ç ~½ÓZO�Ü¼�Ð &ñ
_��)a��.

1.4.1 çß�éß�ô�Ç �<ÊÃº &ñ
_��l�

z�́Ãº x\�¦ Õª ]jY�L��� X2õ� @/6£xr�v���H �<ÊÃº sq\�¦ &ñ
_���9���, ��6£§õ� °ú s� ��H
��.

# fun sq(x) = x *** x;;
val sq : real -> real = <fun>

�<ÊÃº ��{9��Ér ���:�x&h���� ~½ÓZO�õ� ��ðøÍ��t��Ð �o¶ú�³ð\�¦ s�6 x�#� ³ðr��)a��. �<Ê
Ãº\�¦&ñ
_�ô�ÇÊê\�r�Û¼%7�s�·ú��9ÅÒ��H&ñ
�Ð��H��{9�\�@/ô�Ç�ÂÒכs����ÂÒs���.°ú	כ
ì�r\� r�Û¼%7��Ér ¡fun¿ëß��̀¦ ³ðr�ô�Ç��.
s��:r&h�Ü¼�Ð��H �<ÊÃº_� ?/ÂÒ\�¦ ³ðr����H ��s	כ ��0px�t�ëß�, s� ³ðr���H �<ÊÃº\�¦

&ñ
_����H SX��©��)a ?/6 xs� |̈c Ãºµ1Ú\� \O��¦, s���H B�Äº 9þt Ãº�̧ e����. >�����, �<Ê
Ãº°úכ_� ?/ÂÒ&h� ³ðl� ~½Ód��\�"f s� ?/6 x�̀¦ ��r� ëß�[þt#Q ?/��H ��Ér	כ �©�{©�y� ����\�v

��. 12�©�\�"f, #��Qì�r�Ér z�́]j �<ÊÃº_� ?/ÂÒ ³ðl� ~½Ód���̀¦ �̂¦ Ãº e���̀¦ �.���s	כ
��6 x��\� _�K�&ñ
_��)a �<ÊÃº��H p�o� &ñ
_��)a �<ÊÃºü< >á¤°ú �Ér~½ÓZO�Ü¼�Ð æ¼{9� Ãº

e����.

# sq(2.0);;
- : real = 4

2>h s��©�_� �����\�¦ ��t���H �<ÊÃº[þt %i�r� °ú �Ér ~½ÓZO�Ü¼�Ð &ñ
_�÷&�¦, Óüt�:r �����
1>h�� [þt#Q°ú� ��o�\� �����_� Óü�6£§�̀¦ æ¼��� �)a��.

# fun module(x,y) = sqrt(sq(x) +++ sq(y));;
val module : real * real -> real = <fun>
# module(3.0,4.0);;
- : real = 5
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nML\�"f��H, °úכB��̂��Ér Äºo��� s����\� Ùþ¡~�� �<ÊÃº &ñ
_�[þts� Ä»ò́�����H ��z�́
\� l��íô�Ç��. f�� fun f(x) = e \� _�K� &ñ
_��)a �<ÊÃº{9� M: f(v) _� °ú̀�כ¦ >�íß��
l� 0AK�"f��H, x\�¦ v�Ð @/�̂ô�Ç ³ð�&³d�� e \�¦ °úכB��̂����� �)a��.

nML áÔ�ÐÕªÏþ�_� l�ìøÍs� ÷&��H ��Ér	כ �<ÊÃºs���. áÔ�ÐÕªÏþ��Ér #��Q >h_� �<ÊÃº
&ñ
_�ü< Õª\� +'���� ���̧��H °úכB��̂�½+É ³ð�&³d��Ü¼�Ð s�ÀÒ#Q�����. Õª ³ð�&³d��_� °úכ,
7£¤ °úכB��̂� ���õ��� s� áÔ�ÐÕªÏþ�_� ���õ��� �)a��.

a:@�:@ 'Ö<<K

1.1 z�́Ãº Õüw�� a,b,c\�¦ ������Ð ~ÃÎ�� ax2 + bx + c = 0 s� K�\�¦ ��t���Ht� óøÍZ>��
��H �<ÊÃº\�¦ +� �Ð����.

1.4.2 �<ÊÃº ³ð�&³d��\� @/�#�

nML\�"f��H,�<ÊÃº\�s�2£§�̀¦ÅÒt�·ú§�¦�<ÊÃº\�¦����?/��H�s���0px	כ���.\V\�¦[þt
���,Äºo���H���Ð���]X�\�"f, xü< y\�¦

√
x2 + y2 \�@/6£xr�&�ÅÒ��H�<ÊÃº\� module

s�����H s�2£§�̀¦ ÅÒ%3���. Õª��Ér	כ s���� ~½ÓZO�Ü¼�Ð ³ðr�|̈c Ãº�̧ e����.

# fn (x,y) => sqrt(sq(x) +++ sq(y));;
- : real * real -> real = <fun>

���Ãº x1, · · · , xn �̀¦ �í�<Ê���H ³ð�&³d�� e�ÐÂÒ'� �<ÊÃº (fn x1, · · · , xn → e)\�¦ ëß�
[þt#Q ?/��H õ�&ñ
�̀¦ ÆÒ�©��o(abstraction)s��� ô�Ç��. ³ð�&³d�� (fn x1, · · · , xn → e) �Ér
�<ÊÃº³ð�&³d��(function expression)s���Ô�¦�2;��.s�ü<°ú �Ér³ð�&³d���Ér�<ÊÃº_�s�2£§
s� [þt#Q°ú� ��o�\� æ¼{9� Ãº e���¦, :£¤Z>��>���H, �<ÊÃº_� ������Ð�̧ [þt#Q°ú� Ãº e����.

# (fn (x,y) => sqrt(sq(x) +++ sq(y))) (3.0,4.0);;
- : real = 5

s�XO�>� �<ÊÃº\�¦ ³ðr����� �<ÊÃº\�¦ °úכ_� �©�I��Ð ³ðr�½+É Ãº e����. nML\�"f_�
s�ü< °ú �Ér ³ð�&³d���Ér ���Ér ³ð�&³d��[þts� Õüw���� Óü�6£§�̀¦ ³ðr����H ~½ÓZO�õ� ��ðøÍ��

t� ~½ÓZO�Ü¼�Ð �<ÊÃº\�¦ ³ðr�ô�Ç��. ����"f s� ���#Q\�"f �<ÊÃº\�¦ �������l� 0AK� :£¤Z>�
ô�Ç ½̈$í
~½ÓZO��̀¦��º�����H� s���.��z�́�©�,��6£§õ�°ú	כ�¹ô�Çכ��Érl��:r&h�Ü¼�ÐÔ�¦�9	כ
s� æ¼��H ��s	כ ��0px���.

# val sq = (fn x => x *** x);;
val sq : real -> real = <fun>

s�&ñ
_���HÄºo���\V���\��Ð�����:�x&h���� �̧_þvÜ¼�Ð�<ÊÃº sq\�¦&ñ
_�Ùþ¡�̀¦M:ü<
1lx1px�>� 2[/åL�)a��.

1.4.3 �8 Z�}�Ér 	�Ãº_� �<ÊÃº ³ð�&³d��

�<ÊÃº[þts� Õª ���̂�Ð °úכÜ¼�Ð �¦�9÷&l� M:ë�H\�, Õª��þts]	כ ���Ér �<ÊÃº_� ������� ���
õ��Ð��������H��s���.���Ér�<ÊÃº\�¦������Ð~ÃÎ	כ����¼i�r������Û%	כ����<ÊÃº\�¦���
���Ð[�t�9ÅÒ��H�<ÊÃº[þt�Ér�8Z�}�Ér	�Ãº\�¦��������¦Ô�¦o��¦,Äºo���HÕª[þt�̀¦ î̈
#3�
ô�Ç �<ÊÃº[þtõ� ½̈ì�r�l� 0AK� ”{9�ìøÍ�o�)a �<ÊÃº(functinoal)” ���¦ ÂÒ�Ér��. \V\�¦ [þt
#Q �̧��H �<ÊÃº f(x) \�¦ �<ÊÃº f(x)

x ü< @/6£xr�v���H {9�ìøÍ�o�)a �<ÊÃº h\� @/K� Òqty��K�
�Ð��. Äºo���H Õª�¦̀�	כ ��6£§õ� °ú s� &ñ
_�½+É Ãº e����.
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# val h = (fn f => (fn x => f(x)///x));;
val h : (real -> real) -> real -> real = <fun>

#��Qì�r�Ér h�� æ¼��� ~½ÓZO�\�"f F�c ñ�� ÂÒ7á¤����¦ Òqty��½+Ét��̧ �̧�Ér��. ��z�́,
Äºo��� ��×�æ\� ë�HZO� ½̈�̧\� @/K� ��Ò�¦ 1.6]X�\�"f ���/åL½+É nML ���õ�³ðl� ~½ÓZO�
_� �'a_þv M:ë�H\� $���� ���õ��� ���:r �.���s	כ t��FK�Ér, #��Qì�r�Ér Õª�¦̀�	כ (real →
real) → (real → real) �Ð ~ÃÎ��[þt#��� ô�Ç��.

0��H%�\�"f, h(sin)�Ér 1\� ��H]X�ô�Ç��.

# (h(sin))(0.1);;
- : real = 0.998334166468

h(sin)�Ér Õª�ëß�Ü¼�Ð	כ _�p�\�¦ t���� ³ð�&³d��s���. Õª��Ér	כ float → float ��
{9�_� �<ÊÃº\�¦ ³ðr�ô�Ç��. Õª��Ér	כ Äºo��� s�p� K� �Ð��¤1pws� ������Ð �Å���|9� Ãº�̧
e���¦, ¢̧ô�Ç Õª��Ér	כ ���ª�ô�Ç ~½ÓZO�Ü¼�Ð æ¼{9� Ãº e����. \V\�¦ [þt���, Õª��Ér	כ d��Z>���
(identifier)ü< ������|̈c Ãº�̧ e����.

# val k = h(sin);;
val k : real -> real = <fun>
# k(0.1);;
- : real = 0.998334166468
# k(0.00001);;
- : real = 0.999999999983

k\�¦ val k = h(sin)�Ð&ñ
_����H@/���\�,Äºo���H val k = fn x => (h(sin))(x)
�Ð &ñ
_�½+É Ãº�̧ e����. ��z�́ Äºo���H x\� @/K� 1lqwn���� �̧��H ³ð�&³d�� e\� @/K�, ³ð
�&³d�� (fn x => e(x))�Ér ³ð�&³d�� eü< °ú �Ér �<ÊÃº\�¦ ����?/>� �)a��. #��Qì�rs� �Ð��¤
1pws�, fun k(x) = (h(sin))(x) ��H val k = fn x => (h(sin))(x), 7£¤ val k =
h(sin) õ� 1lxu�s���.
ëß�{9� Äºo��� fn ½̈$í
 ~½ÓZO��̀¦ ���s�#Q æ¼���, Äºo���H �̧�FK {9�l� #Q�9î�r �¦̀�	כ %3�

>� �)a��. ����"f �'a_þvÜ¼�Ð, Äºo���H ��6£§õ� °ú s� æ¼��H @/���,

fn x1 → (. . . → (fn xn → e) . . .)

��6£§õ� °ú s� 7á§�8 éß�í�H�>� ��H��.

fn x1 . . . xn → e

\V\�¦ [þt���, h\� @/K�"f��H, Äºo���H ��6£§õ� °ú s� jþt Ãº e����.

# val h = fn f x => f(x)///x;;
val h : (real -> real) -> real -> real = <fun>

nML�̀¦ �Ð�� {9�l� ~1�>� ëß�[þtl� 0Aô�Ç ���Ér �'a_þv[þt�Ér ë�HZO� ½̈�̧\� @/K� ��ê�r
1.6]X�\�"f ��ê�r��.

a:@�:@ 'Ö<<K

1.2ÅÒ#Q��� f:real → realõ�����Ér ½̈çß� dx\�@/K�, f_�p�ì�r°úכ�Ér (f(x+dx)-f(x))/dx
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�Ð ��H��|̈c Ãº e����. #Q�"� �<ÊÃº fü< ÅÒ#Q��� ����Ér ½̈çß� dx\� @/K�"f �½Ó�©� s�\�¦ f’
= (f(x+dx)-f(x))/dx �Ð &ñ
_��)a f’ ü< ����'ar�v���H p�ì�r �<ÊÃº\�¦ +� �Ð����.
1.3 �<ÊÃº fü<����Ér ½̈çß� dx\�¦������Ð~ÃÎ��"f���õ��Ð x\�@/K� f(x), f(x-dx),
f(x+dx)_� î̈
ç�H�̀¦ [�t�9ÅÒ��H �<ÊÃº\�¦ [�t�9ÅÒ��H ’ÂÒ×¼XO�>� ���H’ �<ÊÃº\�¦ +� �Ð��
��.

1.4.4 ��l� �ÃÐ�̧ �<ÊÃº

fun x = e +þAI�_� &ñ
_�\�"f, ³ð�&³d�� e ?/\� ��������H ���Ãº[þt�Ér ìøÍ×¼r� p�o� &ñ

_�÷&#Q e��#Q�� ô�Ç��. x _� �â
Äº e ?/\� ��������H ��s	כ ��0px�t�ëß�, ëß�{9� ����±ú�
�â
Äº Äºo��� t��FK &ñ
_���¦ e����H x�� ����� s����\� &ñ
_��)a x#��� ô�Ç��. ��6£§ \V
]j�� s�\�¦ �Ð#�ï�r��.

# val x = 1;;
val x : int = 1
# val x = x+2;;
val x : int = 3

ìøÍ���, Äºo��� �<ÊÃº\�¦ &ñ
_�½+É M:��H, 7áx7áx �<ÊÃº ���̂_� &ñ
_�\�"f Õª �<ÊÃº ��
����̀¦  ñØ�¦���H ��s	כ Ä»6 x���. Õª��� �â
Äº\�¦ Äºo���H ��l� �ÃÐ�̧ �<ÊÃº(recursive
function)���¦ ÂÒ�Ér��. \V\�¦ [þt���, Äºo��� ��l� �ÃÐ�̧\� _�K� &ñ
_�÷&��H, 7£¤, Û¼Û¼
�Ð ìøÍ4�¤÷&��H �<ÊÃº\�¦ ��>� ÷&���, f(n) _� &ñ
_���H ��z�́�©� f(n-1) �̀¦  ñØ�¦ô�Ç��. s�
��� &ñ
_�_� �â
Äº, Äºo���H val s�����H ½̈$í
 ~½ÓZO��̀¦ val rec s�����H "î
r�&h�Ü¼�Ð ��
l� �ÃÐ�̧\�¦ ���H ½̈$í
 ~½ÓZO�Ü¼�Ð ��õ�H��. \V\�¦ [þt���, >�5px(factorial)�̀¦ ½̈���H �<Ê
Ãº_� ��l� �ÃÐ�̧ &ñ
_���H

0! = 1
(n + 1)! = (n + 1)× n!

��6£§õ� °ú s� ³ðr��)a��.

# val rec fact =
fn n => if n=0 then 1 else n*fact(n-1);;

val fact : int -> int = <fun>
# fact(5);;
- : int = 120

ô�Ç¼#�, fun�̀¦ s�6 x�#� �<ÊÃº\�¦ ½̈$í
½+É �â
Äº, l��:r&h�Ü¼�Ð ��l� �ÃÐ�̧�� ��0px�
>� �)a��. 7£¤, fun fact(n) = if n=0 then 1 else n*fact(n-1);; õ� °ú s� jþt
Ãº e����.
Äºo�_� \V��� 3lq³ð - Õª °úכõ� ����'a�)a ���Ãº[þt�̀¦ &ñ
_��<ÊÜ¼�Ð+� °úכ_� &ñ
_�\�¦ ¢-a

���y� Õª °úכ_� s�2£§õ���H 1lqwn�r�v���H �	כ - \�¦ Òqty������ ��l� �ÃÐ�̧ �<ÊÃº\�¦ ³ðr��
l� 0AK� fn rec õ� °ú �Ér ³ðl�ZO��̀¦ ëß�[þt#Q ?/�� ô�Ç����H Òqty��s� [þtt��̧ �̧�Ér��. Õª
�Q��, Õªü< °ú �Ér ³ðl�ZO��Ér nML\���H �>rF��t� ·ú§��H��. �t�ëß� Äºo���H °úכB��̂�\�
@/K� ��ÀÒ��H 3.1]X�\�"f s�\� @/K� ��r� ¶ú�(R �̂¦ �.���s	כ

a:@�:@ 'Ö<<K

1.4 z�́Ãº aü< &ñ
Ãº n\� @/K� an�̀¦ >�íß����H �<ÊÃº\�¦ +���. ���$�, a0 = 1, an+1 =
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aan s�����H ��z�́�̀¦ s�6 x���. ��6£§\� a2n = (an)2, a2n+1 = a(an)2 ����H :£¤fç
�̀¦
s�6 x���H ¿º ���P: �<ÊÃº\�¦ +���. s� ¿º �<ÊÃº_� r�çß� 4�¤ú̧��̧\�¦ q��§���.
1.5 ¿º �ª�_� &ñ
Ãº_� þj@/ /BN���Ãº\�¦ >�íß����H �<ÊÃº\�¦ +���.
1.6 #Q�"� &ñ
Ãº�� �èÃº���t�\�¦ óøÍZ>����H �<ÊÃº\�¦ +���.

1.4.5 �©� ñ �ÃÐ�̧ �<ÊÃº

Äºo���H ¢̧ô�Ç �§	� í�H8̈�\� @/6£x�#� �©� ñ �ÃÐ�̧ �<ÊÃº\�¦ &ñ
_�½+É ��¹כ��9 e����. \V
\�¦ [þt���, nML\�"f��H ��6£§õ� °ú s� æ¼��H ��s	כ ��0px���.

# val rec even = fn n => if n=0 then true else odd(n-1)
and odd = fn n => if n=0 then false else even(n-1);;

val even : int -> bool = <fun>
val odd : int -> bool = <fun>

1.4.6 �â
ÄºZ>��Ð &ñ
_��)a �<ÊÃº

��z�́, fns�����H ½̈$í
~½ÓZO��ÉrÄºo���t��FK��t��Ð��M®o~���9}8����Ð	כ�ìøÍ&h�s���.
Õª��Ér	כ #��Qì�rs� �<ÊÃº\�¦ �â
ÄºZ>��Ð &ñ
_��>� K� ï�r��. \V\�¦ [þt���, true\�¦ false\�
@/6£xr�v��¦ false\�¦ true\� @/6£§r�v���H �7Ho� ÂÒ&ñ
 �<ÊÃº��H ��6£§õ� °ú s� Âú� Ãº e��
��.

# val neg = fn true => false
| false => true;;

val neg : bool -> bool = <fun>

q�5pwô�Ç ~½ÓZO�Ü¼�Ð, C���&h� �7Ho�½+Ë�Ér ��6£§õ� °ú s� æ¼#�|9� Ãº e����.

# val xor = fn (false,false) => false
| (false,true) => true
| (true,false) => true
| (true,true) => false;;

val xor : bool * bool -> bool = <fun>

s� ¿º >h_� \V]j\�"f, Ä»ô�Çô�Ç &ñ
_�%i��̀¦ ����� �<ÊÃº��H �̧��H ��0px$í
�̀¦ �í�<Ê�
��H H�s�Û¼Z>� %�o�[þt�Ð &ñ
_�÷&%3���. Õª�Q��, �<ÊÃº\�¦ H�s�Û¼Z>��Ð &ñ
_����H ��Ér	כ
#�l�"f_�¿º\V]j���Ð#�ÅÒ��H�8�����Ð���s̀	כ×�æ¹כ���.��z�́,H�s�Û¼Z>�&ñ
_�\�
���Ãº[þt�̀¦ [O�#Q æ¼��H ��s	כ ��0px���. \V\�¦ [þt���, C���&h� �7Ho�½+Ë�̀¦ &ñ
_��l� 0A
K�, Äºo���H ��6£§õ� °ú s� jþt Ãº�̧ e����.

# val xor = fn (false,x) => x
| (true,x) => neg x;;

val xor : bool * bool -> bool = <fun>

#�l�\�"f �<ÊÃº_� y�� H�s�Û¼��H �o¶ú�³ð_� �̧�ÉrAá¤\�"f ��6 x|̈c Ãº e����H ���Ãº

x\�¦ �í�<Êô�Ç��. Äºo���H ���Ãº\�¦ ������Ð æ¼��H î̈
#3�ô�Ç �â
Äºü< s����_� neg �<ÊÃº\�"f
%�!3�H�s�Û¼Z>�&ñ
_�\�¦��6 x���H�כ�æçß�0Au�\�e����.y��H�s�Û¼��H��0pxô�Ç°ú×�_	כ
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_�  é
#Qo�\� @/6£x�)a��. \V\�¦ [þt���, 'Í	 ���P: �â
Äº��H ·ú¡ �9�×¼�� false��� �̧��H 2Óü�
6£§ °úכ[þtõ� @/6£xô�Ç��. ���Ãº x��H Óü�6£§_� ¿º ���P: �9�×¼\� s�2£§�̀¦ B�|����. ÕªXO�>�
�<ÊÜ¼�Ð+�, Äºo���H ��6£§_� &ñ
_�\�"f Õª ���Ãº\�¦ ��6 x½+É Ãº e����. (false,x)ü< °ú 
�Ér ½̈�̧��H J����1(pattern)s����¦ ÂÒ�Ér��. s���H #Q�"� �̧|	��̀¦ ëß�7á¤���H °úכ[þt_� |9�
½+ËÜ¼�Ð Òqty��½+É Ãº e����. Õªo��¦ ~ÃÎ���:r �����°ú̀�כ¦ #Q�"� J����Ü¼�Ð @/6£xr�v���H õ�
&ñ
�̀¦ J���� B�g�A(pattern matching)s��� ô�Ç��.
s����_� \V\�"f, �â
Äº[þt�Ér �<ÊÃº_� &ñ
_�%i��̀¦ Y>� >h�Ð ��è�H��. ��r� ú́�����, Õª

�þt�Ér]	כ "f�Ð ×�æô?÷&t� ·ú§�¦ �̧��H �â
Äº\�¦ �í�<Êô�Ç��. nML�Ér ¢̧ô�Ç "f�Ð ×�æô?÷&��H
�â
Äº %i�r� )�6 xô�Ç��. \V\�¦ [þt���, Äºo���H >�5px �<ÊÃº\�¦ ��6£§õ� °ú s� s�����Ð�� �8
¾ú��FK�>� jþt Ãº e����.

# val rec fact = fn 0 => 1
| n => n*fact(n-1);;

val fact : int -> int = <fun>

¿º���P: J����s� B�g�A|̈c °úכ\� ]jô�Çs� \O���H éß�í�Hô�Ç ���Ãº�Ð ÷&#Q e��l� M:ë�H\�

'Í	���P: �â
Äº��H ¿º���P: �â
Äº\� �í�<Ê�)a��. s�XO�>� "f�Ð ���u���H J�����̀¦ jþt �â
Äº,
��6 x��\� _�K� ���$� æ¼#���� J����s� Äº��� í�H0A\�¦ �������.
�<ÊÃº_� î̈
#3�ô�Ç &ñ
_��� éß�í�Hy� H�s�Û¼Z>� &ñ
_�_� :£¤Z>�ô�Ç +þAI�����H ��\	כ ÅÒ_�

���. 7£¤, Õª �â
Äº éß� ���_� H�s�Û¼�� e���¦ J�����Ér ���Ãº ��� ¢̧��H ���Ãº_� Óü�6£§
s� �)a��.
>�5px �<ÊÃº_� &ñ
_�ü< °ú �Ér ~½ÓZO�Ü¼�Ð, x��Ð��u� Ãº\P�_� &ñ
_���H ��6£§õ� °ú s�

����èq Ãº e����.

# val rec fib = fn 0 => 1
| 1 => 1
| n => fib(n-1)+fib(n-2);;

val fib : int -> int = <fun>

�<ÊÃº_� H�s�Û¼Z>� &ñ
_�\�"f, #Q�"� �â
Äº\�¦ z�́Ãº�Ð Z�~u���H {9�s� e���̀¦ Ãº e����.
¢̧ô�Ç, H�s�Û¼\� í�H"f�� e��l� M:ë�H\�, #Q�"� H�s�Û¼[þt�Ér ]X�@/ æ¼s�t� ·ú§>� |̈c Ãº
�̧ e����. nML�Ér s���� �©�S!�s� {9�#Q����� �â
�¦\�¦ ?/ ï�r��.

# (fn 0 => 1);;
Warning: this pattern-matching is not exhaustive.
Here is an example of a value that is not matched:
(1)
- : int -> int = <fun>
# (fn x => true | 0 => false);;
Warning: this match case is unused.
- : int -> bool = <fun>

ô�Ç J���� ?/\� ��������H ���Ãº[þt�Ér ìøÍ×¼r� "f�Ð ½̈ì�r÷&#Q�� ô�Ç��. ÕªXO��� K�
�̧, J����_� #Q�"� ÂÒì�rs� e��_�_� °úכõ� B�g�A|̈c Ãº e��>� :£¤Z>�ô�Ç l� ñ \�¦ æ¼��H �	כ

s� ��0px���. s� l� ñ��H ô�Ç J���� ?/\�"f #��Q ��� æ¼{9� Ãº e���¦, ���Ér ��{9�[þtõ�
@/6£x���H ��	̧�	כ ��0px���. \V\�¦ [þt���, �7Ho�Y�L�Ér ��6£§õ� °ú s� jþt Ãº e����.

1fn ½̈$í
 ~½ÓZO�\�"f ����èß� J���� ×�æ �©�Ãº�� ���Ãº ô�Ç >h�Ð ×�¦#Q[þtt� ·ú§��H �þt�Ér]	כ ìøÍ×¼r� F�c ñ�Ð
Ñüt�Q���� ô�Ç��.
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# val conj = fn (true,true) => true
| ( , ) => false;;

val conj : bool * bool = <fun>

¢̧��H ��6£§õ� °ú �Ér �̧�	כ ��0px���.

# val conj = fn (true,true) => true
| => false;;

val conj : bool * bool = <fun>

1.4.7 case of ½̈$í
 ~½ÓZO�

H�s�Û¼Z>��Ð %�o����H ��Ér	כ �<ÊÃº &ñ
_�\�ëß� ô�Ç&ñ
÷&#Q e��t���H ·ú§��. case of ½̈$í

~½ÓZO��Ér#��Qì�rs�³ð�&³d��_�°ú̀�כ¦ ½̈���HX<J����B�g�A���íß��̀¦s�6 x½+ÉÃºe��>�K�

ï�r��. #�l� ë�HZO� ½̈�̧�� e����.

case e of
p1 → e2

|. . .
|pn → en

\V\�¦ [þt���,

# case (3,5) of
(0, ) => 0

|(x,y) => x*y;;
- : int = 15

a:@�:@ 'Ö<<K

1.7 �7Ho�°úכ a,b,c\�¦ ~ÃÎ�� (a∨ b∨ c) \�¦ [�t�9ÅÒ��H �<ÊÃº\�¦ 3��t�_� H�s�Û¼\�¦ ��6 x
���H +þAI��Ð &ñ
_��#� +� �Ð��.

1.5 ��+þA$í


��+þA$í
(polymorphism)�Ér #��Qì�rs� ���$� ��{9� ���Ãº(type variable)_� >h¥Æ��̀¦ ·ú�
�¦ ����� ~1�>� s�K�½+É Ãº e����H ×�æ¹כô�Ç >h¥Æ�s���.

1.5.1 ��{9� ���Ãº

���r� �<ÊÃº fst(2>h��o� Óü�6£§°úכ_� 'Í	���P: �9�×¼\�¦ %3���H �<ÊÃº)�� Áº��H ��{9��̀¦ ��
|9�t�\� @/K� Òqty��K� �Ð��. ³ð�&³d�� fst(1,true) _� ��{9��̀¦ ���&ñ
�l� 0AK�"f��H,
Äºo���H fst �� ((int * bool) → int) ��{9��̀¦ ��f���̀¦ ��&ñ
K��� ô�Ç��. ìøÍ���
fst(true,1) _� ��{9��̀¦ ���&ñ
�l� 0AK�"f��H fst �� ((bool * int) → bool)
_� ��{9��̀¦ ��f���̀¦ ��&ñ
K��� ô�Ç��.
Õª�Q��� nML\�>���H, �<ÊÃº fst_� ��{9��Ér �̧@/�̂ Áº%Á	s�êøÍ ú́������?
²ú��̀¦ ·ú�l� 0AK�"f��H, #��Qì�r�Ér çß�éß�y� ��6£§õ� °ú s� Óüt#Q�Ð��� �)a��.
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# fst;;
- : ’a * ’b -> ’a = <fun>

fst\�¦ ³ðr����H õ�&ñ
\�"f, nML�Ér ’a ü< ’b ����H ¿º >h_� ��{9� ���Ãº\�¦ ��6 x
Ùþ¡��. fst��H ’aü< ’b\�¦e��_�_���{9�Ü¼�Ð��ÀDKÜ¼�Ð+�#��Qì�rs�%3��̀¦Ãºe����H �̧
��H ��{9��̀¦ ��|9� Ãº e����. s�ü< °ú �Ér ~½ÓZO�Ü¼�Ð fstü< °ú �Ér �<ÊÃº_� ��{9��̀¦ ���&ñ
�
��H ��Ér	כ �����Û¼XO���. �<ÊÃº_� ������Ð e��_�_� ��{9��̀¦ ��t���H 2>h_� "é¶�è\�¦ V,���H
��s	כ )�6 x÷&��H s��©�, s� "é¶�è Óü�6£§�̀¦ ������Ð ~ÃÎ��H �<ÊÃº�� �̧��H ��0px$í
�̀¦ �¦�9
K��� ô�Ç����H ��Ér	כ {©�������. ��{9� ½©gË:(Äºo��� ��{9� r�Û¼%7�\� @/K� ��ÀÒl� ���
��t���H s�XO�>� ÂÒØÔ��x��)s� ��{9� ���Ãº\�¦ æ¼�̧2�¤ )�6 x���H �â
Äº s�\�¦ ��+þA$í
s�
e����(be polymorphic)�¦ô�Ç��.�<ÊÃº_��â
ÄºÕª��{9�\���+þA$í
s�e���̀¦�â
Äº��+þA
$í
s� e�����¦ ú́�ô�Ç��. 2

��+þA$í
s� e����H �<ÊÃº\�¦ ��6 x���H ��Ér	כ ~1��¦ �����Û¼XO���. #�l� ���çß�_� \V]j��
e����.

��*å�

# fun fst(x,y) = x;;
val fst : ’a * ’b -> ’a = <fun>
# fun snd(x,y) = y;;
val snd : ’a * ’b -> ’b = <fun>
# fun proj 23(x,y,z) = y;;
val proj 23 : ’a * ’b * ’c -> ’b = <fun>

��Ø�ûB �ÈÕ¬£

# val id = fn x => x;;
val id : ’a -> ’a = <fun>
# id(3);;
- : int = 3
# (id(id)) (id(3),id(4));;
- : int * int = (3, 4)

�Ö)çכ� �ÈÕ¬£

# fun compose(f,g) = fn x => f(g(x));;
val compose : (’a -> ’b) * (’c -> ’a) -> ’c -> ’b = <fun>
# let fun square(x) = x*x

in (compose(square,square))(3) end;;
- : int = 81

#��Qì�r�Ér nML\�>� nMLs�l��:r&h�Ü¼�ÐY�J��ÅÒ��H��{9��Ð��7á§�8a%v�Ér#3�0A
_� ��{9��̀¦ ���×þ�����¦ É+½̈½¹כ Ãº e����. ÕªXO�>� �l� 0AK�"f��H, eõ� °ú �Ér ³ð�&³d��
_� �â
Äº #��Qì�rs� s� ³ð�&³d��_� ��{9��̀¦ t�Ð ��¦ z�·����� (e:t) ü< °ú s� æ¼��� �)a
��. s�\�¦ ]jô�Ç�)a ³ð�&³d��(constraint expression)s��� ô�Ç��. s� ~½ÓZO��Ér �<ÊÃº_� ���
��\��̧ &h�6 x�)a��. \V\�¦ [þt���, #��Qì�r�Ér ��6£§õ� °ú s� jþt Ãº e����.

2�&³F� @/ÂÒì�r_� áÔ�ÐÕªÏþ� ���#Q��H, Óüt�:r &ñ
&h���� ��{9��̀¦ æ¼t� ·ú§��H LISP 1px�̀¦ ]jü@��¦, ��+þA$í

s� \O�����H ��z�́\� ÅÒ_����.
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# fn ((x:int),(y:bool)) => (y,x);;
- : int * bool -> bool * int = <fun>

¢̧��H ��6£§õ� °ú s� jþt Ãº�̧ e����.

# fn (x,y) => ((y:bool),(x:int));;
- : int * bool -> bool * int = <fun>

d��t�#Q ��6£§õ� °ú s� æ¼��H �̧�	כ ��0px���.

# fn (x,y) => ((y:bool),(x:int));;
- : int * bool -> bool * int = <fun>

¢̧��H q�5pw�>� ��6£§õ� °ú s� jþt Ãº�̧ e����.

# ((fn (x,y) => (y,x)):int*bool -> bool*int);;
- : int * bool -> bool * int = <fun>

Óüt�:r, nML�Ér��6 x¹כ����½̈ô�Ç]jô�Ç���½Ós���{9��̀¦���&ñ
���H½©gË:õ�#Q�FM��
t� ·ú§��Ht�\�¦ �̂ß¼ô�Ç��. Õª��Ér	כ ³ð�&³d��_� ½̈�̧ü< #Q�FM��t� ·ú§�¦ ��6 x��_� ]jô�Ç
���½Óõ��̧ #Q�FM��t� ·ú§��H ���©� {9�ìøÍ&h���� ��{9��̀¦ ���×þ�ô�Ç��.

# fn ((x:int),y) => (y,x);;
- : int * ’a -> ’a * int = <fun>

1.5.2 ��{9�_� +þA$í


·ú¡ ]X�_� compose �<ÊÃº\�"f nMLs� ¹1Ô���·p ��{9��Ér s� r�Û¼%7�s� ��6 x��\� _�K�
{9�§4��)a ³ð�&³d���̀¦ ì�r$3�½+É M:_� ”t�0px”�̀¦ ynC?/ï�r��. nML�Ér fü< g\�¦ ½+Ë$í
�l� 0A
K�"f��H g_� u�%i�õ� f_� &ñ
_�%i�_� ��{9�s� °ú ���� ô�Ç����H �¦̀�	כ µ1Ï|
�K� ÍÇx��.
ëß�{9� Äºo��� çß�éß�ô�Ç ³ð�&³d��ëß��̀¦ ¶ú�(R�:r�����, ��{9��̀¦ +þA$í
���H ½©gË: %i�r� çß�

éß����. ³ð�&³d�� (fn (f,g) => fn x => f(g(x))) \�"f��H, ���Ãº f, g, x �� ����
z�¤��. s�[þt_� ��{9��̀¦ y��y�� ϕ, ψ, χ �� ���.

g�� x\�¦ &ñ
_�%i�Ü¼�Ð �Ù¼�Ð, Äºo���H ψ�� (χ → α) _� ��{9��̀¦ ��f���̀¦ ÆÒ�:r½+É
Ãº e���¦, ����"f ³ð�&³d�� (g x)_� ��{9��Ér α�� �)a��.
¢̧ô�Ç f�� (g x)\�¦ &ñ
_�%i�Ü¼�Ð �Ù¼�Ð, Äºo���H ϕ�� (α → β)_� ��{9��̀¦ ��f���̀¦

ÆÒ�:r½+É Ãº e���¦, ����"f ³ð�&³d�� f (g x)_� ��{9��Ér β�� �)a��.
���õ�&h�Ü¼�Ð, ³ð�&³d�� (fn x => f (g x))_� ��{9��Ér (χ → β)�� ÷&�¦ ³ð�&³d��

(fn (f,g) => fn x => f(g(x))) _� ��{9��Ér ((α → β) ∗ (χ → α)) → (χ → β)
�� �)a��.

f, g, x\� ���Ér ]jô�Ç �̧|	�s� \O�l� M:ë�H\�, �8 s��©� α, β, χ _� ��{9��̀¦ ��[j�>�
½+É ��¹כ��9 \O���.
Äºo��� s���� ~½ÓZO�Ü¼�Ð ¹1Ô���·p ��{9��Ér ½+Ë$í
�)a ��{9�\� #Q�"� u�8̈��̀¦ K�"f, 7£¤,

s� ��{9�\�"f #Q�"� ��{9� ���Ãº\�¦ ��{9� ³ð�&³Ü¼�Ð ��Ë̈#Q"f %3��̀¦ Ãº e����H #Q�"� ��

{9��Ð���̧ {9�ìøÍ&h���� �.���s	כ
Äºo��� ~½Ó�FK ��{9��̀¦ +þA$í
�l� 0AK� /ú�~�� ~½ÓZO��Ér �:r|9�&h�Ü¼�Ð Ä»m�x�H�s�

���(unification) s�����H s�2£§Ü¼�Ð ·ú��9��� ·ú��¦o�7£§\� l�ìøÍ���H �.���s	כ Äºo���H
s� ·ú��¦o�7£§\� @/K� 5.2.4]X�\�"f ��r� ��Ò�¦ �.���s	כ
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s�ü< °ú �Ér ��{9� ½+Ë$í
 ~½ÓZO��Ér Äºo��� ��{9��̀¦ ���&ñ
��9��H ³ð�&³ ?/_� y��y��_�

���Ãº[þt\� @/K� Ä»{9�ô�Ç ��{9� ���Ãº\�¦ @/6£xr�v���H �.���s	כ ����"f �̧��H °ú �Ér ���Ãº
_� ��{9��Ér °ú ���� ô�Ç��. \V\�¦ [þt���, f�� e��_�_� ����� ���\�¦ ~ÃÎ�̀¦ Ãº e����H �<ÊÃº
{9� M:, ³ð�&³d�� (fn f => (f 1, f true)) _� ��{9��Ér f�� 2>h_� ���Ér ��{9�s� 1lx
r�\� ÷&#Q�� �l� M:ë�H\� ���&ñ
|̈c Ãº \O���.
Õª�Q��, nML�Ér���_����Ãº��#��Q>h_���{9��̀¦��|9�Ãºe��>�K�ÅÒ��HX<,\V

\�¦ [þt���, ³ð�&³d�� let val id = fn x => x in (id 1, id true) end \�"fü<
°ú �Ér �â
Äºs���. s���� 7áxÀÓ_� ���Ãº[þt�Ér let ½̈$í
 ~½ÓZO�\� _�K� ëß�[þt#Q|9� Ãº e����.
s� ½̈$í
 ~½ÓZO��̀¦ �¦�9�l� 0AK�"f��H, ��{9� ½+Ë$í
�Ér >�8£x&h�Ü¼�Ð s�ÀÒ#Q4R�� ô�Ç��.
³ð�&³d�� let val x = e1 in e2 end_� ��{9��̀¦ ���&ñ
�l� 0AK�"f��H, Äºo���H ���$�
e1_� ��{9� t1�̀¦ >�íß�K��� ��¦, Õª ��6£§\� x�� t1_� ��{9��̀¦ ���������H ��&ñ
 �\�
e2_� ��{9��̀¦ >�íß�K��� ô�Ç��. ëß�{9� t1s� ��+þA$í
�̀¦ ����������, 7£¤, ��{9� ���Ãº\�¦ �í
�<Êô�Ç�����, Äºo���H e2\�"f x�� ����±ú� M:���� s� ���Ãº_� s�2£§�̀¦ ��ØÔ>� ½+É Ãº e��
��.
\V\�¦[þt���, let val id = fn x => x in (id 1, id true) end_���{9��̀¦

���&ñ
��9���,Äºo���H���$� id_���{9�,7£¤, fn x => x_���{9��̀¦���&ñ
K���ô�Ç��.s�
��H α → α�� ÷&�¦, ����"f Äºo���H (id 1, id true)\�"f ��������H y��y��_� id\�
@/K�, "f�Ð ���Ér ��{9���� α1 → α1 õ� α2 → α2 \�¦ ×�¦ Ãº e����. Õªo��¦ ��"f Äºo�
��H α1 = int, α2 = boole���̀¦ ·ú�>� ÷&�¦, Äºo��� �¦�9�~�� ³ð�&³d��_� ��{9��Ér int
* bools� �)a��.
s� ~½ÓZO��Ér ³ð�&³d�� let val id = fn x => x in (id 1, id true) end �̀¦

((fn x => x) 1, (fn x => x) true) �Ð ��Ë̈��H ��õ	כ 1lx1px���.

a:@�:@ 'Ö<<K

1.8 ³ð�&³d�� (fn f => fn (x,y) => (f x, f y))õ�³ð�&³d�� let val id = fn
x => x in fn (x,y) => (id x, id y) end_���{9��̀¦���&ñ
���.#��Qì�r_�²ú�
�̀¦ SX����K� �Ð��.

1.6 ë�HZO� ½̈�̧\� @/K�

s�]j Äºo���H ë�HZO� ½̈�̧\�"f_� ���çß�_� ë�H]j&h�\� @/K� ��r� ¶ú�(R�Ð�¦ s���� ]X�\�

"f �è>hÙþ¡~�� K����Õþ�[þt\� @/K� 7á§�8 "î
SX��>� |9��¦ �Å�#Q°ú� �.���s	כ

1.6.1 �<ÊÃº\� �����\�¦ &h�6 x½+É M:_� ³ðl�ZO�

�<ÊÃº\� �����\�¦ &h�6 x½+É �â
Äº, nML�Ér �̧��H �<ÊÃº\�¦ ����� ���ëß��̀¦ 2[���H �<ÊÃº�Ð
2[/åL���H ~½Ód���̀¦ ×þ�Ùþ¡��. s� ���_� ������� #��Q °úכ_� Óü�6£§��� �â
Äº\��̧, s� �'a
&h��Ér ���#Q\� ÆÒ��&h���� Ãº&ñ
�̀¦ ½+É ��¹כ��9 \O�>� K� ï�r��. Õª�Q��� s� �©�\�"f��H Áº
%Á	�̀¦ s���l���9��H �?�����	כ
��z�́�©�, ��+þA$í
�̀¦ ����� ���#Q\�"f s� ~½Ód��_� ���×þ�s� éß� ���_� ��0pxô�Ç ���×þ�

s�����H ����:r�̀¦ s�=åJ#Q ?/l���H ~1���. \V\�¦ [þt#Q, �½Ó1px �<ÊÃº id(1.5]X� �ÃÐ�̧)_� �â

Äº, s� �<ÊÃº�� �̧��H ��{9�\� @/K� &h�6 x÷&#Q�� ô�Ç����H ��Ér	כ "î
SX���¦, :£¤y�, X<
�
ØÔàÔY�L\��̧ &h�6 x÷&#Q�� ô�Ç��. ����"f, Äºo���H id(1), id(2,3) õ� °ú s� jþt Ãº
e����. ����"f id\�¦ ����� ���ëß��̀¦ ��t���H �<ÊÃº�Ð 2[/åL��¦, Õª ������� çß�éß�ô�Ç
°úכ, °úכ_� Óü�6£§, ¢̧��H �Ð�� 4�¤ú̧�ô�Ç ��s	כ |̈c Ãº e��>� ���H ~½ÓZO� s�ü@\� &h�]X�ô�Ç ~½Ó
ZO��̀¦ ¹1Ôl� jËµ[þt��.
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s� �'a&h�\�"f��H�<ÊÃº\������\�¦ &h�6 x½+É M:_� ë�HZO� ½̈�̧��H éß�í�Hy���êøÍy� Zþt#Q

Z�~��H �Ü¼�Ð	כ ³ðl�½+É Ãº e����. Äºo��� id(2,3)�̀¦ jþt M:, F�c ñ_� Ä»{9�ô�Ç 3lq&h��Ér
id_� �����_� #3�0A\�¦ ���&ñ
���H �.���s	כ F�c ñ��H Äºo��� id(1) ¢̧��H id(id) ü< °ú 
s� jþt M:��H ¹כ��9�t� ·ú§��. 7£¤, Äºo���H id 1 ¢̧��H id id3 ü< °ú s� jþt Ãº e����.
s� çß�éß�ô�Ç ³ðl�ZO��Ér Z�}�Ér 	�Ãº_� �<ÊÃº[þt�̀¦ jþt M:�̧ ú̧� &h�6 x�)a��. s�\� @/K�

¶ú�(R�Ðl��Ð ���.4

Z�}�Ér 	�Ãº_��<ÊÃº��6 x�ÉrÄºo�_� ³ð�&³d��\� ���:�x&h���� �84�¤����Ð	כú̧�ô�Ç ½̈�̧

\�¦ ��0px�>� K� ï�r��. Äºo��� (f e) +þAI�_� &h�6 x�̀¦ ����?/��H ³ð�&³d���̀¦ jþt M:,
e ÷�rëß�s� ��m��� f�̧ ³ð�&³d��s� |̈c Ãº e����. ³ð�&³d�� (h sin) 0.1 \�"f, (h sin)
���̂�� ³ð�&³d�� 0.1\�&h�6 x÷&%3���.s����³ð�&³d��[þt�̀¦æ¼��H~½ÓZO��̀¦çß�éß�y���¦æ¼
s���H F�c ñ_� Ì�	Ãº\�¦ ×�¦s�l� 0AK�"f, Äºo���H ��6£§õ� °ú �Ér ½©����̀¦ ëß�[þt%3���.

• �<ÊÃº_� &h�6 xs� ���5Åq÷&#Q e���̀¦ �â
Äº l��:r&h�Ü¼�Ð ¢,aAá¤ÂÒ'� Óü�#�"f %�o��)a
��. ��r� ú́�����, �<ÊÃº_� &h�6 x�Ér ¢,aAá¤ ���½+ËZO�gË:�̀¦ ���Ér��. ����"f h sin
0.1 õ� °ú �Ér ³ð�&³d���Ér (h sin) 0.1õ� 1lx1px���.

• {9�ìøÍ�o�)a �<ÊÃº_� ��{9��Ér l��:r&h�Ü¼�Ð �̧�ÉrAá¤ÂÒ'� Óü�#�"f %�o��)a��. ����
"f �<ÊÃº h_� ��{9��Ér (real → real) → (real → real) ¢̧��H (real → real) →
real → real�Ð ³ðl�|̈c Ãº e����.

Õª�Q��, Õª��Ér	כ real → real → real → real�Ð ³ðl�|̈c Ãº��H \O���HX<, Õª s�
Ä»��H s���H real → (real → (real → real)) �Ð %�o�÷&l� M:ë�Hs���.

1.6.2 nML ³ð�&³d��_� ë�HZO� ½̈�̧ ì�r$3�

�<ÊÃº_� &h�6 x�̀¦ éß�í�Hy� ��êøÍy� ��\P����H �Ü¼�Ð	כ ³ð�&³���H ��Ér	כ ì�r"î
y� ë�HZO� ½̈

�̧\�"f �̧ ñ�<Ê�̀¦��4R�:r��.\V\�¦[þt���,Äºo��� f 2,3s����¦æ¼���,s���H f(2,3)
Ü¼�Ð {9�)��� ���H�� ��m���� (f 2),3 Ü¼�Ð {9�)��� ���H��?
s�ü< °ú �Ér �̧ ñ�<Ê�̀¦ ]j���l� 0AK�, Äºo���H íß�Õüt ���íß��� ��s�\� æ¼%i�~�� Äº

��� í�H0A_� >h¥Æ��̀¦ ���Ér ���íß���[þt, �<ÊÃº &h�6 xs��� Óü�6£§ Òqt$í
õ� °ú �Ér, \��̧ &h�6 x
Ùþ¡��. �<ÊÃº_� &h�6 x�Ér þj�¦_� Äº��� í�H0A\�¦ �������. ���õ�&h�Ü¼�Ð, Õª��Ér	כ �̧��H ½̈
$í
 ~½ÓZO��Ð�� Z�}�Ér Äº��� í�H0A\�¦ ��t��¦ :£¤y� íß�Õüt ���íß���[þt�Ð�� Z�}�Ér Äº��� í�H0A

\�¦ �������. ô�Ç¼#�, ~��³ð��H ���©� ±ú��Ér Äº��� í�H0A\�¦ �������. ��6£§ \V]j��H s� ½©gË:[þt
s� #Qb�G>� r�Û¼%7�\�"f 1lx������H��\�¦ �Ð#�ï�r��.

# fun d x = (x,x);;
val d : ’a -> ’a * ’a = <fun>
# fun s x = x+1;;
val s : int -> int = <fun>
# (d 2,3);;
- : (int * int) * int = ((2, 2), 3)
# d (2,3);;
- : (int * int) * (int * int) = ((2, 3), (2, 3))

3Õª�Q��, id ü< Õª ����� ��s�_� ��� ñß��Ér ìøÍ×¼r� ¹כ��9���. Õª s�Ä»��H id1õ� idid %i�r� d��Z>���

_� s�2£§s� |̈c �����s� e��l� M:ë�Hs���.(��[jô�Ç ?/6 x\� @/K�"f��H, 1.1.2]X�_� d��Z>���\� @/ô�Ç ?/6 x�̀¦ �ÃÐ
�̧���.)

4ô�Ç¼#�, s� ³ðl�ZO��Ér λ-calculus \�"f �:r �.���s	כ
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# s 2*3;;
- : int = 9
# s (2*3);;
- : int = 7

nML\�"f, F�c ñ��H Ãº�<Æ\�"f_� íß�Õüt ���íß� ³ð�&³\�"fü< °ú �Ér ~½ÓZO�Ü¼�Ð ��6 x�)a
��. Õª[þt�Ér ³ð�&³d��_� ½̈�̧\�¦ "î
SX�y� K� ÅÒ�¦, l��:r ���½+Ë ZO�gË:õ� ���Ér ���½+Ë�̀¦ ��
0px�>� K� ï�r��. ô�Ç¼#�, Äºo���H =�G ¹כ��9�t� ·ú§�Ér /BM\� F�c ñ\�¦ ÆÒ���Ð jþt Ãº e��
��. \V\�¦ [þt��� Äºo���H r�Û¼%7�s� #Q�"� Äº��� í�H0A ½©gË:�̀¦ ��t��¦ e����Ht� SX�����
t� 3lw½+É M: F�c ñ\�¦ ��H��. s���H ņqº���)a nML áÔ�ÐÕªA� Q[þt ��s�\�"f�̧ ��ÅÒ e��
��H {9�s���!

1.6.3 ��6 x��\� _�K� &ñ
_��)a ×�æ0A ���íß���

1.6.4 d��Z>���(s�2£§)_� Ä»ò́ #3�0A

³ð�&³d��\�"f æ¼��� ���Ãº[þt�Ér ��Ä» ���Ãº{9� Ãº \O���. ³ð�&³d��\�"f s�6 x÷&l� 0AK�"f
��H, ���Ãº��H ìøÍ×¼r� &ñ
_�(val ½̈$í
 ~½ÓZO��̀¦ s�6 xô�Ç) ¢̧��H #Q�"� J����(fn ¢̧��H case
½̈$í
 ~½ÓZO��̀¦ s�6 xô�Ç) ?/\� �������� ô�Ç��. y�� ½̈$í
 ~½ÓZO��Ér Õª��þts]	כ ëß�[þt#Q �·p
���Ãº�� æ¼{9� Ãº e����H #3�0A\�¦ &ñ
_�ô�Ç��. \V\�¦ [þt���, let val x = e1 in e2 end
ü< °ú �Ér �â
Äº, x_� Ä»ò́ #3�0A��H ³ð�&³d�� e2 ?/\�"fëß�Ü¼�Ð ô�Ç&ñ
�)a��.
áÔ�ÐÕªÏþ�_� ?/\�"f, °ú �Ér d��Z>����� ô�Ç ��� s��©� ���Ãº_� s�2£§Ü¼�Ð æ¼{9� Ãº e��

��. ���õ�&h�Ü¼�Ð, Äºo���H ���Ãº_� æ¼e���̀¦ Õª &ñ
_�ü< �D¥êøÍ \O�s� s�#Q ÅÒ#Q�� ô�Ç��.
nML\�"f s�\�¦ 0AK� Äºo��� ��ØÔ�¦ e����H ½©gË:�Ér, Ãº�<Æ\�"fü< ��ðøÍ��t��Ð, l�
 ñ�� ’æ¼���’ /BM\�"f ���©� ����î�r /BM_� &ñ
_�\�¦ ����̧���H �.���s	כ \V\�¦ [þt���, let
val x = e1 in (fn x => e) end ü< °ú �Ér �â
Äº, ³ð�&³d�� e?/\�"f��H ½̈$í
 ~½ÓZO�
fn\� _�K� &ñ
_��)a x�� Äº����Ý¶�̀¦ �������.
s� çß�éß�ô�Ç ½©����Ér Äºo��� ��Ä» ���Ãº\�¦ ����� �<ÊÃº(�<ÊÃº_� �����\� e��t� ·ú§�Ér

���Ãº\�¦ ����� �<ÊÃº)\� :£¤Z>�ô�Ç ÅÒ_�\�¦ l�Ö�¦#��� ��̧2�¤ ëß���H��. \V\�¦ [þt#Q ��6£§
_� ³ð�&³d���̀¦ ¶ú�(R�Ð��.

# let val x = 7 in
let fun f z = z*x in

let val x = true in
f 3

end
end

end;;
- : int = 21

ëß�{9� Äºo��� �<ÊÃº f�� &ñ
_��)a /BM�̀¦ �¦�9ô�Ç����� s� �<ÊÃº�� ��6 xô�Ç ���Ãº x��H
let val x = 7s� �)a��. Äºo��� ��×�æ\� ���Ér x\�¦ ��r� &ñ
_�Ùþ¡����H ��z�́�Ér �<ÊÃº
f_� &ñ
_�\� %ò
�¾Ó�̀¦ ÅÒt� ·ú§��H��.
&ñ
_�_�Ä»ò́#3�0A\�@/K� nMLs���ØÔ�¦e����H½©gË:�Ér&ñ
&h����Ä»ò́#3�0A(static

scope) ¢̧��H�����&h����Ä»ò́#3�0A(lexical scope) ¢̧��H"é¶ë�Hl�ï�r_�Ä»ò́#3�0A(textual
scope) �� Ô�¦�2;��.
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s� Ä»ò́ #3�0A\� @/ô�Ç >h¥Æ��Ér ���Ãº_� °úכs� ü@ÂÒ_� &ñ
_�\� _�K� %ò
�¾Ó�̀¦ ~ÃÎt�

·ú§6£§�̀¦ _�p�ô�Ç��. Õªo��¦ s� :£¤$í
�Ér ³ð�&³d��_� ��{9�õ� _�p� ½̈�̧\�¦ ¢-a���y� ½©gË:
\� ���� &ñ
_�½+É Ãº e���̧2�¤ K� ï�r��. s����_� \V\�"f, Äºo��� f_� ��{9��̀¦ ���&ñ
���H
~½ÓZO��Ér ëß�{9� f?/_� x�� �7Ho�°úכ ��{9�Ü¼�Ð F�&ñ
_�|̈c Ãº e��%3������ ]j@/�Ð $í
wn��
t� ·ú§��¤�̀¦ �.���s	כ

1.7 �<ÊÃº ��{9�\� @/ô�Ç �8 ú́§�Ér ?/6 x : 1lx1pxô�Ç �<ÊÃº /BN
çß�

nMLõ� °ú �Ér ���#Q\�"f �<ÊÃº\�¦ &ñ
_����H ��Ér	כ ò́Ö�¦&h�s���. ú́�������, �<ÊÃº &ñ
_�
~½ÓZO��Ér �<ÊÃº  ñØ�¦�̀¦ �í�<Ê���H ³ð�&³d���̀¦ l�>�&h�Ü¼�Ð °úכB��̂�½+É Ãº e���̧2�¤ K� ï�r

��. s� ò́Ö�¦$í
_� Î.	���Ð Äºo���H ���çß�_� Ö6x:�x$í
�̀¦ {9�#Q�� ô�Ç��.
\V\�¦ [þt���, ëß�{9� e�� xü< y����H 2>h_� ��Ä» ���Ãº\�¦ ��t��¦ e����H ³ð�&³d��s���

���(7£¤, 2*x+3*yü< °ú �Ér �,(������s	כ s��ÐÂÒ'� ÆÒ�©��o|̈c Ãº e����H nML �<ÊÃº\���H
8úx 4��t��� e����. Õª[þt�Ér ��6£§õ� °ú ��.

# val f1 = fn (x,y) => 2*x + 3*y;;
val f1 : int * int -> int = <fun>
# val f2 = fn (y,x) => 2*x + 3*y;;
val f2 : int * int -> int = <fun>
# val f3 = fn x y => 2*x + 3*y;;
val f3 : int -> int -> int = <fun>
# val f4 = fn y x => 2*x + 3*y;;
val f4 : int -> int -> int = <fun>

Ãº�<Æ&h� �'a&h�\�"f �Ð���, s� �<ÊÃº[þt çß�_� 	�s���H �â
p���¦ �<ÊÃº /BNçß��©�\�"f
���èô�Ç °ú �Ér +þAI�(isomorphism)�Ð 2[/åL�)a��. Õª!3�\��̧ Ô�¦½̈��¦, s� �<ÊÃº[þt�Ér
��ØÔ�¦,l�>�&h�>�íß�_��'a&h�\�"f�Ð���,ô�Ç7áxÀÓ_��<ÊÃº\�"f���Ér7áxÀÓ_��<ÊÃº\�¦
%3���H ��Ér	כ Äºo��� "î
�l�>� K� Z�~���� ���H {9�s���.

f1\�"f f3�̀¦%3���H�¦��Õªo)	כ f2\�"f f3�̀¦%3���H�¦��Ér&�a�A(currying)5s���Ô(	כ
�2;��. ìøÍ@/ ~½Ó�¾ÓÜ¼�Ð ����H ��Ér	כ ���&�a�A(uncurrying)s��� Ô�¦�2;��.

nML\�"f s�ü< °ú �Ér ���8̈� �<ÊÃº\�¦ ëß�×¼��H ��Ér	כ ~1���.

# fun curry f x y = f(x,y);;
val curry : (’a * ’b -> ’c) -> ’a -> ’b -> ’c = <fun>
# fun uncurry f (x,y) = f x y;;
val uncurry : (’a -> ’b -> ’c) -> ’a * ’b -> ’c = <fun>

f1�̀¦ f2�Ð ��Ë̈��H �<ÊÃºü< f3�̀¦ f4�Ð ��Ë̈��H �<ÊÃº��H ��6£§õ� °ú s� ½+É Ãº e����.

# fun perm f (x,y) = f (y,x);;
val perm : (’a * ’b -> ’c) -> ’b * ’a -> ’c = <fun>
# fun perm’ f x y = f y x;;
val perm’ : (’a -> ’b -> ’c) -> ’b -> ’a -> ’c = <fun>

5s���H λ − calculusü< q�5pwô�Ç ���½+Ë �7Ho� �̂>�\�¦ [j�°?~�� �7Ho��<Æ�� Haskell Curry_� s�2£§�̀¦ öøÍ
�.���s	כ
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1.7.1 p�o� &ñ
_��)a ���íß���[þt_� ��{9�

nML_� p�o� &ñ
_��)a s��½Ó ���íß���[þt�Ér &�a�A�)a ��{9��̀¦ ��t��¦ e����.

1.8 \V]j : ³ð�&³§4�

s� �©�\�"f, Äºo���H #��Qì�rs� �<ÊÃº ×�æd��&h� áÔ�ÐÕªA�bç
s� \O����� 0A§4�&h����t�\�¦
Ö¼��́ Ãº e���̧2�¤ �l� 0AK� Y>� >h_� �<ÊÃº\�¦ ����H ~½ÓZO��̀¦ �Ð#� ×�¦ �.���s	כ s� \V
]j[þt�Ér :£¤y� �<ÊÃº\�¦ ������Ð ~ÃÎ��H ��s	כ #Q�"� ���F�&h� ��0px$í
�̀¦ ��t��¦ e����Ht�\�

×�æ&h��̀¦ Ñüt �.���s	כ
Äºo��� ��Ò�¦ \V]j[þt�Ér @/ÂÒì�r Ãºu� >�íß�\� �'aô�Ç �,>���X	כ Õª s�Ä»��H ���Ér 7áx

ÀÓ_� \V]j[þt�Ér ��6£§ �©�\�"f �è>h|̈c ��{9� �������̀¦ ¹�Ðכ��9 ���H ��þts]	כ @/ÂÒì�rs�

l� M:ë�Hs���. Õª�Q��, #�l�"f æ¼s���H {9�ìøÍ�o�)a �<ÊÃº[þt�Ér �:r|9�&h�Ü¼�Ð ��+þA$í
�̀¦
��t� 9, ���Ér �â
Äº\� F��Ö̧6 x|̈c Ãº e����.
ú́§�Ér Ãºu� >�íß�[þt�Ér �<ÊÃº ?/\�"f_� ìøÍ4�¤ ���íß�\� _��>rô�Ç��. \V\�¦ [þt���, ���5Åq

&h���� ìøÍ4�¤Ü¼�Ð ~½Ó&ñ
d���̀¦ Û�¦#Q?/��H ��H�� K�ZO�_� �â
Äº �̧¿º�� ìøÍ4�¤ ���íß��̀¦ ��6 x

ô�Ç��. s���� �â
Äº[þt\�"f, Äºo���H ìøÍ4�¤s� Y>� ���s��� s�ÀÒ#Q|9�t� p�o� ·ú� Ãº�� \O�
�¦,��ëß����õ�\�\O�������H]X�Ùþ¡��Ht�\�¦·ú���?/��H�����\�_��>r½+É÷�rs���.���Ér�â

Äº, \V\�¦ [þt���, Ãº\P�_� 9���P: "é¶�è\�¦ ·ú����·p��~���� ���H {9�_� �â
Äº��H, %i�r� ìøÍ
4�¤s� s�ÀÒ#Qt�t�ëß�, ìøÍ4�¤_� S��Ãº��H r����½+É M: p�o� ·ú� Ãº e����.
s� ¿º 7áxÀÓ_� ìøÍ4�¤ ���íß�õ� s�ü< �'aº��ô�Ç  »	!lr_� >h¥Æ��Ér Äºo�_� /åLÃº >�íß�\�

@/ô�Ç �<ÊÃº ×�æd�� áÔ�ÐÕªA�bç
 \V]jü< @/6£xô�Ç��.

1.8.1 ô�Ç&ñ
�)a ìøÍ4�¤ ���íß�

nML\�"f �<ÊÃº iter(/BI &ñ
_�|̈c)��H ô�Ç&ñ
�)a ìøÍ4�¤ ���íß�õ� @/6£xô�Ç��. Õª��Ér	כ 2>h_�
�����\�¦ �������.

• n�Ér ìøÍ4�¤_� S��Ãºs���.

• f��H ìøÍ4�¤½+É �<ÊÃºs���.

iter n f ��H ����"f �<ÊÃº fns���. #�l� &ñ
_��� e����.

# fun iter n f = if n=0 then id else compose f (iter (n-1) f);;
val iter : int -> (’a -> ’a) -> ’a -> ’a = <fun>
# iter 4 (fn x => x*x) 2;;
- : int = 65536

¢̧ô�Ç Äºo���H ìøÍ4�¤_� r����°úכ\� @/6£x���H ����� x\�¦ ��6 x�#� s� �<ÊÃº\�¦ &ñ
_�
½+É Ãº�̧ e����.

# fun iter n f x = if n=0 then x else f(iter (n-1) f x);;
val iter : int -> (’a -> ’a) -> ’a -> ’a = <fun>

s� ~½ÓZO�Ü¼�Ð, Äºo���H ���Ð ���_� �<ÊÃºü< ¢-a���y� °ú �Ér �<ÊÃº\�¦ &ñ
_�Ùþ¡��. s� �<Ê
Ãº_� ��{9��̀¦ �Ð���, ����� f_� ��{9�s� ��+þA$í
�̀¦ ���������H �¦̀�	כ ·ú� Ãº e���¦, ����"f
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Õª��Ér	כ Õüw�� >�íß�ëß��̀¦ ���H �<ÊÃº{9� ¹��Hכ��9 \O���. \V\�¦ [þt���, Äºo���H Õüw�� 2>h_�
Óü�6£§�̀¦������Ð~ÃÎ�¦ ¢̧ô�Ç���õ��Ð[�t�9ÅÒ��H�<ÊÃº f\� iter\�¦&h�6 x½+É Ãºe����. s�
~½ÓZO�Ü¼�Ð, Äºo���H x��Ð��u� Ãº\P��̀¦ >�íß����H ò́õ�&h���� ~½ÓZO��̀¦ %3��̀¦ Ãº e����.
z�́]j�Ð, x��Ð��u� Ãº\P�_� /BNd���Ér ��6£§õ� °ú ��.

un+2 = un+1 + un

¿º >h_� ���5Åq÷&��H x��Ð��u� Õüw��\�¦ �í�<Ê���H Õüw�� 2>h_� Óü�6£§�̀¦ ��6 x����,
Äºo���H ��6£§�̀¦ %3��̀¦ Ãº e����.

(un+2, un+1) = f(un+1, un)

#�l�"f f��H (x+y,x)\�¦ (x,y)\� @/6£xr�v���H �<ÊÃºs���.

# fun fib n = fst(iter n (fn (x,y) => (x+y,x)) (1,0));;
val fib : int -> int = <fun> # fib 50;;
- : int = 1037658242

s� �<ÊÃº��H y��y��_� x��Ð��u� Ãº\�¦ éß� ô�Ç���ëß� >�íß��l� M:ë�H\� Äºo��� \V���

\� 20�̀s�t�\�"f ëß�[þt%3�~�� �<ÊÃº�Ð�� �s̀��� ò́Ö�¦&h�s���. ���õ�&h�Ü¼�Ð, >�íß� r�çß�
�Ér n_� 1	� �<ÊÃº\� q�YVô�Ç��.

1.8.2 ô�Ç&ñ
÷&t� ·ú§�Ér ìøÍ4�¤ ���íß�

¿º ���P: 7áxÀÓ_� ìøÍ4�¤ ���íß��Ér ìøÍ4�¤½+É S��Ãº\�¦ ����?/��H Õüw�� n�̀¦ æ¼t� ·ú§��H��. Õª
@/���, s� ���íß��Ér �&³F���t�_� >�íß�Ü¼�Ð %3�#Q��� °úכs� ëß�7á¤Û¼�Qî�rt� ��m���� ìøÍ4�¤
s� �8 s�ÀÒ#Q4R�� ���Ht�\�¦ ·ú����Ð��H _�Û¼àÔ\�¦ s�6 xô�Ç��.

# fun loop p f x = if (p x) then x else loop p f (f x);;
val loop : (’a -> bool) -> (’a -> ’a) -> ’a -> ’a = <fun>

s� loop�<ÊÃº��H iter�<ÊÃº�Ð�� �8¹¡¤ {9�ìøÍ&h�s���. ��z�́, Äºo���H ��6£§õ� °ú s�
loop�<ÊÃº\�"f iter�<ÊÃº\�¦ ëß�[þt Ãº e����.

# fun iter n f x = snd(loop (fn (p,x) => n=p)
(fn (p,x) => (p+1,f x))
(0,x));;

val iter : int -> (’a -> ’a) -> ’a -> ’a = <fun>

1.8.5]X�\�"f, Äºo���H loopü< iter�<ÊÃº_� l�0px 	�s�\� @/K� �8 �7H_�K� �̂¦ �	כ
s���.

loop�<ÊÃº��H Äºo��� �<ÊÃº_� ��H�̀¦ ¹1Ô��H ~½ÓZO�õ� °ú �Ér ú́§�Ér ���:�x&h���� ���5Åq ��H
��ZO��̀¦ ��6 x½+É Ãº e��>� K� ï�r��. Äºo���H s�[þt ×�æ s�ì�rZO�õ� ¾»��� ��H��ZO�\� @/K�
·ú����̂¦ �.���s	כ
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1.8.3 s�ì�rZO�

���5Åqs��¦ éß��̧7£x�����H �<ÊÃº fü< f(a),f(b)�� "f�Ð ìøÍ@/ ÂÒ ñ\�¦ ��t���H ½̈çß�

[a,b]\� @/K�, Äºo���H ½̈çß� [a,b]\�¦ Ñüt�Ð ��¾º�¦ s�×�æ ��H�̀¦ �í�<Ê���H ½̈çß�\� @/K�
s� ~½ÓZO��̀¦ >�5Åq &h�6 x�#� f_� K�\�¦ ½̈½+É Ãº e������H ��z�́�̀¦ ·ú��¦ e����. s� ~½ÓZO��Ér
½̈çß� ì�r½+ÉZO�s����¦�̧ Ô�¦o�î�r��.
ëß�{9� εs� Äºo��� "é¶���H �̧	�_� ß¼l������, K�\�¦ ¹1Ô��H X< ¹ô�Çכ��9 ìøÍ4�¤ ���íß�_�

Ãº��H log( |b−a|
ε )s� |̈c �.���s	כ

�<ÊÃº dicho��H �<ÊÃº fü< Õüw�� 2>h Óü�6£§ (a,b), Õªo��¦ Äºo��� ½̈ô�Ç ��Hs� z�́]j
��H\� #QÖ¼ &ñ
�̧ ����s� e����Ht�\�¦ &ñ
_����H �ª���� ε�̀¦ ������Ð ~ÃÎ��H��.

dicho(f,a,b,epsilon)�Ér loop is ok do better (a,b)�Ð����èqÃºe��Ü¼
 9, s� �â
Äº is ok��H "3�Ø�¦t�\�¦ _�Û¼àÔ���H �<ÊÃºs��¦ do better��H y�� ìøÍ4�¤ ���íß�
_� éß�>�\�¦ &ñ
_�ô�Ç �<ÊÃºs���.

# fun dicho (f,a,b,epsilon) =
let fun is ok(a,b) = abs float(b---a)<epsilon
and do better(a,b) =

let val c = (a+++b)///2.0 in
if f(a) *** f(c) > 0.0 then (c,b) else (a,c)

end
in

loop is ok do better (a,b)
end;;

val dicho : (real -> real) * real * real * real -> real * real = <fun>

#�l� cos(x
2 )_� K�\�¦ ¹1Ô�� π_� ��H��°ú̀�כ¦ ½̈���H \V]j�� e����.

# dicho((fn x => cos(x /// 2.0)), 3.1, 3.2, 1e-10);;
- : real * real = (3.14159265356, 3.14159265365)

1.8.4 ¾»��� ��H��ZO�

���$�, ¾»��� ��H��ZO�\� @/K� ��r� ¶ú�(R�Ð��. f�� p�ì�r ��0pxô�Ç �<ÊÃº���¦ ���.
(x, f(x))�� f_�ÕªA�áÔ0A_�ô�Ç&h�s����¦���.ëß�{9� f ′(x) 6= 0s������, (x, f(x))&h�
\�"f ÕªA�áÔ_� l�Ö�¦l���H xýa³ð�� x − f(x)

f ′(x) &h�\�"f x»¡¤õ� �§	�½+É �.���s	כ ¾»���

~½ÓZO�\�"f, Äºo���H x\�¦ x − f(x)
f ′(x) \� @/6£xr�v���H ìøÍ4�¤ ���íß��̀¦ &ñ
_�ô�Ç��. f(a)ü<

f(b)�� "f�Ð ìøÍ@/_� ÂÒ ñ\�¦ ��t���H ½̈çß� [a,b]�©�\�"f Òqty��½+É M:, ëß�{9� f ′ü< f ′′��
ÂÒ ñ��{9�&ñ
ô�Ç 0s������Ãº�����,s� ½̈çß�?/_�#Q�"�&h�\�"fr������8���̧,s�ìøÍ
4�¤ ���íß��Ér Ãº§4�ô�Ç����H ��s	כ 7£x"î
÷&#Q e����.
Äº��� Ãºu� >�íß�Ü¼�Ð p�ì�r°ú̀�כ¦ ½̈���H �<ÊÃº\�¦ &ñ
_����H �f"�\	כ r�������. s�

�<ÊÃº��H ����Ér °úכ dx\�¦ ��6 x�#� p�ì�r_� ��H��°ú̀�כ¦ >�íß�ô�Ç��.

# fun deriv(f,dx) x = (f(x+++dx)---f(x))///dx;;
val deriv : (real -> real) * real -> real -> real = <fun>
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¾»��� ��H��ZO��̀¦ ½̈�&³���H �<ÊÃº��H Õª �����[þt ×�æ_� ����Ð ��H�̀¦ ½̈½+É �<ÊÃº f\�¦
~ÃÎ��H��. Õªo��¦ �íl�°úכ��� start, f’\�¦ >�íß�½+É M: æ¼s���H ����Ér ½̈çß���� dx, )�6 x
÷&��H �̧	�_� ß¼l���� epsilon�̀¦ ¢̧ô�Ç ������Ð ~ÃÎ��H��.

# fun newton(f,start,dx,epsilon) =
let fun is ok x = abs float (f x) < epsilon
and do better x =

let val f’ = deriv (f,dx) in
(x --- f x///f’ x)

end
in

loop is ok do better start
end;;

val newton : (real -> real) * real * real * real -> real = <fun>

\V\�¦ [þt#Q 1.5 ��H%�\�"f_� �ï����� �<ÊÃº_� ��H�̀¦ ½̈�#� π/2_� ��H��°ú̀�כ¦ ½̈�
�¦, s� °úכ\� 2\�¦ Y�L���� π_� ��H��°ú̀�כ¦ %3��̀¦ Ãº e����.

# newton(cos,1.5,1e-10,1e-10) * 2.0;;
- : real = 3.14159265361

°ú �Ér ~½ÓZO�Ü¼�Ð, Äºo���H �<ÊÃº log(x) − 1_� ��H�̀¦ 2.7 ��H%�\�"f ½̈�#� e_� ��H
��°ú̀�כ¦ %3��̀¦ Ãº e����.

# newton((fn x => log x - 1.0),2.7,1e-10,1e-10);;
- : real = 2.71828182846

1.8.5 ìøÍ4�¤ ���íß�\� @/�#�

���:�x&h���� áÔ�ÐÕªA�bç
 ���#Q[þt\�"f��H, ìøÍ4�¤ ���íß� �<ÊÃº iterü< loop\� @/6£x���H
>h¥Æ�[þt�Ér ìøÍ4�¤ë�H�̀¦ s�6 x�#� áÔ�ÐÕªÏþ�÷&%3���. z�́]j�Ð, iter��H �Ð:�x forë�H�̀¦ s�
6 x�#� ëß�[þt#Q&���¦, loop�Ér �Ð:�x whileë�H�̀¦ s�6 x�#� ëß�[þt#Q&����.
s� �©�\�"f C�î�r ?/6 x�̀¦ ��6 x�#� #��Qì�r�Ér ìøÍ4�¤ì�r_� �:r�̂\� K�{©����H ÂÒì�r

õ�"3�Ø�¦t�\�¦ �̂ß¼���HÂÒì�r�̀¦������Ðëß�[þtÃºe����.7£¤y��y��_�áÔ�ÐÕªÏþ�����ìøÍ
4�¤ ÂÒì�r�̀¦ ��r� æ¼t� ·ú§�¦, 0A ÂÒì�r\� K�{©����H �<ÊÃº\�¦ ëß�[þt#Q ������Ð �Å�U�́ Ãº
e����H �.���s	כ
s��:r&h���� �'a&h�\�"f �Ð���, s� ¿º ��t�_� ìøÍ4�¤ ���íß� �<ÊÃº��H "f�Ð ���Ér l�0px

õ� :£¤$í
�̀¦ ��t��¦ e����. ëß�{9� Äºo��� �ª�_� &ñ
Ãºëß��̀¦ �¦�9��¦ �<ÊÃº f_� ��{9��̀¦
int→int�Ð ô�Ç&ñ
����, Äºo��� iter\�¦ s�6 x�#� &ñ
_�½+É Ãº e����H �<ÊÃº[þt�Ér 1	�
��l� �ÃÐ�̧ �<ÊÃº[þt�Ð ]jô�Ç�)a��. ìøÍ���, loop\�¦ s�6 x�#� &ñ
_�½+É Ãº e����H �<ÊÃº[þt
�Ér ¢-a���ô�Ç ��l� �ÃÐ�̧ �<ÊÃº[þt_� |9�½+Ë�̀¦ ½̈$í
ô�Ç��. y��y��_� |9�½+Ë[þt�Ér �7Ho��<Æ_� ��
l��ÃÐ�̧\�¦��ÀÒ��Hs��:r[þt\�"f&ñ
_�÷&�¦���½̈÷&#QM®o��.¿º|9�½+Ëçß�_����©�	�H	�
s���H iter�Ð &ñ
_�÷&��H �<ÊÃº[þt�Ér Õª ½̈$í
�©� ����̂ �<ÊÃº6\�¦ ëß�[þt#Q �·p��. 7£¤, >�íß�
�Ér �½Ó�©� =åQ����H ��s	כ �Ð�©��)a��. ìøÍ���, loops� ëß�[þt#Q ?/��H �<ÊÃº[þt�Ér #Q�"� �â
Äº
=åQ��t� ·ú§��H >�íß��̀¦ Ãº'���>� �)a��.

6����̂ �<ÊÃºêøÍ Õª &ñ
_�%i��©�_� �̧��H "é¶�è\� @/K� &ñ
_��)a �<ÊÃºs���. ìøÍ��� ÂÒì�r �<ÊÃºêøÍ &ñ
_�%i�_�
{9�ÂÒ\� @/K�"fëß� &ñ
_��)a �<ÊÃºs���.



32 1 �©� ³ð�&³d��\� @/�#�

@/ÂÒì�r_� 6£x6 x áÔ�ÐÕªÏþ�\�"f �̧��H �â
Äº\� &ñ
_�÷&��H �<ÊÃº[þtëß��̀¦ æ¼��H ��Ér	כ

a%~�Ér Òqty��s�l� M:ë�H\�, #Q�"� ��|ÃÐ�Ér áÔ�ÐÕªA� Q[þts� iterëß��̀¦ +��� ô�Ç���¦ Òqt
y��½+Ét� �̧�Ér��. î�r \O�>��̧, 1	� ��l� �ÃÐ�̧ �<ÊÃº�� ����� ����̂ �<ÊÃº[þts� e��l� M:
ë�H\� ÕªXO�>� ½+É Ãº��H \O���. s���H #Q�"� �<ÊÃº[þt�Ér loop\�¦ s�6 x���� ëß�[þt Ãº e��t�
ëß� iter\�¦ s�6 xK�"f��H ëß�[þt Ãº \O�6£§�̀¦ _�p�ô�Ç��. s� =åQ����H >�íß�\� @/ô�Ç ë�H]j
\� @/K�"f��H 3.4]X�\�"f ��r� ��Ò�¦ �.���s	כ

1.8.6 ½+Ë>� ?/l�

�<ÊÃº\�¦ ������Ð ��6 x����,
∑

un ¢̧��H
∏

unõ� °ú �Ér Ãº�<Æ&h� ³ðl���H ���Ð áÔ�ÐÕª

Ïþ�Ü¼�Ð ��ÜãJ Ãº e����. #�l�"f un�Ér un+1 = f(un) +þAI��Ð &ñ
_�÷&��H Ãº\P�s���.
\V\�¦ [þt���, �<ÊÃº sigma��H ½̈çß� [a,b]\�"f_� �<ÊÃº f\� @/K�

∑n=b
n=a f(n)�̀¦ >�íß�

K� �·p��.

# fun sigma f (a,b) =
if a>b then 0
else (f a) + sigma f (a+1,b);;

val sigma : (int -> int) -> int * int -> int = <fun>

�8 {9�ìøÍ&h�Ü¼�Ð, Äºo���H e��_�_� 2�½Ó ���íß��̀¦ ��6 xK�"f �<ÊÃº_� &ñ
K���� ½̈çß� ?/
_� °úכ[þt�̀¦ ���½+Ë½+É Ãº e����.
Õªo��¦, ½̈çß�_� >h¥Æ��Ér �íl�°úכ, °úכ_� 7£x��Ö�¦, Õªo��¦ 7áx«Ñ �̧|	�Ü¼�Ð @/�̂|̈c

Ãº e����.
�<ÊÃº summation�Ér �̧��H ½+Ë>�>�íß��̀¦ {9�ìøÍ�oô�Ç��.s��<ÊÃº_�'Í	���P:�����Óü�

6£§��� (incr,test)�Ér �����\�¦ 7£x��r�v���H �<ÊÃºü< 7áx«Ñ �̧|	��̀¦ ��������H �<ÊÃº\�¦
]j/BNô�Ç��. ¿º���P: ����� Óü�6£§��� (op,e)��H ½+Ë>�\�¦ ?/��H �<ÊÃºü< �íl�°ú̀�כ¦ ]j/BNô�Ç
��.(�Ð:�x, �íl�°úכ�Ér 0õ� °ú �Ér ×�æ$í
 "é¶�ès���.)

# fun summation (incr,test) (op,e) f a =
if test a then e
else op ( (f a), (summation (incr,test) (op,e) f (incr a)) );;

val summation :
(’a -> ’a) * (’a -> bool)
-> (’b * ’c -> ’c) * ’c -> (’a -> ’b) -> ’a -> ’c = <fun>

°úכ 7£x��Ö�¦�̀¦ dx, ½̈çß��̀¦ z�́Ãº°úכ [a,b]�Ð �#� f(x)_� ½+Ë�̀¦ ½̈���H �<ÊÃº��H ��
6£§õ� °ú s� æ¼{9� Ãº e����.

# fun sum (op,e) f a b dx =
summation ((fn x => x+++dx),(fn x => x>b)) (op,e) f a;;

val sum :
(’a * ’b -> ’b) * ’b
-> (real -> ’a) -> real -> real -> real -> ’b = <fun>

s� �<ÊÃº\�¦ s�6 x�#�, Äºo���H Ãºu� >�íß��̀¦ s�6 xô�Ç &h�ì�r �<ÊÃº\�¦ ëß�[þt Ãº e����.

∫ b

a

f(x)dx ∼
n=b b−a

dx c∑
n=0

f(a + ndx)
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# fun integrate f a b dx =
sum ((+++), 0.0) (fn x => f(x) *** dx) a b dx;;
val integrate : (real -> real)

-> real -> real -> real -> real = <fun>
# integrate(fn x => 1.0///x) 1.0 2.0 0.001;;
- : real = 0.69389724306

&ñ
Ãº ½̈çß� [a,b]\�"f 1m�� 7£x��r�&� �� 9 ½+Ë>�\�¦ ½̈���H �<ÊÃº��H ��6£§õ� °ú s�
ëß�[þt Ãº e����.

# fun summation int (op,e) f a b =
summation ((fn x => x+1), (fn x => x>b)) (op,e) f a;;
val summation int : (’a * ’b -> ’b) * ’b

-> (int -> ’a) -> int -> int -> ’b = <fun>

s��<ÊÃº�Ð,Äºo���H (int→float)_���{9��̀¦��t���H�<ÊÃº f\�@/K�
∑n=b

n=a f(n)õ�∏n=b
n=a f(n)�̀¦ ½̈½+É Ãº e����.

# val sigma = summation int((+++),0.0);;
val sigma : (int -> real) -> int -> int -> real = <fun>
# val pi = summation int(( *** ),1.0);;
val pi : (int -> real) -> int -> int -> real = <fun>

Äºo���H n!�̀¦ &ñ
_��l� 0AK� pi\�¦ jþt Ãº e����.

# val fact = pi float of int 1;;
val fact : int -> real = <fun>
# fact 10;;
- : real = 3628800

��t�}��Ü¼�Ð
∑

1
n!�̀¦ &ñ
_�K� �Ð��.

# sigma (fn n => 1.0///fact n) 0 20;;
- : real = 2.71828182846

1.9 ���¹כ

Äºo���H nML_� Ùþ�d��ÂÒ\� @/K� ¶ú�(R�Ð��¤��. s���H áÔ�ÐÕªÏþ��Ér °úכB��̂� ��0pxô�Ç ³ð
�&³d��s� 9, áÔ�ÐÕªÏþ��̀¦ Ãº'�����H ��Ér	כ ³ð�&³d���̀¦ °úכB��̂����H ��õ	כ °ú ����H l��:r
>h¥Æ��̀¦ ��t��¦, Õª 0A\� ëß�[þt#Q&����.
���Ãº x1, . . . , xn�̀¦�í�<Ê���H³ð�&³d��Ü¼�ÐÂÒ'�,Äºo���H�<ÊÃº (fun (x1, . . . , xn) →

e)\�¦ ëß�[þt Ãº e����. s� ½̈$í
 ~½ÓZO��Ér �<ÊÃº ÆÒ�©��o(function abstraction)�� Ô�¦
o�0>�����. s�_� �>rF���H �<ÊÃº ×�æd��&h� ���#Q(functional language)_� 	�H :£¤fç
s�
��.
�<ÊÃº ÆÒ�©��o\�¦ ��6 x����, Äºo���H Z�}�Ér 	�Ãº_� �<ÊÃº(higher order func-

tion) \�¦ &ñ
_�½+É Ãº e����. 7£¤, ���Ér �<ÊÃº\�¦ ������Ð ~ÃÎ���� ���õ��Ð [�t�9ÅÒ��H �<Ê
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Ãº\�¦ &ñ
_�½+É Ãº e����. s� l�0px�Ér ���#Q\� %3�'õAèß� ³ð�&³§4��̀¦ ï�r��. :£¤y�, áÔ�ÐÕªÏþ�
�̀¦ B�>h ���Ãº�o���H X< s���H B�Äº Ä»6 x���.

nMLáÔ�ÐÕªÏþ��Érr�Û¼%7�\�_�K���1lxÜ¼�Ð��{9��̀¦��t�>��)a��. ú́§�Ér�<ÊÃº[þt
_� ��{9��Ér ��+þA$í
�̀¦ t������. 7£¤, Õª�þt�Ér]	כ ��{9� ���Ãº\�¦ �í�<Êô�Ç��. s���� �<ÊÃº[þt
�Ér #��Q ��{9�_� �����\�¦ ~ÃÎ�̀¦ Ãº e����.

1.10 �8 C�Ö�¦ ?/6 x[þt

�<ÊÃº×�æd�����#Q_�>h¥Æ��ÉrÃº�<Æ&h��7Ho�\�"fl�"é¶ô�Ç��. 1930�̧�@/\�, Alonzo Church��H
éß�¿º��t�_� ½̈$í
~½ÓZO�,7£¤�<ÊÃºÆÒ�©��o(abstraction) 7ü<�<ÊÃº&h�6 x(application)ëß�
Ü¼�Ð ½̈$í
�)a, �<ÊÃº\�¦ &ñ
_����H λ-Calculus([1]) ����H r�Û¼%7��̀¦ �¦îß�K� ÍÇx��. s�
r�Û¼%7��Ér >�íß� ��0pxô�Ç �<ÊÃº\�¦ &ñ
_��l� 0Aô�Ç ���Ér #��Q r�Û¼%7�[þtõ� 1lx1px���

��H�
s�7£x"î	כ÷&%3���.(\V\�¦[þt���,ÈÓa�A Q���s��� Curry_� �̧½+Ë�7Ho�r�Û¼%7�õ�1lx
u�s���.) s� ú́§�Ér r�Û¼%7�[þt çß�_� 1lx1px$í
�Ér Äºo��� t��FK Church_� &ñ
o����¦ ÂÒ
ØÔ��H /BNd���̀¦ s�=åJ#Q ?/%3���. 7£¤, s� ���ª�ô�Ç r�Û¼%7�[þts� ��&ñ
Ùþ¡~�� �,þt�Ér]	כ ��z�́
�©�, &ñ
SX��>� >�íß� ��0pxô�Ç �<ÊÃº\� @/ô�Ç f���'a&h���� >h¥Æ��̀¦ ú̧���ÍÇx~�� �.���s	כ
(��ÉÓ'��� s�6 x÷&l� r��������"f, >�íß� ��0pxô�Ç �<ÊÃº\� @/ô�Ç >h¥Æ��Ér B�Äº |
��¦

ô�Ç �̧_þv�̀¦ °ú�ÆÒ>� ÷&%3��¦ áÔ�ÐÕªÏþ�\� _�K� >�íß�|̈c Ãº e����H �<ÊÃº\� @/ô�Ç >h¥Æ�õ�

q�5pwô�Ç _�p�\�¦ ��t�>� ÷&%3���. ÈÓa�A  Q����Ér z�́]j�Ð (��ÉÓ'��� #Qb�G>� 1lx���½+Ét�
\�¦ ���&ñ
K� ?/��H s��:r&h���� �̧4Sqs� ÷&%3��¦, s�\� @/ô�Ç ���½̈��H 4�¤ú̧��̧\� @/ô�Ç {9�
ìøÍ&h���� ë�H]j[þt�̀¦ s�=åJ#Q ÍÇx��. Õª Êê |
��¦ô�Ç s��:r&h� l�ìøÍ�̀¦ �Ð@/�Ð Dh�Ðî�r ���
#Q\�¦ ëß�[þt�¦ áÔ�ÐÕªÏþ�_� _�p� ½̈�̧\�¦ %3�����>� &ñ
_���¦�� ���H ���íß��<Æ��[þt\�

_�K� 60�̧�@/\� λ-Calculus�� ëß�[þt#Q&����.
��{9�_� >h¥Æ��Ér Ãº�<Æ&h� �7Ho��ÐÂÒ'� l�"é¶ô�Ç��. ��{9�\� @/ô�Ç s��:r[þt�Ér ÅÒ�Ð

λ-Calculus\�"f ëß�[þt#Q4R ��M®o��. nML\�"f æ¼��� ��{9�_� >h¥Æ��Ér �:r|9�&h�Ü¼�Ð
Curry\�_�K�ëß�[þt#Q����̈½¦�s���.Õª!3�\��̧Ô	כ��¦,#��Qì�r�Ér���íß��<Æ\�"fæ¼s�
��H ��{9�_� >h¥Æ�s� �7Ho��<Æ\�"f æ¼s���H ��{9�_� >h¥Æ��Ð�� �s̀��� ]jô�Ç&h�s�����H ��

z�́�̀¦ l�%3�K��� ô�Ç��. Church_� Òqty��\� ��ØÔ���, λ-Calculus��H Ãº�<Æ_� l��í&h����
&ñ
SX�ô�Ç r�Û¼%7��̀¦ _�p�Ùþ¡��. ÕªXO�>� ÷&%3��̀¦ �â
Äº\�, s�_� ?/\�"f ��l� �ÃÐ�̧ �<Ê
Ãº�� &ñ
_�|̈c Ãº e������H ��Ér	כ �-Áº y©�§4�ô�Ç r�Û¼%7��̀¦ ëß�[þt#Q ÍÇx��. 7£¤, Õª��Ér	כ r�
Û¼%7�\� �7Ho�&h� %i�[O��̀¦ ��4RM®o�¦, ����"f r�Û¼%7�\���H �̧í�Hs� ÒqtU�́ Ãº e��%3���.
λ-Calculus\� ��{9�_� >h¥Æ��̀¦ ÆÒ���<ÊÜ¼�Ð+�, Äºo���H s� %i�[O�[þt�̀¦ x�½+É Ãº e��t�
ëß�, ÕªXO�>� Ùþ¡�̀¦ �â
Äº, Äºo���H ��l� �ÃÐ�̧ �<ÊÃº\�¦ jþt Ãº \O�l� M:ë�H\� r�Û¼%7�_� ³ð
�&³§4��̀¦ B�Äº ú́§s� {9�#Q!Qo�>� �)a��. 7£x"î
 s��:rs����¦ Ô�¦o���H �7Ho��<Æ_� ô�Ç >�\P�
\�"f��H, ��{9� r�Û¼%7�_� ½̈�&³õ� Õª ³ð�&³§4�\� @/ô�Ç ���½̈�� ��f�� ÅÒ �Ö̧1lxÜ¼�Ð z��
�� e����.
���íß��<Æ\�"f, λ-Calculus��H �©�, éß�l�&h�Ü¼�Ð �'ad��_� @/�©�s� ÷&#Q M®o��. Äº���,

Õª��Ér	כ ���Ér ���#Q[þt_� _�p� ½̈�̧\�¦ &ñ
_�½+É Ãº e���̧2�¤ K� ÅÒl� M:ë�H\�, áÔ�ÐÕª
A�bç
 ���#Q\� @/ô�Ç {9�7áx_� �ÃÐ�¦ ��«Ñ�Ð Òqty��½+É Ãº e����. s� �'a&h�\�"f �Ð���, �̧��H
>�íß� ��0pxô�Ç �<ÊÃº\�¦ &ñ
_�½+É Ãº e������H ��z�́�Ér λ-Calculus_� �9�Ãº Ô�¦�����ô�Ç :£¤
fç
s� �)a��.
��{9� r�Û¼%7��̀¦ ��6 x½+É �â
Äº\� ��������H ò́õ� ×�æ �����H, Õª��s	כ r�Û¼%7�_�

³ð�&³§4��̀¦ ����̂ �<ÊÃº[þt_� |9�½+Ë_� ÂÒì�r|9�½+ËÜ¼�Ð ô�Ç&ñ
K� !Q�2;����H �.���s	כ nML
7λ-Calculus\�"f��H, ���Ãº x\� @/ô�Ç ³ð�&³d�� e_� ÆÒ�©��o��H λx.eü< °ú s� ³ðl��)a��. s� ³ðl�ZO�_� s�

2£§s� r�Û¼%7�_� s�2£§s� �)a �.���s	כ
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õ� °ú �Ér ���#Q\�"f, Äºo���H �7Ho��<Æ_� �'a&h�\�"f �Ð��� B�Äº çß�éß�ô�Ç ��{9� r�Û¼%7��̀¦
��6 xÙþ¡t�ëß�, val rec s�����H :£¤Z>�ô�Ç ½̈$í
 ~½ÓZO��̀¦ �̧{9�K�"f ��l� �ÃÐ�̧ �<ÊÃº\�¦ &ñ

_�½+É Ãº e��>� �%i���. s� ~½ÓZO�Ü¼�Ð, Äºo���H �<ÊÃº\�¦ ��6 x½+É M: {9��'a$í
�̀¦ Ä»t�½+É
Ãº e��%3�t�ëß�, áÔ�ÐÕªÏþ�s� ìøÍ×¼r� =åQ���̧2�¤ ���H :£¤$í
�Ér ³ð�&³§4��̀¦ 7£x��r���� Î.	
���Ð �BÒqtr�~�́ Ãºµ1Ú\� \O�%3���.
�©�l�&h�Ü¼�Ð �̂¦ M:, 7£x"î
 s��:rõ� °ú �Ér ì�r��\�"f ���½̈÷&�¦ e����H �8¹¡¤ y©�§4�ô�Ç

��{9� r�Û¼%7��Ér áÔ�ÐÕªÏþ� >hµ1Ï\�"f ¢-a���y� [jº���)a ~½ÓZO��̀¦ ëß�[þt#Q èq Ãº e���̀¦ �	כ

s���.ÕªM:æ¼{9���{9�[þt�Ér�s̀���4�¤ú̧���¦,áÔ�ÐÕªÏþ�_�:£¤$í
�̀¦³ð�&³���H�7Ho�d��
õ� q�5pw�>� |̈c �.���s	כ ÕªXO�>� ÷&��� áÔ�ÐÕªÏþ�s� ¢-a���y� ��{9��̀¦ ��|9� Ãº e����
��H ��z�́�Ér Õª ��{9� r�Û¼%7�\� _�K� t�&ñ
�)a ?/6 x[þt�̀¦ áÔ�ÐÕªÏþ�s� &ñ
SX��>� ��t�

�¦ e������H �¦̀�	כ _�p�½+É �.���s	כ
#�l�"f æ¼��� ���#Q��� nML�Ér MLs��� Ô�¦o���H ���#Q >�\P�\� 5ÅqK� e����. ML_�

'Í	 &ñ
_���H 1978�̧���t� ��_þt�Q �̀¦��çß���. [4] R.Milner�� J.Landin_� ���\O�\� l�
ìøÍ�#� Õª�¦̀�	כ n������Ùþ¡��. ML�Ér "é¶A� áÔ�ÐÕªÏþ�_� &ñ
SX�$í
�̀¦ 7£x"î
���H LCF��
��H r�Û¼%7�_� "î
§î
 ���#Q%i���. áÔ�ÐÕªÏþ�_� :£¤$í
s� ³ð�&³�)a Õª �7Ho� ���#Q\� q��§�
���, ML�Ér ×�æçß� ���#Q(metalanguage)���¦ Ô�¦wn= Ãº e��%3��̀¦ �.���s	כ ��z�́�©�, Õª�	כ
s� MLs�����Hs�2£§_�Ä»A�s���.s�M:ÂÒ'�, ML�Érß¼>�µ1Ï���Ùþ¡�¦,���ª�ô�Ç~½ÓZO�Ü¼
�Ð ½̈�&³÷&%3���. s�[þt\���H p�²DG 6\� êÁ�_� SMLs� e���¦, ¢̧ áÔ|½ÓÛ¼_� CAMLs� e��
Ü¼ 9, ô�Ç²DG_� nMLs� e����. [6], [10]
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2 �©�

X<s�'� ½̈�̧\� @/�#�

áÔ�ÐÕªÏþ��Ér Õüw��, /åJ, ÕªaË>, Ãºd��, ¢̧��H ���Ér áÔ�ÐÕªÏþ�[þtõ� °ú �Ér B�Äº ���ª�ô�Ç @/
�©�[þt�̀¦ ��ÀÒ#Q�� ô�Ç��. s� @/�©�[þt�Ér @/ÂÒì�r áÔ�ÐÕªA�bç
_� [j>�\�"f��H ±ú���� �	כ
[þts��¦ �t�� 4�¤ú̧�ô�Ç r�Û¼%7�[þtõ� �'aº��÷&#Q e����.
s� @/�©� #3�ÅÒ[þt_� y��y��\� @/K�, áÔ�ÐÕªA� Q[þt�Ér Õª[þts� æ¼��H ���#Q\� s� @/

�©�[þt�̀¦ ����?/��H ~½ÓZO��̀¦ &ñ
_�K��� ô�Ç��. s� ~½ÓZO��Ér ìøÍ×¼r� ò́Ö�¦$í
(áÔ�ÐÕªA� Q
�� ·ú��¦o�7£§\� @/K� C��°?~�� ?/6 x 1px�̀¦ s�6 x)õ� "î
«Ñ$í
 1px_� �̧|	��̀¦ ëß�7á¤r�&���
ô�Ç��. 7£¤, X<s�'��� ½̈�̧�o÷&��H ~½ÓZO��Ér ìøÍ×¼r� ����?/#Qt���H @/�©�_� ½̈�̧\�¦ ìøÍ
%ò
K��� ô�Ç��. ü@ÂÒ�ÐÂÒ'� ��4R�:r @/�©��̀¦ ����?/��H ~½ÓZO��Ér E�B��̧ ñô�Ç ��� ñ%�
!3� ÷&#Q"f��H îß� ÷&�¦, >h¥Æ�&h�s� 9, "é¶A�_� ½̈�̧�� "î
SX��>� �������� ô�Ç��.

nMLõ�°ú �Ér��{9�s��>rF����H���#Q\�"f��H,@/�©�_��:r|9��ÉrÕª��{9�\�����èß�
��. ����"f ��ÀÒ#Qt���H @/�©�_� ü@ÂÒ ½̈�̧�� ?/ÂÒ_� ����?/��H ~½ÓZO�\�"f_� ��{9�
\� ìøÍ%ò
÷&#Q�� ô�Ç����H ��Ér	כ {©����ô�Ç .���s̈½¹כ s�\�¦ 0AK�"f, áÔ�ÐÕªA� Q��H B�Äº
���ª�ô�Ç ��{9��̀¦ &ñ
_����H ~½ÓZO��̀¦ ��t��¦ e��#Q�� ô�Ç��.
s� �©�\�"f��H, Äºo���H nMLs� ]j/BN���H ¿º >h_� ÅÒ�)a ��{9� ëß�[þtl� ~½ÓZO��̀¦ C�

î�r��. s���H YU�ï×¼\�¦ s�6 x���H ~½ÓZO�õ� ½̈$í
��(constructor)_� ���½+Ë�̀¦ s�6 x���H
~½ÓZO�s���. #��Qì�r�Ér YU�ï×¼\�¦ s�2£§ ·¡#���� ��_þt]	כ Y�L|9�½+Ës����¦ Òqty����¦ ½̈
$í
��_� ���½+Ë�̀¦ s�2£§ ·¡#���� ��_þt]	כ ½+Ë|9�½+Ës����¦ Òqty��½+É Ãº e����.

2.1 YU�ï×¼ ¢̧��H s�2£§ ·¡#���� X<
�ØÔàÔY�L

Äºo���4�¤�èÃº\�¦��ÀÒ��HáÔ�ÐÕªÏþ��̀¦����ô�Ç���¦��&ñ
���.Äºo���H4�¤�èÃº_�z�́
ÃºÂÒü<)�ÃºÂÒ\�¦����?/l�0AK� (real * real)��{9��̀¦��t���HÕüw��Óü�6£§ (r,i)
\�¦ ��6 x���H ~½ÓZO��̀¦ Òqty��½+É Ãº e����.
s� �â
Äº Äºo���H  »	!lr�̀¦ ��6£§õ� °ú s� &ñ
_�½+É �.���s	כ

# fun add complex (r1,i1) (r2,i2) = (r1+++r2,i1+++i2);;
val add complex : real * real -> real * real -> real * real = <fun>

Õª�Q��, �Ð��r�x�, s� ³ðl� ~½ÓZO��Ér Ô�¦¼#����. Äº���, Õüw�� ¿º >h_� Óü�6£§Ü¼�Ð
³ð�&³|̈c Ãº e����H @/�©��Ér 4�¤�èÃº÷�rëß�s� ��m���. {9�&ñ
 ½̈çß��̀¦ ³ð�&³���H ~½ÓZO�Ü¼�Ð
�̧ Äº��� Õüw�� ¿º >h_� Óü�6£§�̀¦ ��6 x���H �¦̀�	כ *��̀¦wn= Ãº e����. ¢̧ô�Ç, 4�¤�èÃº\�¦ �FG

37
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ýa³ð +þAI��Ð ³ð�&³½+É M:�̧ Õüw�� ¿º >h_� Óü�6£§�̀¦ ��6 x½+É Ãº e����. ëß�{9� Äºo��� s�
³ðl� ~½ÓZO��̀¦ ��6 xô�Ç�����, r�Û¼%7��Ér 4�¤�èÃº\�¦ +��� ½+É ��o�\� �FGýa³ð +þAI�_� 4�¤
�èÃº�� d��t�#Q {9�&ñ
 ½̈çß��̀¦ ����?/��H Õüw�� Óü�6£§�̀¦ |9�#Q V,�#Q�̧ \��Q\�¦ ?/t� ·ú§

�̀¦ �.���s	כ
¢̧ô�Ç, X<
�ØÔàÔY�L�̀¦ s�6 x���H ~½ÓZO��̧ ���Ér s�Ä»\�"f Ô�¦¼#����. ëß�{9� Äºo���

B�Äº ú́§�Ér &ñ
�Ð\�¦ ����� ½̈�̧, \V\�¦ [þt#Q, ��|ÃÐ[þt\� @/ô�Ç l�2�¤ – $í
, s�2£§, ÅÒ�è,
l��� [jÂÒ ���½Ó[þt�̀¦ �í�<Ê���H – 1px�̀¦ ��Ò�¦ M: X<
�ØÔàÔY�L�̀¦ s�6 xô�Ç�����, s�\�¦
s�6 x�#� áÔ�ÐÕªÏþ����H ��Ér	כ B�Äº Y�Ju� ��e�¦ �.���s	כ �=�� ����, [jÂÒ ���½Ó[þt
_� í�H"f\�¦ ��Ë̈#Q V,�l��� B�Äº ~1�l� M:ë�Hs���. \V\�¦ [þt���, $í
õ� s�2£§�Ér Ñüt ��
string+þAI�{9� �,¦��s	כ s�\�¦ ��Ë̈#Q V,�%3��̀¦ M: ��{9� �����l���H ���)� \��Q\�¦ ?/t�
·ú§�̀¦ �.���s	כ
s���� 7áxÀÓ_� @/�©��̀¦ ��ÀÒl� 0AK�, Äºo���H YU�ï×¼\�¦ ��H��. YU�ï×¼��H {9�7áx_�

X<
�ØÔàÔ Y�Ls�t�ëß�, ?/ÂÒ_� �9�×¼[þt\� �̧¿º d��Z>����� ·¡#Q e���¦, Äºo���H s�2£§�̀¦
+�"f Õª�¦þt�̀]	כ ��Ò�¦ Ãº e����.

nML\�"f��H,y��YU�ï×¼_���{9��Ér��6 x����YU�ï×¼\�¦������½+ÉM:s�2£§·¡#����
��. \V\�¦ [þt���, 4�¤�èÃº\�¦ &ñ
_��l� 0AK�"f, Äºo���H ��6£§õ� °ú s� jþt Ãº e����.

# type complex = re:real, im:real;;
type complex = re: real, im: real

s�XO�>� �<ÊÜ¼�Ð+� Äºo���H z�́Ãº ÂÒì�r��� reü< )�Ãº ÂÒì�r��� im�̀¦ ��t���H YU�ï
×¼ ��{9�Ü¼�Ð complex����H ��{9��̀¦ &ñ
_�Ùþ¡��. YU�ï×¼ ?/_� �9�×¼[þt�Ér ×�æF�c ñ ?/
\� æ¼#�&���¦, y�� �9�×¼[þtçß�_� ½̈ì�r�Ér ~��³ð�Ð s�ÀÒ#Q&����.
YU�ï×¼��{9��̀¦ ��t���H @/�©�[þt_� z�́]j ³ðl�ZO��Ér Õª ��{9�_� ³ðl�ZO�õ� B�Äº q�

5pw���. ��ëß� ”:” l� ñ�� ”=”l� ñ�Ð @/�̂÷&�¦, l� ñ +'\� ��{9�s� ��m��¦ °úכs�
[þt#Qçß�����H&h�s���ØÔ��.@/�©�_��9�×¼\�¦æ¼l�0AK�"f��H,#��Qì�r�ÉrÕª@/�©��̀¦��
��?/��H ³ð�&³d�� +'\� &h��̀¦ n���¦ Õª +'\� æ¼�¦�� ���H �9�×¼_� s�2£§�̀¦ &h�Ü¼��� �)a

��.

# val cx1 = re=1.0,im=0.0;;
val cx1 : complex = re=1, im=0
# val cx2 = re=0.0,im=1.0;;
val cx2 : complex = re=0, im=1
# cx1.re;;
- : real = 1

YU�ï×¼\�¦ ������Ð ��t���H �<ÊÃº[þt�Ér, YU�ï×¼_� ½̈�̧�� �<ÊÃº �����\�"f ������
��H +þAI�, ¢̧��H �<ÊÃº ?/ÂÒ\�"f &h��̀¦ s�6 x�#� YU�ï×¼_� �9�×¼\�¦ ��6 x���H +þAI�_�
¿º ��t� �̧_þvÜ¼�Ð æ¼{9� Ãº e����. \V\�¦ [þt���, 4�¤�èÃº_�  »	!lr�Ér ��6£§õ� °ú s� æ¼{9�
Ãº e����.

# fn re=r1,im=i1 re=r2,im=i2
=> re=r1+++r2,im=i1+++i2;;

- : complex -> complex -> complex = <fun>

Õªo��¦ ��6£§õ� °ú s� æ¼{9� Ãº�̧ e����.
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# fn c1 c2 => re=c1.re+++c2.re, im=c1.im+++c2.im;;
- : complex -> complex -> complex = <fun>

Óüt�:r, YU�ï×¼_� "é¶�è[þt %i�r� ��6 x���� &ñ
_�ô�Ç ��{9��̀¦ ��|9� Ãº e����.

# type point = xcoord:real, ycoord:real
type circle = center:point, radius:real
type triangle = ptA:point, ptB:point, ptC:point;;

type point = xcoord: real, ycoord: real
type circle = center: point, radius: real
type triangle = ptA: point, ptB: point, ptC: point

a:@�:@ 'Ö<<K

2.1 0A_� point ��{9��̀¦ ��6 x�#� î̈
'�� s�1lx, �r���, »¡¤�è·SX�@/\�¦ ½+É Ãº e����H �<Ê
Ãº[þt�̀¦ ëß�[þt#Q��.
2.2 ·ú¡\�"f &ñ
_��)a complex ��{9��̀¦ ��6 x�#� l��:r&h���� 4�¤�èÃº íß�Õüt ���íß��̀¦ ½+É
Ãº e����H �<ÊÃº[þt�̀¦ ëß�[þt#Q��.

2.2 ½̈$í
��_� ���½+Ë

Äºo���H 7áx7áx #��Q ���ª�ô�Ç ��{9��̀¦ ��t���H °úכ[þt�̀¦ ���_� ��{9�Ü¼�Ð Óü��¦ z�·#Qt�

>� �)a��. s� ë�H]j��H nML\�"f��H ½̈$í
��_� ���½+Ë�̀¦ s�6 x�#� K�����)a��. s� >h¥Æ�
�Ér {9�7áx_� ½+Ë|9�½+Ëõ� °ú �ÉrX<, ½+Ë|9�½+Ë_� y�� ��¹�èכ ½̈$í
��ü< @/6£x�>� �)a��.

2.2.1 �©�Ãº ½̈$í
��

#Q�"� ��{9�[þt�Ér °úכ_� Ä»ô�Çô�Ç 3lq2�¤Ü¼�Ð &ñ
_�|̈c Ãº e����.

# type suit = Club | Diamond | Heart | Spade;;
type suit = Club | Diamond | Heart | Spade

”Club”, ”Diamond”ü<°ú �Érs�2£§[þt�Ér��6 x��\�_�K�e��_��Ð���×þ��)as�2£§[þt
s���. s�[þts� ��{9�_� &ñ
_�\� ����z�¤����H ��z�́�Ér Õª[þt\�>� :£¤Z>�ô�Ç �©�I�\�¦ ÂÒ#�
ô�Ç��.Äºo���HÕª�þt�̀¦��«Ñ]	כ ½̈$í
��(data constructor)���¦ÂÒØÔ�¦,s�s�2£§[þt�Ér
�8 s��©� ���Ãº s�2£§Ü¼�Ð æ¼{9� Ãº \O���. nML\�"f��H, ½̈$í
��[þt_� s�2£§�Ér �½Ó�©� @/
ë�H�� ¢̧��H (x9�×�¦)�Ð r����K��� ô�Ç��. s� ½©gË:�Ér �ï×¼\�¦ 7á§ �8 s�K��l� ~1�>� K�
ï�r��.
��{9��̀¦ &ñ
_�½+É M: ���:r ½̈$í
����H, s�ÊêÂÒ'���H Õüw�� �©�Ãº�� �7Ho�°úכõ� ¢-a���y�

>á¤°ú s� ��6 x|̈c Ãº e����.

# Club;;
- : suit = Club
# fn Club => 1 | Diamond => 2 | Heart => 3 | Spade => 4;;
- : suit -> int = <fun>

ô�Ç¼#�, nML\�"f��H��6 x������r�&ñ
_�½+ÉÃº\O���Hs�2£§[þts�e����. boolõ�°ú 
�Ér ��{9�s� Õª \Vs���.
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ÕªaË> 2.1: intü< real_� ���gË> \O���H ½+Ë|9�½+Ë

# type bool = TrUe | FaLse;;
type bool = TrUe | FaLse

2.2.2 �����\�¦ ����� ½̈$í
��

½̈$í
��[þt�Ér ¢̧ô�Ç�����\�¦~ÃÎ�̀¦Ãº�̧e����.��6£§_�\V\�"f,Äºo���H&ñ
Ãºü<z�́Ãº_�
½+Ë|9�½+ËÜ¼�Ð &ñ
_��)a ��{9���� num�̀¦ �è>h½+É �.���s	כ

# type num = Int of int | Real of real;;
type num = Int of int | Real of real

s�&ñ
_�\�"f, of��H ½̈$í
��_�s�2£§õ� ½̈$í
��_�������Ð �̀¦�����_���{9���s�\�
Z�~s���H \V���#Qs���. Intü< Real�Ér num ��{9�_� °ú̀�כ¦ ëß�[þtl� 0AK� int�� real��
{9�_� �����\� &h�6 x|̈c Ãº e����. s���� ~½ÓZO�_� &ñ
_���H ��6£§õ� °ú �Ér _�p�\�¦ �������.

”Äºo���H int��{9�_� @/�©�\� Int ½̈$í
��\�¦ 2[����� real��{9�_� @/
�©�\� Real ½̈$í
��\�¦ 2[�#� num��{9��̀¦ ��t���H °ú̀�כ¦ %3��̀¦ Ãº e����.”

# Int(3);;
- : num = (Int 3)
# Real(4.0);;
- : num = (Real 4)

�ÃÌ�ÃÌ�>� ú́�����, Intü< Real�Ér y��y�� intü< real ��{9��̀¦ num��{9�\� ��%ò
r�
��� �,¦��s	כ num�Ér Õª[þt_� ���gË> \O���H(disjoint) ½+Ë|9�½+Ës���. #��Qì�r�Ér s� >h¥Æ��̀¦
ÕªaË> 2.1\�"f "î
SX�y� ½+É Ãº e����.
¢̧ô�Ç, ½̈$í
��[þt�Ér caseë�H_� &ñ
_�\�"f æ¼��� J����(pattern)_� {9�7áxÜ¼�Ð æ¼{9�

Ãº e����. #Qb�G>� æ¼��Ht�\�¦ �Ð#�ÅÒl� 0AK�, Äºo���H num�̀¦ 0Aô�Ç  »	!lr ���íß��̀¦ &ñ
_�
½+É �.���s	כ

# val add num = fn
(Int m,Int n) => Int(m+n)
| (Int m,Real n) => Real((float of int m) +++ n)
| (Real m,Int n) => Real(m +++ (float of int n))
| (Real m,Real n) => Real(m +++ n);;

val add num : num * num -> num = <fun>

Äºo���H s���� ~½ÓZO�Ü¼�Ð &ñ
Ãºü<z�́Ãº\�¦ �̧¿º ��ÀÒ��H {9�ìøÍ&h����íß�Õüt���íß��̀¦ &ñ


_�½+É Ãº e����.
Äºo��� ½̈$í
��\�¦ s�6 xK�"f J�����̀¦ ³ðr�½+É M:, Äºo���H �����Û¼XO�>� s���� �©�\�

"f ��6 xÙþ¡~�� J���� B�g�A_� >h¥Æ��̀¦ SX��©��>� �)a��. ��z�́, J���� B�g�A�̀¦ s�6 x�#�
&ñ
_����H�<ÊÃº[þt_����&ñ
ô�Ç��u���H��6 x��\�_�K�&ñ
_��)a ½̈$í
��\�¦��6 x���H�	כ

\�"f %3��̀¦ Ãº e����. ��×�æ\� #��Qì�r�Ér s� ú́��̀¦ z�́y��½+É Ãº e���̀¦ �.���s	כ
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2.2.3 éß� ���_� ½̈$í
��\�¦ ��t���H ��{9�õ� çß�|ÄÌ�oô�Ç ��{9�

s�]j��t�, Äºo���H #��Q >h_� ½̈$í
��\�¦ ��t���H ��{9�\� @/K�"fëß� ¶ú�(R�Ð��¤��. M:
M:�Ð,éß����_� ½̈$í
��ëß��̀¦�í�<Ê���H��{9��̧&ñ
_����H�.����s�Ä»6 x½+ÉM:��e	כ
\V\�¦ [þt#Q y���̀¦ ��ÀÒ��H l���<Æ&h� áÔ�ÐÕªÏþ��̀¦ Âú� M:, Äºo���H ��6£§õ� °ú �Ér �¦̀�	כ
&ñ
_���¦ z�·�̀¦t��̧ �̧�Ér��.

# type angle = Angle of real;;

ëß�{9� Äºo��� y���̀¦ angles�����H ��{9��̀¦ ��t���H @/�©�Ü¼�Ð ��ê�r�����, Äºo���H
áÔ�ÐÕªÏþ� ����H ��\	כ ���çß�_� �̧�¦\�¦ �8 [þt#��� �t�ëß�, Õª �Ð�©�Ü¼�Ð áÔ�ÐÕªÏþ�_�
Áº���$í
�̀¦ �Ð�©����H X< ��{9�_� ½+Ë$í
�̀¦ s�6 x½+É Ãº e����. \�\�¦ [þt���, Äºo���H y��õ�
U�́s�\�¦ �8ô�Ç��~���� ���H z�́Ãº\�¦ ���H �¦̀�	כ }���̀¦ Ãº e����.
s�7áxÀÓ_�&ñ
_���H��{9�çß�|ÄÌ�oü<�D¥1lx÷&#Q"f��Hîß��)a��. nML\�"ft�"é¶���H

��{9� çß�|ÄÌ�o_� 3lq&h��Ér #Q�"� ��{9��̀¦ ��6 x���H �¦̀�	כ çß�|ÄÌ�>� �l� 0Aô�Ç �,s� 9	כ
s���H Dh�Ðî�r ��{9��̀¦ �8 ëß�[þt#Q?/t���H ·ú§��H��.
\V\�¦ [þt��� ��6£§õ� °ú �Ér &ñ
_���H éß�í�Hy� intpair��{9��̀¦ int * int��{9�õ� 1lx

_�#Q�Ð ëß�×¼��H %i�½+É�̀¦ ô�Ç��.

# type intpair = int * int;;

ìøÍ��� ��6£§õ� °ú �Ér &ñ
_���H Dh�Ðî�r ��{9��̀¦ ëß�[þt#Q ?/��H %i�½+É�̀¦ ô�Ç��. 1

# type intpair = Intpair of int * int;;

2.2.4 ��l� �ÃÐ�̧ ��{9�

°úכ[þtõ���H ²ú�o�, ��{9�[þt�Ér t��FK &ñ
_����H ��{9�_� s�2£§s� Õª ��{9�_� &ñ
_� ?/\�"f
���̀¦ �â
Äº ���Ð ��l� �ÃÐ�̧ +þAI��Ð çß�ÅÒ�)a��. ½̈$í
��\�¦ s�6 xô�Ç ��{9�_� ��l� �ÃÐ
�̧&ñ
_���Hß¼>�¿º��t�%ò
%i�\�"f6£x6 x�)a��. nML\�"f,Õª�þt�Ér·ú��¦o�7£§�̀¦0A]	כ
ô�Ç���:�x&h����X<s�'� ½̈�̧\�¦&ñ
_����HX<æ¼�����. ¢̧ô�ÇÕª��þt�ÉrÆÒ�©�&h�ë�HZO]	כ ½̈
�̧(abstract syntax)\�¦ &ñ
_�ô�Ç��.
\V\�¦ [þt���, ú́�éß� ÂÒì�r\� Õüw��\�¦ ��t��¦ e����H s���� àÔo���H ��6£§õ� °ú �Ér ~½ÓZO�

Ü¼�Ð &ñ
_��)a��.

# type inttree = Leaf of int | Node of inttree * inttree;;

#�l� s�ü< °ú �Ér s���� àÔo�_� \V]j�� e����.

# Node(Leaf 3, Node(Leaf 4, Leaf 5));;
- : inttree = (Node ((Leaf 3), (Node ((Leaf 4), (Leaf 5)))))

s� àÔo���H ÕªaË> 2.2\� ÕªaË>Ü¼�Ð ������ e����.
#�l� àÔo� ?/_� °úכ[þt_� ½+Ë�̀¦ ½̈���H �<ÊÃº�� e����.

# val rec total = fn
(Leaf n) => n
| (Node(t1,t2)) => total(t1)+total(t2);;

val total : inttree -> int = <fun>
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ÕªaË> 2.2: s���� àÔo�

inttree��{9�_� &ñ
_���H s���� àÔo�\�¦ &ñ
_����H ½̈�̧�o�)a ~½ÓZO�s���. s���H àÔ
o�\�¦ ��6 x���H ·ú��¦o�7£§\�"f æ¼l���H a%~t�ëß�, :£¤Z>�ô�Ç s���� àÔo�\�¦ ëß�×¼��H X<��H
a%~t� ·ú§��. 7£¤, Äºo���H ��6£§õ� °ú s� æ¼l��Ð����H

# Node(Leaf 3, Node(Leaf 4, Leaf 5));;

��6£§õ� °ú s� æ¼�¦ z�·#Qô�Ç��.

# (3,(4,5));;

���íß��<Æ\�"f��H,ÆÒ�©�&h�ë�HZO� ½̈�̧ü< ½̈�̂&h�ë�HZO� ½̈�̧_�>h¥Æ��̀¦ ½̈ì�rô�Ç��.ÆÒ
�©�&h� ë�HZO� ½̈�̧��H @/�©�_� ½̈�̧ ¬¹��ü< ?/ÂÒ&h���� ³ð�&³\� @/6£xô�Ç��. ½̈�̂&h� ë�HZO�
½̈�̧��H ë�H��\P�_� +þAI��Ð s�\�¦ {9�,Ø�¦§4����H X< ��6 x�)a��. ½̈$í
��\�¦ s�6 xô�Ç ��{9�
�Ér Äºo��� ÆÒ�©�&h� ë�HZO� ½̈�̧\�¦ Äº���>� &ñ
_����H �¦̀�	כ ��0px�>� K� ï�r��. (½̈
�̂&h� ë�HZO� ½̈�̧\� @/ô�Ç �7H_���o���H 2.2.8]X��̀¦ �ÃÐ�̧���.)
Äºo��� &ñ
K���� +þAI�_� ³ð�&³d��[þt�̀¦ ��Ò�¦ M:, ”ÆÒ�©�&h� ë�HZO� ½̈�̧”��H Õª _�p�

\�¦ ¢-a���y� ×¼�Q�·p��. ��6£§_� \V��H nML\�"f &ñ
Ãº°úכ\� @/ô�Ç íß�Õüt ³ð�&³[þt�̀¦ #Qb�G
>� ����èq Ãº e����Ht�\�¦ �Ð#�ï�r��.

# type exp =
Constant of int
| Variable of string
| Addition of exp * exp
| Multiplication of exp * exp;;

s� ��{9� &ñ
_�\� ��ØÔ���, íß�Õüt ³ð�&³ �����H &ñ
Ãº �©�Ãº, ¢̧��H ���Ãº ¢̧��H ¿º íß�
Õüt ³ð�&³_� ½+Ë, ¢̧��H ¿º íß�Õüt ³ð�&³_� Y�LÜ¼�Ð ����?/#Q�����. s�\�¦ %i�¿º\� ¿º�¦, Äº
o���H s� íß�Õüt ³ð�&³_� °ú̀�כ¦ >�íß��l� 0Aô�Ç �<ÊÃº eval�̀¦ ëß�[þt �.���s	כ #Q�"� ���\�
"f �Ð���, s� �<ÊÃº��H, nML ���̂_� °úכB��̂� ~½ÓZO��̀¦ ½̈�&³ô�Ç 11�©�_� °úכB��̂� �<ÊÃº_�
"é¶+þAs� �)a��.
³ð�&³d��[þt�Ér ���Ãº\�¦ �í�<Ê½+É Ãº e��l� M:ë�H\�, ����̂ ³ð�&³d��_� °ú̀�כ¦ >�íß��l�

0AK�"f��H ìøÍ×¼r� s� ���Ãº[þt_� °ú̀�כ¦ ·ú����� ô�Ç��. ���íß��<Æ\�"f��H, ���Ãº[þt�̀¦ °úכ[þt
õ� ���������H ~½ÓZO�[þt_� |9�½+Ë�̀¦ 8̈��â
(environment)s����¦ ú́�ô�Ç��. s� r�&h�\�"f
��H, Äºo���H 8̈��â
�̀¦ string\�"f int�Ð_� �<ÊÃº�Ð ����?/l��Ð ô�Ç��. s� °úכB��̂� �<Ê
Ãº��H 8̈��â
õ� °úכB��̂�½+É ³ð�&³d��\� 1lxr�\� _��>rô�Ç��.

fun eval env expression =
case expression of

(Constant n) => n
| (Variable x) => env x
| (Addition(e1,e2)) => (eval env e1) + (eval env e2)
| (Multiplication(e1,e2)) => (eval env e1) * (eval env e2)

val eval : (string -> int) -> exp -> int = <fun>
1��{9� çß�|ÄÌ�o��H ��×�æ\� �̧Ñýt_� ]X�5Åq +þAI�(interface)\�¦ ��Ò�¦ M: &ñ
ú́� Ä»6 x���. Õª��Ér	כ ¢̧ô�Ç Äº

o��� ]jô�Ç �̧|	��̀¦ ³ðr����H ~½ÓZO��̀¦ çß�|ÄÌ�>� K� ï�r��.
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�<ÊÃº eval s� 	�Êê_� °úכB��̂� Ãº'�� �<ÊÃº_� "é¶+þA��� ��õ	כ ��ðøÍ��t��Ð, ��6£§_�
�<ÊÃº deriv��H½©gË:\�����³ð�&³d���̀¦>�íß����HáÔ�ÐÕªÏþ�_�"é¶+þAs���. deriv�<Ê
Ãº��H ½©gË:\� ����"f p�ì�r +þAI�\�¦ >�íß�K� �·p��. s�\�¦ Ãº'���l� 0AK�, Õª��Ér	כ 'Í	
���P: ������Ð, p�ì�r½+É @/�©��̀¦ #Q�"� ���Ãº\� @/K� p�ì�r½+Ét�\�¦ ����?/��H ë�H��\P��̀¦
~ÃÎ��H��.

fun deriv var expression =
case expression of

(Constant n) => Constant 0
| (Variable x) => if x=var then Constant 1 else Constant 0
| (Addition(e1,e2)) => Addition(deriv var e1,deriv var e2)
| (Multiplication(e1,e2)) => Addition(

Multiplication(e1,deriv var e2),
Multiplication(deriv var e1,e2))

val deriv : string -> exp -> exp = <fun>

s� �<ÊÃº��H ���õ� ³ð�&³d���̀¦ çß�éß�y� ëß�[þtt� ·ú§l� M:ë�H\�, ì�r"î
y� �̧ú̧���¦ �í
�Ð&h���� Ãºï�rs���.

2.2.5 ��+þA$í
�̀¦ t���� ��{9�

��6 x��\�_�K�&ñ
_��)a��{9��Ér��+þA$í
�̀¦t�u�́Ãºe����. ú́�������,#��Qì�r�Ér��{9�
&ñ
_�r� Õª ������Ð ��{9� ���Ãº\�¦ ��6 x½+É Ãº e����. s� l�0px�Ér #��Qì�rs� ���:�x&h����
��«Ñ ½̈�̧[þt�̀¦ nML_� ��{9�Ü¼�Ð ëß�[þt Ãº e��>� K� ï�r��. \V\�¦ [þt���, #��Qì�r�Ér ú́�
éß� ÂÒì�r_� ��«Ñ+þA�̀¦ ì�r"î
y� &ñ
�t� ·ú§�Ér +þAI�_� s���� àÔo�\�¦ &ñ
_�½+É Ãº e����.

# type ’a tree = Leaf of ’a | Node of ’a tree * ’a tree;;
type ’a tree = Leaf of ’a | Node of (’a tree * ’a tree)

s���� �©�\�"f &ñ
_��)a inttree��H, Äºo��� ~½Ó�FK &ñ
_�ô�Ç ’a tree_� :£¤Z>�ô�Ç �â

Äºs���. Õª��Ér	כ çß�éß�y� int tree�Ð ³ð�&³�)a��.

# Node(Leaf 3, Node(Leaf 4, Leaf 5));;
- : int tree = (Node ((Leaf 3), (Node ((Leaf 4), (Leaf 5)))))

&ñ
Ãº\�¦ ú́�éß� �̧×¼�Ð ��t���H s���� àÔo� ?/_�Õüw��°úכ[þt_�½+Ë�̀¦ >�íß��l� 0Aô�Ç

�<ÊÃº��H s�]j s����õ� °ú �Ér ~½ÓZO�Ü¼�Ð &ñ
_�|̈c Ãº e����.

# val rec total = fn
(Leaf n) => n
| (Node(t1,t2)) => total(t1)+total(t2);;

val total : int tree -> int = <fun>

s� +þAI�_� ��+þA$í
�Ér YU�ï×¼ +þAI�_� ��{9�\��̧ ��6 x½+É Ãº e����. \V\�¦ [þt���, ��
����̀¦&ñ
_����H��{9�(7£¤, key\�_�K��ÃÐ�̧|̈cÃºe����H&ñ
�Ð[þt�̀¦$��©����H��«Ñ ½̈
�̧)�Ér ��6£§õ� °ú s� jþt Ãº e����.

# type (’a,’b) dict entry = content:’a, key:’b
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°ú �Ér ~½ÓZO�Ü¼�Ð, ��{9� çß�|ÄÌ�o\�¦ ½+É M:�̧ ��+þA$í
�Ér æ¼{9� Ãº e����.

# type (’a,’b) dictionary = (’a,’b) dict entry list;;

2.2.6 o�Û¼àÔ

��«Ñ ½̈�̧\�¦ ����?/l� 0AK� Äºo��� &ñ
_�½+É Ãº e����H ú́§�Ér ��+þA$í
 ��{9�[þt ×�æ\�

"f, ���©� �������>� æ¼s���H ��{9��Ér list s���. s���Ér	כ ��6£§õ� °ú s� &ñ
_�|̈c Ãº e��
��.(#�l�"f Nil�Ér \V���#Qs�Ù¼�Ð s� �ï×¼��H z�́]j�Ð��H \��Q\�¦ ?/>� �)a��.)

# type ’a list = Nil | Cons of ’a * ’a list;;

����"f, o�Û¼àÔ��H ½̈$í
�� Nil(7£¤, ��� o�Û¼àÔ)s�����, 'Í	���P: "é¶�è(’a ��{9��̀¦
��t���H)ü<�� Qt�(’a list��{9��̀¦��t���H)\�¦�í�<Ê���Hq�t�·ú§�Éro�Û¼àÔ���)a��.
��z�́�©�, list ��{9��Ér nML\�"f p�o� &ñ
_�÷&#Q e���¦, Õª "é¶�è[þt�Ér :£¤Z>�ô�Ç ë�H

ZO� ½̈�̧�Ð ³ðl��)a��. ½̈$í
�� Cons��H ::(7£¤, +�� *ü< °ú �Ér ×�æ0A ���íß���)Ü¼�Ð ³ð
l��)a��. ��r� ú́�����, Õª��Ér	כ ����� Ñüt_� ��î�rX<\� +��� ô�Ç��. ��� o�Û¼àÔ��H []Ü¼
�Ð ³ðl��)a��.

# 3::[];;
- : int list = [3]

ÂÒÃº&h�Ü¼�Ð, e1, ·, en[þt�Ðs�ÀÒ#Q���o�Û¼àÔ\�¦³ð�&³�l�0AK�"f e1::·::en::[]
ú́��¦�̧ [e1,e2,·,en] õ� °ú �Ér ³ð�&³�̀¦ ��6 x½+É Ãº e����.
¿º o�Û¼àÔ\�¦ ·¡s�l� 0Aô�Ç ]X�½+Ë ���íß�s� ]j/BN÷& 9, s���H ×�æ0A ���íß��� @�Ð ³ð

l��)a��.

# [[1,2],[3,4]];;
- : int list list = [[1, 2], [3, 4]]
# [1,1+1]@[2+1,2+2];
- : int list = [1, 2, 3, 4]

¢̧ô�Ç 	�Êê\� ��Ò�¦ List ��s�ÚÔ�Qo�\�¦ ��6 x���� ���Ér #��Q ��t� ���íß��̀¦ s�6 x
½+É Ãº e����. \V\�¦ [þt#Q o�Û¼àÔ_� %�6£§ "é¶�è\�¦ [�t�9ÅÒ��H List.hd �<ÊÃº, Õª ź»ÂÒ
ì�r�̀¦ [�t�9ÅÒ��H List.tl �<ÊÃº[þt�̀¦ ��6 x½+É Ãº e����.
Äºo���H 2.3]X�\�"f o�Û¼àÔ ½̈�̧\�¦ ��6 x���H ~½ÓZO�\� @/K� �©�[jy� ��Ò�¦ ��s	כ

��.

2.2.7 ÆÒ�©�&h���� ��{9�

Äºo��� s�]j��t� ��ÀÒ%3�~�� ��{9� ½̈$í
 ~½ÓZO�\� @/q��#�, s��Ér�� ÆÒ�©�&h���� ��
{9�(abstract type)�Ér,%3�x9�y� ú́����� nML\���H�>rF��t�·ú§��H��.��ëß� �̧Ñýt(module)�̀¦
��6 x�#� s�\�¦ jþt Ãº e���̀¦ ÷�rs���. Õª!3�\��̧ Ô�¦½̈��¦, s� >h¥Æ��Ér ���#Q\� 1lqwn�
&h�Ü¼�Ð áÔ�ÐÕªA�bç
\�"f s�6 x|̈c Ãº e����H ×�æ¹כô�Ç >h¥Æ�s���.
@/|ÄÌ ��6£§õ� °ú �Ér �.���s	כ Äºo��� >�íß���¦�� ���H @/�©�s� ��� s��©�_� ��

���Û¼�Qî�r³ð�&³~½ÓZO��̀¦��t��¦e�����¦���.\V\�¦[þt���,Äºo���H4�¤�èÃº\�¦z�́ÃºÂÒ
ü< )�ÃºÂÒ, ¢̧��H ]X�@/°úכõ� ¼#�y��Ü¼�Ð ����èq Ãº e����.y�� ~½ÓZO��Ér s�[þt�̀¦ s�6 x�
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��H ~½ÓZO�\� ���� y��y�� �©�éß�&h��̀¦ ��t��¦ e����. s���� �©�S!�\�"f ���©� �&³"î
ô�Ç ~½ÓZO�
�Ér ³ð�&³ ~½ÓZO��̀¦ ���&ñ
���H �¦̀�	כ ��×�æÜ¼�Ð p�ÀÒ�¦ s�\� @/K� #Q�"� �̧�	כ ��&ñ
�t�

·ú§�Ér G��Ð áÔ�ÐÕªÏþ��̀¦ ����H �.���s	כ
s�XO�>� �l� 0AK�, Äºo���H complex����H ��{9�õ�, 4�¤�èÃº �©�Ãº 0, 1, i 1px�̀¦ ��

��� ���Ãº[þt, Õªo��¦ s� ��{9�\� @/ô�Ç #��Q ���íß�[þt�̀¦ ��t��¦ e�����¦ ��&ñ
½+É Ãº e��
Ü¼��� �)a��.

complex����H ��{9��Ér ÆÒ�©�&h�Ü¼�Ð ��ÀÒ#Q|9� �.���s	כ 7£¤, Äºo���H Õª ³ð�&³ ~½ÓZO�
�̀¦ �̧ØÔt�ëß�, Õª�¦̀�	כ 0AK� &ñ
_��)a �©�Ãº�� �<ÊÃº[þt�̀¦ :�xK� Õª�¦̀�	כ ��6 x½+É Ãº e��
��.

nML\�"f, �̧Ñýt�Ér Äºo��� ��{9� ���{©� áÔ�ÐÕªÏþ�_� ô�Ç ÂÒì�r�̀¦ {���̀¦ Ãº e��>�
K� º¡§Ü¼�Ð+� 	�H ß¼l�_� áÔ�ÐÕªÏþ��̀¦ Âú� Ãº e��>� K� ï�r��. s� �̧Ñýt[þt�Ér ���Ð���Ð
½̈�&³÷&�¦ (����{9�÷& 9 n�!Qç̂
|̈c Ãº e����. �Ð:�x .n �Ð =åQ����H ��{9��Ér �̧Ñýt�̀¦ ��
t��¦ e���¦, .ni �Ð =åQ����H ��{9��Ér Õª �̧Ñýt_� "f"î
(signature)s�����H �¦̀�	כ ��t�
>� �)a��. s� "f"î
�̀¦ :�xK�, Äºo���H ÅÒ#Q��� �̧Ñýt ×�æ #Q�"� ÂÒì�rs� ü@ÂÒ\�"f ]X���H ��
0pxô�Çt�\�¦ ����èq Ãº e����. 7£¤, �̧Ñýt_� ü@ÂÒ\�"f ]X���H ��0pxô�Ç ��{9�, \Vü@ %�o���,
°úכ[þt�̀¦ &ñ
K�×�¦ Ãº e����. s�ü@_� ���Ér ÂÒì�r�Ér �̧Ñýt_� ü@ÂÒ\�"f ]X���H½+É Ãº \O�>�
�)a��. .ni ��{9��Ér �̧Ñýt ���̂�� ½̈�&³÷&l� ���\� ëß�[þt#Q|9� Ãº e���¦, ¢̧ô�Ç ���Ér �̧
Ñýt\� _�K� ��6 x|̈c Ãº e����.
�̧Ñýt_� "f"î
�Ér ü@ÂÒ\�"f ]X���H ��0pxô�Ç °úכ\� @/K�"f��H ��{9��̀¦ ÂÒ#�K� ï�r��.

¢̧ô�Ç ��{9�\� @/K�"f��H, Õª��_þt]	כ ¢-a���ô�Ç &ñ
_� ¢̧��H éß�í�Hy� Õª��_	כ s�2£§ëß��̀¦ ÂÒ
#�K� ï�r��. ��{9�\� s�2£§ëß�s� ÂÒ#��)a �©�I�\�"f��H, Õª �̧Ñýt�̀¦ �ÃÐ�̧���H áÔ�ÐÕªÏþ�
�Ér s� ��{9��̀¦ éß�t� Õª ��{9��̀¦ ��t���H °úכ[þt�̀¦ :�xK�"fëß� ��6 x½+É Ãº e����. \V\�¦ [þt
���, #��Qì�r�Ér ��6£§õ� °ú �Ér &ñ
�Ð\�¦ ��t���H 4�¤�èÃº ���íß� �̧Ñýt_� "f"î
\� @/K� Òqt
y��K� �̂¦ Ãº e����.

type complex
val cx0 : complex (* ¨ÑÞª¼ªÁ 0 *)
and cx1 : complex (* ¨ÑÞª¼ªÁ 1 *)
and cxi : complex (* ¨ÑÞª¼ªÁ i *)
and add complex : complex -> complex -> complex (* ¤ÍðªÎí *)
and mult complex : complex -> complex -> complex (* ¡ÑîªÎí *)
;;

s� 4�¤�èÃº ���íß� �̧Ñýt�̀¦ ��6 x���H áÔ�ÐÕªÏþ��Ér y�� �©�Ãº°úכ[þtõ� �<ÊÃº\���H ]X���H

½+É Ãº e��t�ëß�, 4�¤�èÃº ��{9�_� ³ð�&³ ~½ÓZO�\���H ]X���H½+É Ãº \O���.

2.2.8 ��«Ñ ½̈�̧_� ½̈�̂&h� ë�HZO� ½̈�̧

2.3 o�Û¼àÔ\� @/�#�

o�Û¼àÔ\� @/K� &ñ
_��)a �<ÊÃº[þt�Ér �Ð:�x ��� o�Û¼àÔü< ÕªXO�t� ·ú§�Ér o�Û¼àÔ ¿º �â
Äº

\� @/ô�Ç &ñ
_�\�¦ ��t���H +þAd���̀¦ 2[�>� �)a��.
#�l� Y>� >h_� \V]j�� e����.

P�Ã�È�q� @�BT�
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# val rec length = fn
[] => 0
| (a::l) => 1 + length l;;

val length : ’a list -> int = <fun>

£̈ P�Ã�È�q� �lBכ�Ö

# fun append l1 l2 =
case l1 of

[] => l2
| (a::l) => a::append l l2;;

val append : ’a list -> ’a list -> ’a list = <fun>

P�Ã�È� \��·M�

# val rec rev = fn
[] => []
| (a::l) => append (rev l) [a];;

val rev : ’a list -> ’a list = <fun>

+ä�¬£ P�Ã�È�q� 4wH�Ð¾ç>q� ÖÜïכ� ð�

# val rec sigma = fn
[] => 0
| (a::l) => a + sigma l;;

val sigma : int list -> int = <fun>
# val rec pi = fn

[] => 1
| (a::l) => a * pi l;;

val pi : int list -> int = <fun>

P�Ã�È�q� ~¡¥�< 4wH�Ð;c 60AI �ÈÕ¬£ f +8�÷7B�M�

# fun map f1 =
case l of

[] => []
| (a::l) => f(a)::map f l

val map : (’a -> ’b) -> ’a list -> ’b list = <fun>
# map (fn x => x*x) [1,2,3,4,5];;
- : int list = [1, 4, 9, 16, 25]

P�Ã�È�q� P�Ã�È�¿ì> è�è��4� �M�

# val rec flat = fn
[] => []
| (l::ll) => append l (flat ll)

val flat : ’a list list -> ’a list = <fun>
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2.3.1 o�Û¼àÔ\�¦ 0Aô�Ç {9�ìøÍ&h���� l�0px[þt

·ú¡_� �<ÊÃº[þt�ÐÂÒ'�, Äºo���H ��6£§õ� °ú �Ér ½̈�̧\�¦ "î
SX�y� Ùþ¡��.

• o�Û¼àÔ�� q�#Q e���̀¦ �â
Äº, ��l� �ÃÐ�̧ �<ÊÃº f_� °úכ�Ér f\� _��>r�t� ·ú§��H °úכ
Ü¼�Ð &ñ
_��)a��.

• o�Û¼àÔ�� (a::l)_� �̧�ª��̀¦ ��t���H �â
Äº, f_� °úכ�Ér aü< f(l)\� _��>rô�Ç��.

���õ�&h�Ü¼�Ð, s� &ñ
_�[þt�Ér �©�Ãº ���ü< ����� 2>h\�¦ ��t���H �<ÊÃº ���\�¦ B�>h
���Ãº�Ð ��t���H ���_� �<ÊÃº�Ð {9�ìøÍ�o ��0px���.

# fun list hom e f l =
case l of

[] => e
| (a::l) => f a (list hom e f l)

val list hom : ’a -> (’b -> ’a -> ’a) -> ’b list -> ’a = <fun>

��6£§�Érs� list hom�<ÊÃº\�¦��6 x�#�s����]X�_��<ÊÃº[þt�̀¦F�&ñ
_�ô�Ç�.���s	כ

# val length = list hom 0 (fn n => n+1)
val length : ’ a list -> int = <fun>
# fun append l1 l2 = list hom l2 cons l1
val append : ’a list -> ’a list -> ’a list = <fun>
# val rev = list hom [] (fn a l => append l [a])
val rev : ’ a list -> ’ a list = <fun>
# val sigma = list hom 0 (fn a b => a+b)
val sigma : int list -> int = <fun>
# val pi = list hom 1 (fn a b => a*b)
val pi : int list -> int = <fun>
# fun map f l = list hom [] (fn x l => f(x)::l) l
val map : (’a -> ’b) -> ’a list -> ’b list = <fun>
# val flat = list hom [] append
val flat : ’ a list list -> ’ a list = <fun>

(�<ÊÃº cons��H (fn a l => a::l) �Ð &ñ
_�÷&#Q e����.)

�<ÊÃº list homü< °ú �Ér �â
Äº��H ½̈$í
��\�¦ ��6 x���H ��{9�õ� �����Û¼XO�>� ������
|̈c Ãº e����H :£¤Z>�ô�Ç �â
Äºs���. Äºo���H s���� �¦þt�̀]	כ 1lx+þA$í
(homomorphism)s���
�¦ÂÒ�Ér��.#��Qì�r�Érs����1lx+þA$í
�̀¦��t���H�
[þt_�\V]j\�¦,àÔo�ü<&ñ	כ+þA�o�)a�	כ
[þt\� @/K� ��ÀÒ��H ??�©�\�"f �̂¦ Ãº e���̀¦ �.���s	כ

nML��s�ÚÔ�Qo�_�o�Û¼àÔ�'aº���<ÊÃº×�æ\���H, list homõ�q�5pwô�Ç%i�½+É�̀¦�
��H fold left ü< fold right �<ÊÃº�� e����.

fold right �<ÊÃº��H �����_� í�H"fëß� list homõ� ��ØÔ��. #�l� &ñ
_��� e����.

# fun fold right f l e =
case l of

[] => e
| (a::l) => f a (fold right f l e);;

val fold right : (’a -> ’b -> ’b) -> ’a list -> ’b -> ’b = <fun>
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fold right �<ÊÃº_� ����� í�H"f��H f ü< fold right �<ÊÃº_� ��{9�s� q�5pw��̧
2�¤ ���×þ��)a �.���s	כ
s� �<ÊÃº_� 1lx����Ér ��6£§õ� °ú ��. 7£¤, o�Û¼àÔ_� "é¶�è\�¦ �̧�ÉrAá¤ ��'ÂÒ	כ ���m��

]X�#Q"f �íl�°úכs� e ��� ���õ��Ð f����H ~½ÓZO��̀¦ s�6 xK�"f ]X�#Q V,���H���¦ Òqty��½+É Ãº
e����.

fold right f [a1,· · ·,an] e = f a1 (f a2 (· · ·(f an e)· · ·))
= list hom e f [a1,· · ·,an]

fold left �<ÊÃº��H o�Û¼àÔ_� "é¶�è[þt�̀¦ %i�í�HÜ¼�Ð ���½+Ë���H ��\	כ @/q�K� ëß�
��H, 7£¤ ¢,aAá¤ÂÒ'� ]X�#Q ���õ��Ð V,���H �<ÊÃºs���.
s���H ��6£§õ� °ú s� &ñ
_��)a��.

# fun fold left f e l =
case l of

[] => e
| (a::l) => fold left f (f e a) l;;

val fold left : (’a -> ’b -> ’a) -> ’a -> ’b list -> ’a = <fun>

s� �<ÊÃº_� 1lx����Ér ��6£§õ� °ú ��.

fold left f e [a1,· · ·,an] = f (· · ·(f (f e a1) a2)· · ·) an

s� ¿º �<ÊÃº��H �̧��H s���� ���íß��� f, o�Û¼àÔ l, °úכ x \� @/K� ��6£§õ� °ú �Ér 1pxd��
Ü¼�Ð �������)a��.

fold left f x l = fold right (fn x y = f y x) l x

Õªo��¦,

fold right f l x = fold left (fn x y -> f y x) x l

s���. Äºo��� æ¼�¦�� ���H s���� ���íß���\� @/K�"f, Ñüt ×�æ ô�Ç +þAI��� ���Ér +þA
I��Ð�� ¼#�½+É Ãº e����.
�<ÊÃº f�� ���½+Ë ZO�gË:s� $í
wn����H ���íß������ +s��¦, e�� ×�æ$í
 "é¶�è��� �â
Äº, ��

6£§õ� °ú �Ér :£¤Z>�ô�Ç d��s� $í
wn�ô�Ç��.

fold left + e [a1,· · ·,an]
= fold right + [a1,· · ·,an] e
= list hom e + [a1,· · ·,an]
= a1 + · · · + an

a:@�:@ 'Ö<<K

2.3 q��§\�¦Ãº'�����H (’a -> ’a -> bool)��{9�_��<ÊÃºü< ’a��{9��̀¦��t���H°úכ
[þt_� o�Û¼àÔ\�¦ ~ÃÎ��"f ÅÒ#Q��� q��§ �<ÊÃº\� @/K� o�Û¼àÔ ?/_� þj@/ "é¶�è\�¦ [�t�9

ÅÒ��H �<ÊÃº\�¦ fold left �<ÊÃº\�¦ s�6 x�#� ���$í
���.
2.4 þj�è "é¶�èü< þj@/ "é¶�è\�¦ 1lxr�\� [�t�9ÅÒ�̧2�¤ 0A �<ÊÃºü< q�5pwô�Ç �<ÊÃº\�¦ ëß�
[þt#Q �Ð��.
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2.3.2 o�Û¼àÔ ��¾ºl�ü< &ñ
§>=�l�

7áx7áx o�Û¼àÔ�ÐÂÒ'� #Q�"� :£¤&ñ
 $í
|9��̀¦ ëß�7á¤���H ÂÒì�rëß��̀¦ ����� o�Û¼àÔ\�¦ ÆÒØ�¦

K�?/�¦z�·�̀¦M:��e����. partition�<ÊÃº��Ho�Û¼àÔ\�¦ÅÒ#Q���:£¤$í
\�����¿º>h
_� ÂÒì�r o�Û¼àÔ�Ð ��¾º#Q ï�r��. ���õ���H o�Û¼àÔ ¿º >h_� Óü�6£§Ü¼�Ð ÅÒ#Qt��¦, s�
×�æ +'_� o�Û¼àÔ��H ÅÒ#Q��� :£¤$í
�̀¦ ëß�7á¤���H "é¶�è[þt�̀¦ �í�<Ê� 9 ·ú¡_� o�Û¼àÔ��H

o�Û¼àÔ_� �� Qt� �̧��H "é¶�è\�¦ �í�<Êô�Ç��.

# fun partition test l =
let fun switch elem (l1,l2) =

if test elem then (l1,elem::l2) else (elem::l1,l2)
in fold right switch l ([],[])
end;;

val partition : (’a -> bool) -> ’a list -> ’a list * ’a list = <fun>

t�%i�&h�Ü¼�Ð &ñ
_��)a �<ÊÃº switch ��H ’a -> (’a list * ’a list) -> (’a
list * ’a list) _� ��{9�s���. "é¶�è x�� o�Û¼àÔ Óü�6£§ (l1,l2)\� @/K�, Õª��Ér	כ
x�� test :£¤$í
�̀¦ ëß�7á¤���Ht�_� #�ÂÒ\� ���� s�\�¦ l1 ¢̧��H l2 \� ÆÒ��ô�Ç��.

filter �<ÊÃº��H ÅÒ#Q��� o�Û¼àÔ\�"f �̧|	��̀¦ ëß�7á¤���H "é¶�èëß��̀¦ Y�J��"f o�Û¼
àÔ�Ð ëß�[þt#Q [�t�9ï�r��.

# fun filter test = compose (snd,(partition test));;
val filter : (’a -> bool) -> ’a list -> ’a list = <fun>

# filter (fn x => (x mod 2) = 0) [2,3,5,8,9,12,15];;
- : int list = [2, 8, 12]

\V\�¦ [þt#Q �<ÊÃº partition �Ér quicksort ü< °ú �Ér ·ú��¦o�7£§�̀¦ áÔ�ÐÕªÏþ�½+É
M:��6 x|̈cÃºe����.s�·ú��¦o�7£§�Éro�Û¼àÔ\�"fô�Ç"é¶�è (\V\�¦[þt#Q'Í	���P:"é¶�è)
\�¦ »¡¤Ü¼�Ð ���×þ�K�"f, s�\�¦ l�ï�rÜ¼�Ð o�Û¼àÔ\�¦ Ñüt�Ð ��è�H Êê, y��y��\� @/K� ��r�
quicksort\�¦ ��l� �ÃÐ�̧  ñØ�¦�#� &ñ
§>=÷&�̧2�¤ ��¦, ���õ�&h�Ü¼�Ð &ñ
§>=�)a ��t�}��
o�Û¼àÔ\�¦ %3�#Q?/��H ·ú��¦o�7£§s���. ������Ð��H o�Û¼àÔ "é¶�è\� @/K� í�H0A\�¦ B�l�
��H���íß��̀¦0A_� compü<°ú �Ér+þAd��_� ’a -> ’a -> b bool��{9��Ð�Å���ÅÒ#Q��
ô�Ç��.

# fun quicksort order list =
case list of

[] => []
| [a] => [a]
| (a::l) =>

let val (l1,l2) = partition (order a) l
in (quicksort order l1)@(a::(quicksort order l2))
end;;

val quicksort : (’a -> ’a -> bool) -> ’a list -> ’a list = <fun>

quicksort_� case ë�H_� ¿º ���P: ÂÒì�r�Ér o�Û¼àÔ�� éß� ���_� "é¶�è\�¦ ��t��¦
e���̀¦ M:\� @/6£xô�Ç��. #�l�"f J���� [a]�Ér (a::[])ü< 1lxu�s���.

quicksort ·ú��¦o�7£§�Ér o�Û¼àÔ\�¦ î̈
ç�H n log(n) >h_� ���íß�Ü¼�Ð &ñ
§>=ô�Ç��. þj
���_� �â
Äº, s���H n2_� r�çß�s� ����2;��. �t�ëß�, s���H o�Û¼àÔ\� &h�6 x|̈c �â
Äº, z�́]j
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�Ð��HC�\P�\�&h�6 x�)a�8�����Ð���s̀	כq�ò́Ö�¦&h����X<,s���Hs�·ú��¦o�7£§s�e��r�o�
Û¼àÔ\�¦>�5ÅqK�"fëß�[þt#Q?/l�M:ë�Hs���.s�XO�>���«Ñ ½̈�̧\�¦>�5Åqëß�[þt#QèqM:
×¼��H q�6 x�Ér 12�©�\�"f ½+É{©�(allocation)\� @/K� ��Ò�¦ M: ì�r"î
�>� ·ú� Ãº e���̀¦ �	כ
s���. C�\P�\� @/K� 1lx������H quicksort_� !Q����Ér 4.3.1]X�\�"f ]j/BN|̈c �.���s	כ

quicksort��H #��Qì�r\�>� ��+þA$í
÷�rëß� ��m��� �<ÊÃº\�¦ ������Ð ���²ú����H ��_	כ
s�&h��̀¦ �Ð#�ï�r��. "é¶�èçß� í�H"f\�¦ ���&ñ
���H �<ÊÃº�� ������Ð ���²ú�÷&%3�l� M:ë�H\�,
s� �<ÊÃº��H �̧��H í�H"f e����H |9�½+Ë\� @/K� &h�6 x|̈c Ãº e����.

# quicksort (fn x y => x<y) [6,3,9,1,2,7];;
- : int list = [1, 2, 3, 6, 7, 9]
# quicksort (fn x y => x>y) [6,3,9,1,2,7];;
- : int list = [9, 7, 6, 3, 2, 1]
# quicksort (fn x y => x<y) [0.25,0.125,0.1095,0.3];;
- : real list = [0.1095, 0.125, 0.25, 0.3]

fold right�<ÊÃº��H¶ú�{9�&ñ
§>=(insertion sort)%i�r�áÔ�ÐÕªÏþ��l�~1�>�K�ï�r
��.Õª�
�Érs�p�&ñ	כ§>=�)ao�Û¼àÔ\�"é¶�è���\�¦¶ú�{9����H¶ú�{9��<ÊÃº\�¦o�Û¼àÔ���
�̂\� &h�6 xK� ï�r��. #�l� ¶ú�{9� �<ÊÃº�� e����.

# fun insert order elem list =
case list of

[] => [elem]
| (a::l) =>

if order elem a then elem::a::l
else a::(insert order elem l);;

val insert : (’a -> ’a -> bool) -> ’a -> ’a list -> ’a list = <fun>

Õªo��¦����� s�]j ¶ú�{9�&ñ
§>= �<ÊÃº\�¦ %3�l� 0AK�"f��Hs�\�¦ o�Û¼àÔ\�ìøÍ4�¤&h�Ü¼

�Ð &h�6 x���� �)a��.

# fun sort order = fold right (insert order) [];;
val sort : (’a -> ’a -> bool) -> ’a list -> ’a list = <fun>

a:@�:@ 'Ö<<K

2.5 Õüw�� ¿º >h Óü�6£§_� o�Û¼àÔ\�¦ &ñ
§>=���H �<ÊÃº\�¦ ����. éß�, í�H"f��H Õüw�� Óü�6£§
_� 'Í	 ���P: "é¶�èz�o� q��§�#� ���&ñ
ô�Ç��.
2.6|9�½+Ë E1õ� E2,s�\�@/K�y��y��&ñ
_��)aí�H"f<1õ�<2s�e���̀¦M:,|9�½+Ë E1×E2

\� @/K� <1õ� <2\�¦ s�6 x�#� &ñ
_��)a �����&h� í�H"f(lexicographic order)��H ��6£§
õ� °ú �� : (x, y) < (x′, y′) ⇔ x <1 x′ or (x = x′ and y <2 y′). ¿º >h_� q��§ �<Ê
Ãº\�¦ ������Ð ~ÃÎ�¦ o�Û¼àÔ ¿º >h_� Óü�6£§�̀¦ �����&h� í�H"f\� ���� &ñ
§>=���H �<ÊÃº\�¦

����.

2.3.3 o�Û¼àÔ�Ð |9�½+Ë�̀¦ ����?/l�

���íß��<Æõ� ��«Ñ %�o�\�"f, Äºo���H 7áx7áx @/�©�[þt_� |9�½+Ë�̀¦ #Qb�G>� ����èqt� �¦���
�>��)a��.Äºo�_����×þ��Érs�|9�½+Ë\�@/K�Äºo���Ãº'����¦�����H���íß�[þt\�_�
K� ���&ñ
�)a��. \V\�¦ [þt���, ���×þ��Ér Äºo��� éß�í�Hy� |9�½+Ë\� ÆÒ��, �ÃÐ�̧, ]j��1px_� ���
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íß�ëß��̀¦ Ãº'��½+É �,����t	כ ��m���� |9�½+Ë_� ½+Ë|9�½+Ëõ� �§|9�½+Ë�̀¦ ½̈½+Ét�\� _�K� ���&ñ

�)a��.
Äºo���H o�Û¼àÔ�Ð |9�½+Ë�̀¦ ����èq Ãº e��t�ëß�, s���H �©�{©�y� q�ò́Ö�¦&h�s���. s�

�â
Äº,"é¶�è���\�¦¹1Ô��HX<���o���Hr�çß�s�o�Û¼àÔ_�U�́s�\�q�YV�>�÷&l�M:ë�H
s���. Äºo���H "é¶�èçß�_� í�H"f\�¦ &ñ
½+É Ãº \O���H ����Ér ß¼l�_� |9�½+Ë\� @/K�"fëß� s�
³ð�&³~½ÓZO��̀¦���×þ�K���ô�Ç��.s�����â
Äº��H"é¶�è\�]X���H���HX<���o���Hr�çß�s�³ð
l�ZO�\� �'a>�\O�s� "é¶�è Ãº\� q�YV�l� M:ë�Hs���.
s�]jÂÒ'���H o�Û¼àÔ\� |9�½+Ë_� "é¶�è\�¦ &ñ
§>=K�"f $��©����H ��õ	כ ÕªXO�t� ·ú§�Ér

G��Ð $��©����H ��_	כ 	�s�\� @/K� ·ú����̂¦ �.���s	כ

+ä��~xE'U� óm¬ª�< P�Ã�È�}¹ �·Öכ� ����50M�

Äºo��� |9�½+Ë�̀¦ ��ÀÒl� 0AK� &ñ
_����H �̧��H �<ÊÃº[þt�Ér |9�½+Ë ?/_� "é¶�è[þtçß�_�

�'a>�\�¦ ����?/��H �<ÊÃº ���\�¦ ������Ð ~ÃÎ��H��. s� �<ÊÃº��H ’a * ’a -> bool _�
��{9��̀¦ ��t��¦, "é¶�èz�o� 1lxu����t�\�¦ q��§���H %i�½+É�̀¦ ½+É �.���s	כ
�<ÊÃº member��H "é¶�è ����� |9�½+Ë\� 5Åq���Ht�\�¦ �����ô�Ç��.

# fun member equiv e list =
case list of

[] => false
| (a::l) => equiv(a,e) orelse member equiv e l;;

val member : (’a * ’b -> bool) -> ’b -> ’a list -> bool = <fun>

�<ÊÃº rem from list��H o�Û¼àÔ�ÐÂÒ'� ô�Ç "é¶�è\�¦ ]j��ô�Ç��. ëß�{9� s� "é¶�è��
�>rF��t� ·ú§Ü¼���, o�Û¼àÔ\���H ����o�� \O�>� �)a��. ëß�{9� s� "é¶�è�� o�Û¼àÔ\� ¿º
��� s��©� ���̧���, �̧��H K�{©� "é¶�è[þt�Ér t�0>t�>� �)a��. s� �<ÊÃº��H o�Û¼àÔ\�"f ×�æ
4�¤�)a "é¶�è\�¦ ]j���#� |9�½+ËÜ¼�Ð ëß�×¼��H make set �<ÊÃº\� ��6 x�)a��.

# fun rem from list equiv e list =
case list of

[] => []
| (a::l) =>

let val l’ = rem from list equiv e l
in if equiv(a,e) then l’ else a::l’
end;;

val rem from list : (’a * ’b -> bool) -> ’b -> ’a list
-> ’a list = <fun>

# fun make set equiv list =
case list of

[] => []
| (a::l) => a::make set equiv (rem from list equiv a l);;

val make set : (’a * ’a -> bool) -> ’a list
-> ’a list = <fun>

�<ÊÃº rem from set��H |9�½+Ë\�"f "é¶�è ���\�¦ ]j��ô�Ç��. rem from listü<��H
��ØÔ>�, s� �<ÊÃº��H °ú �Ér "é¶�è��H 1>hëß� �>rF�ô�Ç���¦ ��&ñ
ô�Ç��.

# fun rem from set equiv e list =
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case list of
[] => []
| (a::l) =>

if equiv(a,e) then l
else a::(rem from set equiv a l);;

val rem from set : (’a * ’a -> bool) -> ’a -> ’a list
-> ’a list = <fun>

�<ÊÃº add to set�Ér |9�½+Ë\� "é¶�è ���\�¦ ÆÒ��ô�Ç��.

# fun add to set equiv e l =
if member equiv e l then l else e::l;;

val add to set : (’a * ’a -> bool) -> ’a -> ’a list
-> ’a list = <fun>

�<ÊÃº union�Ér,Óüt�:r,¿º|9�½+Ë_�½+Ë|9�½+Ë�̀¦ ½̈��¦, intersect��H¿º|9�½+Ë_��§
|9�½+Ë�̀¦ ½̈ô�Ç��.

# fun union equiv (l1,l2) = fold right (add to set equiv) l1 l2;;
val union : (’a * ’a -> bool) -> ’a list * ’a list

-> ’a list = <fun>
# fun inter equiv (l1,l2) = filter (fn x => member equiv x l2) l1;;
val inter : (’a * ’b -> bool) -> ’b list * ’a list

-> ’b list = <fun>

0A¿º�<ÊÃº[þts� |9�½+Ë_�ß¼l�_�]jY�L\�q�YV���H Ãº'��r�çß��̀¦ ���������H ��\	כ

ÅÒ_����.
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#��Qì�rs� l�@/�~�� @/�Ð, &ñ
§>=�)a o�Û¼àÔ�Ð |9�½+Ë�̀¦ ����?/��H ~½ÓZO��Ér í�H"f e��
��H |9�½+Ë�̀¦ ³ð�&³���H X< ��6 x�)a��. s� ³ð�&³ ~½ÓZO��Ér ÆÒ��, �ÃÐÒ�o, ]j�� ���íß�\� ���
o���H r�çß��̀¦ ìøÍÜ¼�Ð ×�¦#� ÅÒ�¦, :£¤y� ½+Ë|9�½+Ëõ� �§|9�½+Ë�̀¦ ½̈���H X< ���o���H r�
çß��̀¦ S\�l�&h�Ü¼�Ð ×�¦#� ï�r��. Äºo���H s� ���íß�[þt�̀¦ |9�½+Ë_� ß¼l�\� q�YV���H r�çß�
îß�\� Ãº'��½+É Ãº e����. ¢̧ô�Ç, &ñ
§>=÷&#Q e���̀¦ �â
Äº C�\P��̀¦ ��6 x���� Äºo���H s����
�ÃÐÒ�o ·ú��¦o�7£§�̀¦ ��6 x�#� �ÃÐÒ�o ���íß�\� ���o���H r�çß��̀¦ �ÐÕª +þAI���t� ×�¦{9� Ãº

e����. (s�\� @/K�"f��H 4�©��̀¦ �Ð��.) Õª�Q��, Õª �â
Äº��H C�\P��Ér ��Ä»\�v>� U�́#Q|9�
Ãº \O�l� M:ë�H\� ÆÒ�� ���íß�s� ~1�t� ·ú§>� �)a��. 6�©�\�"f, #��Qì�r�Ér ç�H+þAú̧��2³ àÔo�
\�¦ s�6 x�#� #Qb�G>� í�H"f e����H |9�½+Ë�̀¦ ò́õ�&h�Ü¼�Ð ³ð�&³½+É Ãº e����Ht� �̂¦ Ãº e��

�̀¦ �.���s	כ
&ñ
§>=�)a o�Û¼àÔ\�¦ s�6 x�#� ����?/#Q��� |9�½+Ë\� &h�6 x÷&��H �<ÊÃº[þt�Ér ������Ð

(order,equiv)_� |9�½+Ë ?/ "é¶�èçß�_� �'a>�\�¦ ����?/��H �<ÊÃº Óü�6£§�̀¦ ~ÃÎ��H��. s�
×�æ 'Í	 ���P: �<ÊÃº��H "é¶�èçß� í�H"f\�¦ ���&ñ
��¦, ¿º ���P: �<ÊÃº��H "é¶�èçß� 1lxu� #�ÂÒ
\�¦���&ñ
ô�Ç��.Óüt�:rÄºo���H 3>h_�°úכ(�����,ß¼��,°ú ��)×�æ���\�¦[�t�9ÅÒ��H�<ÊÃº\�¦
s�6 x�#� s� ¿º �<ÊÃº\�¦ ����Ð ½+Ë}9� Ãº e���¦, s�\� @/K�"f��H 6�©�\�"f ��Ò�¦ ��s	כ
��.

member�<ÊÃº��H ¹1Ô��H "é¶�è�Ð�� 	�H "é¶�è\�¦ %�6£§ ëß�z�¤�̀¦ M: "3�ÆÒ�̧2�¤ ��r� æ¼
#�&����.
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# fun member (order,equiv) e list =
case list of

[] => false
| (a::l) =>

if order(a,e) then member (order,equiv) e l
else equiv(a,e);;

val member :
(’a * ’b -> bool) * (’a * ’b -> bool) -> ’b -> ’a list

-> bool = <fun>

�<ÊÃº add to set�Ér 50Aá¤_� insert�<ÊÃº_� ���+þAs� 9, o�Û¼àÔ\� s�p� "é¶�è��
e���̀¦ �â
Äº\�¦ %�o��l� 0AK� ����â
÷&%3���.

# fun add to set (order,equiv) elem list =
case list of

[] => [elem]
| (a::l) =>

if order(elem,a) then elem::a::l
else if equiv(elem,a) then a::l
else a::add to set (order,equiv) elem l;;

val add to set :
(’a * ’a -> bool) * (’a * ’a -> bool) -> ’a -> ’a list

-> ’a list = <fun>

�<ÊÃº unionõ� inter��H o�Û¼àÔ�� &ñ
§>=÷&#Q e��l� M:ë�H\� y�� o�Û¼àÔ\�¦ ô�Ç���m��
ëß� :�xõ����� �)a��.

# fun inter (order,equiv) = fn
([], ) => []
| ( ,[]) => []
| ((ll1 as a1::l1),(ll2 as a2::l2)) =>

if equiv(a1,a2) then a1::inter (order,equiv) (l1,l2)
else if order(a1,a2) then inter (order,equiv) (l1,ll2)
else inter (order,equiv) (ll1,l2)

val inter :
(’a * ’b -> bool) * (’a * ’b -> bool) -> ’a list * ’b list

-> ’a list = <fun>
# fun union (order,equiv) = fn

([],l2) => l2
| (l1,[]) => l1
| ((ll1 as a1::l1),(ll2 as a2::l2)) =>

if equiv(a1,a2) then a1::union (order,equiv) (l1,l2)
else if order(a1,a2) then a1::union (order,equiv) (l1,ll2)
else a2::union (order,equiv) (ll1,l2)

val union :
(’a * ’a -> bool) * (’a * ’a -> bool) -> ’a list * ’a list

-> ’a list = <fun>
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2.3.4 o�Û¼àÔ\�"f �ÃÐÒ�o�l�

o�Û¼àÔ\�"f#Q�"�:£¤fç
�̀¦�����"é¶�è���\�¦¹1Ô��H��ÉrB�ÄºÄ»6 x	כ���. 49Aá¤\�"f,
Äºo���H o�Û¼àÔ\�"f ÅÒ#Q��� :£¤$í
�̀¦ ëß�7á¤���H "é¶�è[þt�̀¦ ÆÒØ�¦K� ÅÒ��H filter �<Ê
Ãº\�¦ &ñ
_�Ùþ¡��. Õª�Q��, ú́§�Ér �â
Äº\�, Äºo���H ÅÒ#Q��� :£¤$í
�̀¦ ëß�7á¤���H 'Í	���P:
"é¶�è ���ëß��̀¦ ¹1Ô��H �ëß�Ü¼�Ð	כ ëß�7á¤�>� �)a��. \V\�¦ [þt���, o�Û¼àÔ ?/\� Õª :£¤$í

�̀¦ °ú���H "é¶�è�� ���µ1Ú\� \O���H �â
Äº 1pxs���. Õª�Q��� s�]j ë�H]j��H ÅÒ#Q��� :£¤$í

�̀¦ ëß�7á¤���H "é¶�è�� \O��̀¦ �â
Äº s� �<ÊÃº�� #Q�"� °ú̀�כ¦ [�t�9×�¦�� ���H �.���s	כ
�8 {9�ìøÍ&h�Ü¼�Ð ú́�����, ë�H]j��H ÂÒì�r �<ÊÃº\�¦ &ñ
_����H ~½ÓZO��̀¦ ����H �.���s	כ

ÂÒì�r �<ÊÃºêøÍ, &ñ
_�%i�_� #Q�"� /BM\� @/K�"f &ñ
_�÷&t� ·ú§�Ér �<ÊÃº\�¦ ú́�ô�Ç��. s����
�<ÊÃº\�¦ &ñ
_����H ~½ÓZO� ×�æ_� �����H ��6£§õ� °ú �Ér ��{9��̀¦ ��6 x���H �.���s	כ

# type ’a option = None | Some of ’a;;
type ’a option = None | Some of ’a

Õªo��¦ ’a -> ’b option _� ��{9��̀¦ ��t���H ÂÒì�r �<ÊÃº\�¦ ëß�[þt��� �)a��. #�l�
s� ~½ÓZO�Ü¼�Ð ëß���H o�Û¼àÔ ���Ò�o �<ÊÃº�� e����.

# fun find prop list =
case list of

[] => None
| (a::l) => if prop a then Some a else find prop l;;

val find : (’a -> bool) -> ’a list -> ’a option = <fun>
# find (fn x => (x mod 2) = 0) [3,1,7,8,13,4];;
- : int option = (Some 8)
# find (fn x => (x mod 2) = 0) [3,1,7,13];;
- : int option = None

s�ü<°ú �Ér�<ÊÃº[þt�̀¦��6 x���H���©�{9�ìøÍ&h����\V��HÄºo����'a>�o�Û¼àÔ(association
list)\�¦ ��6 x½+É M: {9�#Qèß���. ’a -> ’b _� ��{9��̀¦ ��t� 9 &ñ
_�%i�s� Ä»ô�Çô�Ç �<ÊÃº
��H (’a * ’b) list_� ��{9��̀¦ ��t���H o�Û¼àÔ�Ð ³ð�&³ ��0px���. s�]j s� o�Û¼àÔ
\�"f ¢,aAá¤ ÂÒì�rs� °úכ v, ��{9� ’a ��� "é¶�è\�¦ ���Ò�o����, Äºo���H s� ���Ãº vü< @/6£x
���H °ú̀�כ¦ %3�#Qèq Ãº e����.

# fun associate v l =
case find (fn (x,y) => x=v) l of

None => None
| Some (x,y) => Some y;;

val associate : ’a -> (’a * ’b) list -> ’b option = <fun>

ÂÒì�r �<ÊÃº\�¦ %�o����H ���Ér ~½ÓZO��Ér \��Q ¢̧��H \Vü@ %�o���(exception)_� >h
¥Æ��̀¦ ���#Q\� ÆÒ���#� �<ÊÃº�� °ú̀�כ¦ [�t�9ÅÒt� ·ú§��H �â
Äº\� @/q����H �.���s	כ s�
~½ÓZO��Ér #��Q >h_� \Vü@&h� �©�S!��̀¦ Óü�#Q %�o�½+É Ãº e������H �©�&h�s� e����. �<ÊÃº\�
"f \Vü@ %�o�����H >�íß� ×�æçß�_� \Vü@&h� �©�S!�, ���'�XO�àÔ 1px�̀¦ %�o�½+É Ãº e��>� K�
ÅÒ�¦ :£¤Z>�ô�Ç �â
Äº\� @/K� {9�ìøÍ&h���� ÀÒ�2;�̀¦ ������t� ·ú§�̀¦ Ãº e��>� K� ï�r��. Äº
o���H 4�©�\�"f s� >h¥Æ�\� @/K� ��Ò�¦ �.���s	כ

a:@�:@ 'Ö<<K

2.7���½Ód���ÉrÕª>�Ãº_�o�Û¼àÔ�Ð��6£§õ�°ú s�����èqÃºe���� : [a0,a1,· · ·,an].
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s� ~½ÓZO�Ü¼�Ð ����?/#Q��� ���½Ód���̀¦ �8���H �<ÊÃºü< Y�L���H �<ÊÃº\�¦ ����. ¢̧ô�Ç ���
Ãº\�@/ô�Ç°úכs�ÅÒ#Qt�������½Ód��_�°ú̀�כ¦ ½̈���H�<ÊÃº\�¦����. ¢̧ô�Ç���½Ód��_�p�
ì�r°úכõ� &h�ì�r°ú̀�כ¦ ½̈���H �<ÊÃº\�¦ ����.
2.8 0A ë�H]j\�"f_� ���½Ód���Ér ���½Ód��_� ß¼l��� 0s� ����� �½Ó[þt\� _�K� &ñ
K�t���H
��s	כ ��m��¦ ���½Ód��_� 	�Ãº\� _�K� &ñ
K��������H &h�\�"f Ô�¦¼#����. 0s� ����� �½Ó
[þt�̀¦ �Ð�'a�t� ·ú§��H nML ���½Ód�� ��{9��̀¦ &ñ
_����. Dh�Ðî�r ���½Ód�� ³ð�&³\� @/K�
0A ���íß��̀¦ Ãº'�����H �<ÊÃº[þt(�8�l�, Y�L�l�, °úכB��̂�, p�ì�r, &h�ì�r)�̀¦ &ñ
_����.
2.9 43Aá¤_� ’a tree\� @/K� s� ��{9�_� àÔo�\� #Q�"� °úכ[þt_� |9�½+Ë�̀¦ @/6£xr�v���H
�<ÊÃº\�¦ ëß�[þt#Q��.
2.10 Äºo���H ’a tree��{9�_�àÔo�?/_� �̧×¼ ¢̧��H ú́�éß��̧×¼(leaf)[þt�̀¦ 2>h×�æ�
��\�¦ ���×þ����H 1lx���[þt_� o�Û¼àÔü< y��y�� @/6£xr�~�́ Ãº e����. \V\�¦ [þt���, ëß�{9� Äº
o��� ¢,aAá¤�̀¦ /åJ�� l�Ð ³ðr���¦ �̧�ÉrAá¤�̀¦ /åJ�� r�Ð ³ðr�����, àÔo� Node(Leaf
3,Node(Leaf 4,Leaf 5))\�"f, rl�Ér Leaf 4�Ð ����H U�́�̀¦ ����?/>� �)a��. àÔo�
tü< s���� o�Û¼àÔ u�� ÅÒ#Qt����, Äºo���H u\� @/6£x���H ÂÒì�r àÔo� t/u\�¦ Òqty��½+É

Ãº e����. ëß�{9� s� ÂÒì�r àÔo��� �>rF��t� ·ú§Ü¼���, u ��H u = u1u2 �Ð ��¾º#Q|9� Ãº

e����HX<, #�l�"f u1�Ér t/u1 �� "é¶ àÔo�_� ú́�éß��̧×¼�� ÷&�̧2�¤ ���×þ��)a��. Lõ� R s�
����H ¿º °ú̀�כ¦ ��t���H ��{9� direction�̀¦ &ñ
_���¦, ~½Ó�¾Ó o�Û¼àÔ dl õ� àÔo� t \�¦
~ÃÎ�� t/dl �̀¦ ]j/BN���H direction list -> ’a tree ->’a tree option_� ��
{9��̀¦ ��t���H �<ÊÃº\�¦ &ñ
_����.
2.11 ëß�{9� ’a tree��{9�_� àÔo� ?/_� �̧��H °úכs� "f�Ð ��ØÔ�����, àÔo���H Õª�	כ
s� �í�<Ê���H �̧��H °úכ\� @/K� 2��� ·ú�»¡¤ �ï×¼\�¦ ]j/BNô�Ç��. \V\�¦ [þt���, Äºo��� 0s�
¢,aAá¤�̀¦ _�p���¦ 1s� �̧�ÉrAá¤�̀¦ _�p�ô�Ç���¦ &ñ
����, ÕªaË> 2.3_� àÔo���H s���� �ï
×¼ (a -> 000), (b -> 001), (c -> 010), (d -> 011), (e -> 1) ü< @/6£x
ô�Ç��.s�s����°úכ[þt�̀¦ ’a tree��{9�_�s����àÔo�\�¦s�6 x�#�K�1lqK�"f ’a��{9�_�
°úכ[þt�̀¦ ��r� %3�Ü¼�9���, éß�í�Hy� s����°úכ[þt�̀¦ s���� ë�H]j\�"f_� direction \� K�
{©����H °úכÜ¼�Ð Òqty��K�"f àÔo�\�¦ ���¦ ?/�9������, ú́�éß��̧×¼\�"f ’a��{9�_� °úכ
�̀¦ ��� %3��Ér Êê ��r� àÔo�_� ÍÒo��Ð [�t����"f s� ���\O��̀¦ ìøÍ4�¤K� ������� �)a��.
Äºo�_� \V]j\�"f ”0011010” �Ér ”bec”�Ð K�1lq�)a��. s�]j direction list _� ��
{9��̀¦ ��t���H s����°úכ[þt_� |9�½+Ë�̀¦ àÔo�\�¦ s�6 x�#� K�1lq���H, direction list
-> ’a tree -> ’a list option ��{9��̀¦ ��t���H �<ÊÃº\�¦ ����.
2.12 Äºo��� s����°úכÜ¼�Ð ·ú�»¡¤��¦�� ���H ô�Ç °úכ[þt_� |9�½+Ë\� @/K�"f, l��:r&h�
Ü¼�Ð Ãºú́§�Ér ·ú�»¡¤ ~½ÓZO�\� @/6£x���H Ãºú́§�Ér s���� àÔo��� �>rF�½+É Ãº e����. Äº
o���H ·ú�»¡¤�)a Bj[jt�_� U�́s�\�¦ q��§K�"f, "f�Ð ���Ér ·ú�»¡¤ ~½ÓZO��̀¦ q��§½+É Ãº e��
��. Huffman\� _�K� ]jr��)a ��6£§ ~½ÓZO��Ér s� �'a&h�\�"f �̂¦ M: þj&h�_� s���� �ï
×¼\�¦ ¹1Ô���·p��. Äº��� Äºo��� ·ú�»¡¤½+É (x1, · · · , xn) ����H l� ñ[þt�̀¦ ��t��¦ e�����¦
���. Õªo��¦ s� °úכ[þts� ����±ú� SX�Ò�¦�Ér y��y�� (p1, · · · , pn) s����¦ ���. Õª�Q���
Äºo���H [(Leafx1, p1), · · · , (Leafxn, pn)] ü< °ú �Ér o�Û¼àÔ\�¦ ëß�[þt Ãº e����. Õªo�
�¦ ��"f Äºo���H s� o�Û¼àÔ\� ��6£§õ� °ú �Ér 1lx����̀¦ ìøÍ4�¤K�"f Ãº'��½+É Ãº e����. Äº
���, o�Û¼àÔ\�"f paü< pb�� ���©� ����Ér ¿º °úכÓü�6£§ (a, pa), (b, pb)\�¦ �¦�Ér Êê, s�\�¦
(Node(a, b), pa + pb) �Ð @/�̂ô�Ç��. s�\�¦ ìøÍ4�¤��� o�Û¼àÔ�� ���²DG éß� ���_� °úכ
Óü�6£§�̀¦ ��t�>� ÷&���, s� °úכÓü�6£§_� ·ú¡Aá¤ "é¶�è�� "é¶ |9�½+Ë\� @/ô�Ç þj&h�_� ��� ñ�o
àÔo�s���. s� ·ú��¦o�7£§�̀¦ ½̈�&³���H (’a * real) list -> ’a tree ��{9�_� �<Ê
Ãº\�¦ ����.
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ÕªaË> 2.3: ��� ñ�o(a− > 000, b− > 001, c− > 010, d− > 011, e− > 1)\�¦ 0Aô�Ç àÔ
o�

2.4 ���¹כ

Äºo���H s�]j nML_� ÅÒ ��«Ñ ½̈�̧\� @/ô�Ç �è>h\�¦ ��'¬I��. 7£¤, s�2£§ ·¡#���� X<
�
ØÔàÔY�L(7£¤, YU�ï×¼)õ�, s�2£§ ·¡#���� ��_þt]	כ ½+Ë|9�½+Ë(7£¤, ½̈$í
��\�¦ s�6 xô�Ç ��{9�)
\� @/K� ·ú����Ð��¤��.
��6 x���� &ñ
_�ô�Ç ��{9�[þt�Ér s�2£§ ·¡#�t��¦, &ñ
_��)a Êê\���H l��:rÜ¼�Ð &ñ
_��)a

��{9�[þtõ� °ú �Ér l�0px�̀¦ �������.
X<
�ØÔàÔY�Lõ� ½+Ë|9�½+Ë +þAI�_� ��{9�[þt�Ér �����\�¦ ~ÃÎ�̀¦ Ãº e����. ��6 x���� jþt

Ãº e����H ��{9� 8̈��â
\�"f, �����\�¦ ~ÃÎt� ·ú§��H ��{9��Ér �©�Ãº ��{9� ½̈$í
���Ð Òqty��½+É
Ãº e���¦, �����\�¦ ~ÃÎ��H ��{9��Ér ���Ãº\�¦ ��t���H ½̈$í
���Ð Òqty��½+É Ãº e����. �̧��H ��
{9� &ñ
_���H ��{9� 8̈��â
\� ÆÒ���)a��.
¢̧ô�Ç, �̧��H ��{9� &ñ
_���H �<ÊÃº\�¦ H�s�Û¼Z>��Ð &ñ
_�½+É M: ��6 x½+É Ãº e����H J����

_�ë�HZO� ½̈�̧\��̧ ÆÒ���)a��.s�J����B�g�A\�"f_�Ä»���$í
�Ér��«Ñ ½̈�̧\� ������
�ª�ô�Ç �â
Äº\�¦ ��t���H �<ÊÃº\�¦ ëß�×¼��H �¦̀�	כ �����Û¼XO�>� K� ï�r��. Õª��Ér	כ ¢̧ô�Ç ���
#Q�� d���̂¦aË: áÔ�ÐÕªA�bç
\� 7á§�8 ú̧� &h�6 x|̈c Ãº e��>� K� ï�r��.

2.5 �8 C�Ö�¦ ?/6 x[þt

�����̧ #��Qì�r�Ér ��Û¼ºú�(1971) ���#Q\�"f s�2£§ ·¡#����, �9�×¼\�¦ ����� X<
�ØÔàÔY�L
�̀¦ YU�ï×¼�Ð ÂÒØÔ��H X< e��ņqK�&���̀¦ �.���s	כ �t�ëß� Õª��Ér	כ PL/1(1965), SIM-
ULA(1967), d��t�#Q �ï�̂¦(1960) \�"f�̧ 1px�©�Ùþ¡~�� >h¥Æ�s���. Õªo��¦ s� >h¥Æ��Ér
s�]j Ãºú́§�Ér ���#Q\� (�4R e��>� ÷&%3���. ÕªXO�t�ëß�, s� ��{9�[þt\� @/K� �����\�¦ ��
6 x½+É Ãº e��>� ô�Ç �,�Ér	כ MLÀÓ ���#Q\�"f t�"é¶���H ��+þA$í
Ü¼�Ð ���K� ��0pxô�Ç :£¤Z>�
ô�Ç l�0pxs���.
½̈$í
��\�¦ s�6 xK�"f ��{9��̀¦ ëß�×¼��H >h¥Æ��Ér 80�̧�@/ �íìøÍ HOPE����H ���#Q\�

"f �è>h÷&%3��¦, ML�̀¦ q�2�©ô�Ç ���Ér �<ÊÃº ×�æd�� ���#Q\�"f ��r� ��6 x�>� ÷&%3���.
ML�Ér ��{9� &ñ
_�\�¦ Òqt$í
&h�(generative)Ü¼�Ð ëß�[þtl� 0AK� ú́§�Ér ��H�:r&h���� ���

×þ��̀¦ �%i���. ��{9� &ñ
_��� Òqt$í
&h�s�����H ú́��Ér, y�� &ñ
_��� s����\� �>rF��~�� ��
{9�[þtõ���H ���Ér Dh�Ðî�r ��{9��̀¦ ëß�[þt#Q �·p����H �¦̀�	כ _�p�ô�Ç��. d��t�#Q Dh�Ðî�r ��
{9� &ñ
_��� s����\� �>rF��~�� ��{9� ×�æ ���ü< ¢-a���y� °ú �Ér ½̈�̧\�¦ ��t��8���̧ s�

��H �ÃÐs���. s� ���×þ��Ér ��{9��̀¦ ½̈�̧&h�(structural) �'a&h�\�"f ��ÀÒ��H ��õ	כ @/q�÷&
��HX<, s� ~½Ód���Ér ��{9�s� s�2£§ ·¡#�t�t� ·ú§�¦ í�H���y� Õª ½̈�̧�Ðëß� &ñ
_�÷& 9, ��
��"f ½̈�̧&h�Ü¼�Ð °ú �Ér ��{9��Ér °ú >� 2[/åL�>� �)a��.

MLs� ô�Ç ���×þ��Ér ��{9��̀¦ &ñ
_�ô�Ç����H ��Ér	כ l��:r&h�Ü¼�Ð s� @/�©��̀¦ #Q�"� :£¤&ñ

ô�Ç 3lq&h�Ü¼�Ð ��6 x½+É _��̧�� e������H Òqty��\� l�ìøÍ��¦ e����. y�� ��{9��Ér #Q�"� >h
¥Æ�õ� @/6£x��¦, Õª @/�©�[þt�Ér ���Ér @/�©�[þtõ� ½̈ì�r ��0pxô�Ç :£¤Z>�ô�Ç l�0pxõ� :£¤fç
�̀¦
��t��¦e����.��{9�\�s�2£§�̀¦·¡e��Ü¼�Ð+�,Äºo���Hs�"î
SX�y�������t�·ú§�Ér:£¤fç

[þt�̀¦ �̧��"f ���¹כ�>� �)a���¦ ½+É Ãº e����.
s�\� ìøÍK�, ½̈�̧&h� �'a&h��Ér ��{9�_� 3lq&h�s� ¢-a���y� Õª ½̈�̧ ?/\� �í�<Ê÷&#Q e��

����H Òqty��\� l�ìøÍô�Ç��. 7£¤, Õª ��{9��̀¦ ½̈$í
���H �9�×¼[þt_� ��{9�\� &ñ
�Ð�� �̧¿º
[þt#Qe�����¦ Òqty�����H �.���s	כ Õª!3�\��̧ Ô�¦½̈��¦, Äºo���H ��{9�_� s�2£§\� @/K�
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��ÀÒ%3�~�� ]X�\�"f �̂¦ Ãº e��%3�~�� {9�7áx_� �̧ ñ�<Ês� ½̈$í
���� YU�ï×¼ �9�×¼_� s�2£§

\� @/K� ��Ò�¦ M:�̧ ����±ú� Ãº e������H ��z�́\� ÅÒ_�K��� ô�Ç��.
s� ¿º ��t� {9��©��̀¦ �̧Ö�¦�l� 0AK�, Äºo���H l��:r&h�Ü¼�Ð �7Ho�&h� �'a&h��̀¦ G�×þ�

�l��Ð Ùþ¡��. s� �'a&h�\�"f, ��{9��Ér &ñ
+þA�o÷&#Q ³ð�&³�)a :£¤fç
[þt_� |9�½+ËÜ¼�Ð &ñ
_�
�)a��. ����"f #Q�"� @/�©��Ér s� :£¤fç
[þt�̀¦ ëß�7á¤K���ëß� ÅÒ#Q��� ��{9�\� 5Åq½+É Ãº e��
��. Õª�Q��, s� ]X���H ~½ÓZO��Ér ��{9� ½+Ë$í
s� ��1lx 7£x"î
�̀¦ Ãº'���l� 0Aô�Ç Y>� ��t� ~½Ó
ZO��̀¦��&ñ
��¦e������H��z�́õ� ú́�t�·ú§��H��.s���H �̧Zþt±ú�Äºo�����t��¦e����Ht�
d���̀¦ �s̀��� #Á	#Q����H �.���s	כ
Òqt$í
&h���� ��{9�(constructive type)\� @/ô�Ç Ãºú́§�Ér ���½̈�� �&³F� ���'��÷&�¦ e��

��. �����̧ ����î�r �©�A�\�, Õª ���½̈[þt�Ér áÔ�ÐÕªA�bç
\�"f æ¼s���H ��{9�s� 7á§ �8
ú́§�Ér �7Ho�&h� ?/6 x[þt�̀¦ �í�<Ê½+É Ãº e��>� K� ×�¦ �.���s	כ
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3 �©�

_�p� ½̈�̧(semantics)\�
@/�#�

s� �©�\�"f��H Äºo��� s����_� �©�[þt\�"f [O�"î
Ùþ¡~�� �<ÊÃº ×�æd�� ���#Q_� _�p� ½̈�̧\�

@/K� ��ê�r��. s� ���#Q_� _�p� ½̈�̧����H �,�Ér	כ s� ���#Q\�"f æ¼��� ³ð�&³d��[þt_� >pw
�̀¦&ñ
_����H��s���.��r	כ ú́�����,y��³ð�&³d��[þt_�°ú̀�כ¦&ñ
SX��>�&ñ
_����H��s	כ
��. ³ð�&³d��õ� Õª °úכ ��s�_� �'a>���H ��r� æ¼l�(rewrite) ½©gË:\� _�K� ëß�[þt#Q�����.
7£¤, ³ð�&³d��_� _�p�\�¦ ��Ë̈t� ·ú§�¦ Õª ����̧�ª�ëß��̀¦ ���8̈����H ½©gË:\� _�K� �'a>���
&ñ
K������. Äºo���H s� ½©gË:[þt\� @/K� 3.1]X�\�"f ¶ú�(R�Ð�¦, �7H_�½+É �.���s	כ
s���r�æ¼l�½©gË:[þt�Érq����&ñ
&h�(non-deterministic)s���.��r� ú́�����,{9�ìøÍ

&h�Ü¼�Ð, �¦�9 @/�©�s� ÷&��H #Q�"� ³ð�&³d��\� @/K�"f�̧, &h�6 x½+É Ãº e����H #��Q >h_�
½©gË:[þts� e����. s� ½©gË:[þt_� {9��'a$í
�Ér s� ½©gË:[þts� Ãº§4����H(convergent) r�Û¼
%7��̀¦s�ê�r����H��z�́\�l�ìøÍô�Ç��.7£¤,Äºo���#Q�"�éß�>�\�"f#Q�"�½©gË:�̀¦���×þ��
|	� çß�\�, �½Ó�©� "f�Ð ���Ér >�íß�s� °ú �Ér ³ð�&³d��Ü¼�Ð Ãº§4��>� ½+É Ãº e����. s� :£¤$í

�Ér Áºô�Çô�Ç >�íß�s� s�ÀÒ#Q|9� ��0px$í
�̀¦ C�]j�t���H 3lwô�Ç��. Õª�Q�� s���H ô�Ç ³ð�&³
d��s� ¿º >h_� "f�Ð ���Ér °ú̀�כ¦ ��|9� ��0px$í
�̀¦ C�]jK� ï�r��. ³ð�&³d��_� °úכ(ëß�{9� �>r
F�ô�Ç�����)�Ér,����"fÄ»{9����.�t�ëß�Äºo���H#�l�"fs�Ãº§4�:£¤$í
�̀¦7£x"î
�t�
��H·ú§�̀¦�
s���.s�_�7£x"î	כ\�@/ô�Ç�ÃÐ�¦ë�H��³�Érs��©�_���t�}��\�"f¹1Ô�̀¦Ãºe����.

z�́]j�Ð, ���#Q_� °úכB��̂� �©�u�\�¦ ½̈�&³��9���, Äºo���H y�� éß�>�\� @/K� #Q�"� ��
r� æ¼l� ½©gË:�̀¦ �¦\�¦ �¦�\�����	כ ���&ñ
���H ���|ÄÌ�̀¦ &ñ
_�K��� ô�Ç��. 7£¤, Äºo���H �̧
��H ��0pxô�Ç ��r� æ¼l� +þAI� ×�æ ô�Ç ��t�\�¦ ���×þ�K��� ô�Ç��. 3.2]X�\�"f Äºo���H #�
�Q ���|ÄÌ�̀¦ ]jr���¦ s�[þt�̀¦ q��§½+É �.���s	כ °ú �Ér ³ð�&³d��s� Áºô�Çô�Ç >�íß��̀¦ Ãº'��
½+É Ãº�̧ e���¦ Ä»ô�Çô�Ç >�íß��̀¦ Ãº'��½+É Ãº�̧ e��l� M:ë�H\�, Äºo���H ìøÍ×¼r�, ³ð�&³d��
_�°úכs��>rF�½+É�â
Äºs�\�¦ ½̈K�?/��H¢-a���ô�Ç���|ÄÌõ�,#Q�"��â
Äº\�Ä»ô�Çô�Ç>�íß�s�
�>rF����HX<�̧ Ô�¦½̈��¦ Áºô�Çô�Ç >�íß��̀¦ Ãº'�����H Ô�¦¢-a���ô�Ç ���|ÄÌ�̀¦ ½̈ì�rK��� ô�Ç

��. nML\�"f_� ���|ÄÌ – °úכ\� _�ô�Ç  ñØ�¦ – �Ér Ô�¦¢-a���ô�Ç ���|ÄÌs��¦, Äºo���H �= s�
��� ���×þ��̀¦ Ùþ¡��Ht�\�¦ [O�"î
K���ëß� ô�Ç��.

3.3]X�\�"f��H ³ð�&³d��_� °ú̀�כ¦ &ñ
+þA�o�#� &ñ
_��l� 0AK� Áº%Á	�̀¦ p�o� K��� �
��Ht�\�¦ ��ê�r��.

59
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_�p� ½̈�̧\�¦ &ñ
+þA�o�#� &ñ
_���¦ �����, Äºo���H áÔ�ÐÕªÏþ�_� :£¤$í
[þt�̀¦ 7£x"î

�l� 0AK� �7Ho�&h�Ü¼�Ð Òqty��½+É Ãº e��>� �)a��. 3.4]X�\�"f, Äºo���H áÔ�ÐÕªÏþ�_� :£¤
$í
\� @/ô�Ç 7£x"î
�̀¦ �l� 0Aô�Ç ~½ÓZO��̀¦ �¦îß�K� �·p��. s� ~½ÓZO��Ér ��l� �ÃÐ�̧ "é¶o�ü<
1lxu�ëß�[þtl� �7HZO�(equational reasoning)\� l�ìøÍô�Ç��.

��t�}��Ü¼�Ð, 3.5]X�\�"f��H, Äºo���H ��{9� ½+Ë$í
\� @/ô�Ç ?/6 x�̀¦ ��ê�r��. ��{9� ½+Ë
$í
 ½©gË:[þt�Ér ³ð�&³d��õ� @/6£x|̈c Ãº e����H #Q�"� ��{9�_� |9�½+Ë[þt�̀¦ &ñ
+þA&h�Ü¼�Ð &ñ
_�

ô�Ç��. ¢̧ô�Ç Äºo���H ��{9�õ� ��{9� ½+Ë$í
\� @/ô�Ç {9�ìøÍ&h���� :£¤$í
[þt\� @/K�"f�̧ ��ê�r
��.(7£¤, ÅÒ ��{9�(principal type)_� �>rF� #�ÂÒü< ��{9�õ� _�p� ½̈�̧çß�_�  ñ8̈�$í
\�
@/K� ��ê�r��.)

3.1 °úכB��̂�\� @/�#�

°úכB��̂��Ér ³ð�&³d��\�"f r�����#� °úכ\�"f =åQ����H {9�º��_� ���8̈�[þt_� ���5ÅqÜ¼�Ð &ñ
_�

|̈c Ãº e����. s� ���8̈�[þt�Ér ��S� Î�M�(rewrite)���¦ Ô�¦o��¦, ��r� æ¼l�[þt_� ���5Åq�Ér
ï̂>T�M�(reduction)���¦ Ô�¦�2;��.

3.1.1 °úכB��̂�, ³ð�&³d���̀¦ ��r� æ¼��H �	כ

\V\�¦ [þt���, ëß�{9� Äºo��� í�HÃº íß�Õüt ³ð�&³d��[þt\�ëß� �'ad��s� e�������, ��r� æ¼l���H
�0A ³ð�&³d��[þt ×�æ ���íß��� ���ü< Õüw�� �©�Ãº 2>h�Ð s�ÀÒ#Q��� �¦̀�	כ Õª ���íß�_� ���
õ��Ð ��Ë̈#Q V,���H �Ü¼�Ð	כ s�ÀÒ#Q�����.

(2 + 3) ∗ (4 + 5) → (2 + 3) ∗ (9) → 5 ∗ 9 → 45

#�l�"f Äºo���H �0A ³ð�&³d�� #��Q >h ×�æ\�"f ×�¦s��¦�� ���H �¦̀�	כ ���×þ�½+É Ãº

e����H��Ä»\�¦�������.7£¤,Äºo���H0Ad���̀¦¢,aAá¤ÂÒ'�r�����#� �̧�ÉrAá¤Ü¼�Ð�����"f
>�íß�½+É Ãº�̧ e����.

(2 + 3) ∗ (4 + 5) → (5) ∗ (4 + 5) → 5 ∗ 9 → 45

s�ü< °ú �Ér ×�¦s�l� ~½ÓZO�s� ��6£§õ� °ú �Ér :£¤$í
�̀¦ ���������H ��Ér	כ "î
Ñþ����.

• ¤Â6Ò)ç�(Finiteness) : �̧��H ×�¦s�l���H =åQèß���.

• G�BMÎ3)ç�(Consistency) : �̧��H ×�¦s�l���H °ú �Ér ���õ�\�¦ �������.

{9��'a$í
�Ér ¬£&9�)ç�(convergence)s�����H 7á§ �8 {9�ìøÍ&h���� :£¤$í
\� l����ô�Ç��. ��
r� æ¼l� ½©gË:[þt_� |9�½+Ë�Ér, ëß�{9� ³ð�&³d�� e�� e1õ� e2�Ð ��r� æ¼{9� Ãº e����H �̧��H

�©�S!�\�"f ��r� e1õ� e2�� #Q�"� ³ð�&³d�� e3Ü¼�Ð ��r� æ¼{9� Ãº e�������, Ãº§4�$í
�̀¦
��t�>� �)a��. s� :£¤$í
�Ér ÕªaË> 3.1\� ú̧� ������ e����. ÕªaË> 3.2ü< °ú s� ³ð�&³d��
(2 + 3) ∗ (4 + 5) _� �̧��H ��0pxô�Ç ��r� æ¼l�[þt_� |9�½+Ë�̀¦ ³ð�&³�>� ÷&���, s� :£¤$í

s� Áº%Á	�̀¦ _�p����Ht� "î
SX�y� ·ú� Ãº e����.
Äºo��� íß�Õüt ³ð�&³\�"f ��l� �ÃÐ�̧ �<ÊÃº_� ��r� æ¼l�\�¦ t�"é¶���H �<ÊÃº ×�æd��

���#Q�Ð �̀����̧���, �̧��H ×�¦s�l�_� Ä»ô�Ç$í
�Ér �Ð�©�÷&t� ·ú§��H��. Õª!3�\��̧ Ô�¦½̈�
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ÕªaË> 3.1: Ãº§4�$í


ÕªaË> 3.2: ��r� æ¼l�(×�¦s�l�)\� @/ô�Ç ÕªA�áÔ

�¦, Ãº§4�$í
�Ér �Ð�©��)a��. Õª�Q��, Áºô�Çô�Ç ×�¦s�l��� �>rF�½+É �â
Äº, Ãº§4�$í
�Ér {9��'a
$í
�̀¦ �Ð�©��t���H ·ú§��H��. 7£¤, ô�Ç ³ð�&³d��\� @/ô�Ç "f�Ð ���Ér ×�¦s�l� ~½ÓZO�s� �½Ó�©�
°ú �Ér���õ�\�¦��4R�̧t���H·ú§��H��.@/���,Äºo���H7á§�8���K����+þAI�_�{9��'a$í
�̀¦&ñ

_��>� �)a��.

���Â6Ò G�BMÎ3)ç�(weak consistency) : =åQ����H �̧��H ×�¦s�l���H °ú �Ér ���õ�
\�¦ �������.

ì�r"î
y�, Áºô�Çô�Ç ×�¦s�l�\�¦ t�"é¶���H ��r� æ¼l� r�Û¼%7�\�"f��H, Áºô�Çô�Ç ×�¦s�l�
ü< Ä»ô�Çô�Ç ×�¦s�l�\�¦ 1lxr�\� ��t���H ³ð�&³d��s� �>rF�½+É Ãº e����. s�ü< °ú �Ér r�Û¼
%7��Ér ���ô�Ç {9��'a$í
ëß��̀¦ ��|9� Ãºµ1Ú\� \O���.

s� ���ô�Ç {9��'a$í
�Ér �<ÊÃº ×�æd�� ���#Q\�"fëß� �Ð�©��)a��. s���H áÔ�ÐÕªÏþ�_� 7£x"î
\�
�9�Ãº&h�s���.

çß�éß�ô�Ç íß�Õüt ³ð�&³s� ����� nMLõ� °ú �Ér ���#Q_� �â
Äº, Äºo���H ���#Q_� �̧��H ½̈
$í
 ~½ÓZO�(construction)\� @/K� ��r� æ¼l� ½©gË:�̀¦ &ñ
_�K��� ô�Ç��. Äº����Ér, Äºo���H
�<ÊÃº_� ÆÒ�©��o(abstraction)ü< &h�6 x(application)\� |9�×�æ½+É �.���s	כ Õª�ëß�Ü¼�Ð	כ
�̧ #��Qì�r�Ér °úכB��̂�\�"f_� ë�H]j&h�s� Áº%Á	���t�\�¦ Ø�æì�ry� �����½+É Ãº e����.
%�6£§\�, Äºo���H éß�í�Hô�Ç �<ÊÃº ÆÒ�©��o, 7£¤, (fn x => e)_� g1J�̀¦ ��t���H ���Ãº

�����o� �<ÊÃº ÆÒ�©��oëß��̀¦ ��Ò�¦ �.���s	כ s�ü< °ú �Ér �<ÊÃº_� &h�6 xõ� �'aº���)a ��r�
æ¼l� ½©gË:�Ér V�Z9�(substitution)ëß��̀¦ s�6 xô�Ç��. u�8̈�s�êøÍ, #Q�"� ³ð�&³d�� ?/_� ���
Ãº ����� ���Ér ���_� ³ð�&³d��Ü¼�Ð @/�̂÷&��H �.���s	כ

³ð�&³d�� e1?/_� ���Ãº x\�¦ ³ð�&³d�� e2�Ð u�8̈����H ��Ér	כ e1?/_� �̧��H ��Ä» ���Ãº

x\�¦ e2�Ð @/�̂���H �Ü¼�Ð	כ s�ÀÒ#Q�����. ���õ���H e1[x ← e2] �Ð ³ðr��)a��. x�� ��
Ä» ���Ãº����H ú́��Ér, ���Ãº x�� ���Ãº x\� @/ô�Ç �<ÊÃº ÆÒ�©��o îß�\� e��t� ·ú§6£§�̀¦ _�p�
ô�Ç��. 7á§ �8 &ñ
SX��>���H, u�8̈��Ér ��6£§õ� °ú s� &ñ
_��)a��.

• x[x ← e] = e

• y[x ← e] = y

• (e1 e2)[x ← e] = (e1 [x ← e])(e2 [x ← e])

• (fn x ⇒ e1)[x ← e2] = (fn x ⇒ e1)

• (fn y ⇒ e1)[x ← e2] = (fn y ⇒ e1[x ← e2])

Õªo��¦ #�l� ¿º >h_� \V]j�� e����.
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(y + x y) [x ← (fn x ⇒ x)] = (y + (fn x ⇒ x) y)

(x + (fn x ⇒ x) y)[x ← 2*y] = (2*y + (fn x ⇒ x) y)

¿º���P:\V\�"f,¿º���P: x(7£¤,�0A³ð�&³d�� (fn x ⇒ x)_�îß�\�����èß� x)��H
��Ä» ���Ãº�� ��m�l� M:ë�H\� u�8̈�\� _�K� %ò
�¾Ó�̀¦ ~ÃÎt� ·ú§��¤��. Äºo���H (fn x ⇒
x)\�¦ 1lxu���� ³ð�&³d�� (fn z ⇒ z)�Ð @/�̂K�"f, s� �0A ³ð�&³d��s� u�8̈�\� %ò
�¾Ó
�̀¦ ~ÃÎt� ·ú§��H����H ��z�́�̀¦ y©��̧K� ×�¦ Ãº e����.

Äºo�_� u�8̈�\� @/ô�Ç &ñ
_���H ¢-a����t� ·ú§�ÉrX<, Õª s�Ä»��H, ���Ãº y\�¦ ������Ð
��t���H �<ÊÃº ?/�Ð ��Ä» ���Ãº y\�¦ ��t���H ³ð�&³d��s� t�8̈�÷&#Q [þt#Qy�¤�̀¦ �â
Äº {9�
#Q±ú� Ãº e����H s�2£§ Ø�æ[�t�̀¦ �¦�9�t� ·ú§��¤l� M:ë�Hs���. \V\�¦ [þt���, u�8̈� ((fn y
⇒ x*y) x)[x ← 2*y] ��H ((fn y ⇒ (2*y)*y)(2*y)) �� ÷&#Q"f��H îß� �)a��.
s� ë�H]j\�¦ x��l� 0AK�"f, Äºo���H s����\� (fn x ⇒ x)\�¦ (fn z ⇒ z) �Ð

@/�̂Ùþ¡~���,õ�°ú s����Ãºs�2£§�̀¦��ÜãJÃºe������H��z�́�̀¦s�6 x½+ÉÃºe����.����"f	כ

((fn y ⇒ x*y) x)[x ← 2*y]

\�¦ ×�¦s�l� 0AK�, Äºo���H u�8̈��̀¦ Ãº'���l� ���\� s�\�¦

((fn z ⇒ x*z) x)[x ← 2*y]

ü< °ú s� ��õ�H��. ÕªXO�>� ���H ��Ér	כ ��6£§õ� °ú �Ér ���õ�\�¦ �·p��.

((fn z ⇒ (2*y)*z) (2*y))

�<ÊÃº ÆÒ�©��o_� &h�6 x�̀¦ 0Aô�Ç ×�¦s�l� ½©gË:�Ér ��6£§õ� °ú ��.

• (fn x ⇒ e1) e2 ⇒ e1[x ← e2]

\V\�¦ [þt���, Äºo���H ³ð�&³d�� (fn x ⇒ x*x) (2+3)�̀¦ ��6£§õ� °ú s� ×�¦{9� Ãº e��
��.

(fn x ⇒ x*x) (2+3)
⇒ (fn x ⇒ x*x) (5)
⇒ 5*5
⇒ 25

s�½©gË:�Ér�¦	�_�³ð�&³d���̀¦°úכB��̂����H���K�ï<�1~¦̀�	כr��.#�l��<ÊÃº sq((fn
x ⇒ x*x)) ü< double((fn f ⇒ fn x ⇒ f (f x))) \� @/ô�Ç \V]j�� e����.

double sq 5 _� °úכB��̂��Ér ��6£§õ� °ú ��.
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ÕªaË> 3.3: ×�¦s�l�\� @/ô�Ç ÕªA�áÔ

double sq 5
= (fn f ⇒ fn x ⇒ f (f x)) sq 5
⇒ (fn x ⇒ sq (sq x)) 5
⇒ sq (sq 5)
⇒ (fn x ⇒ x*x)((fn x ⇒ x*x) 5)
⇒ (fn x ⇒ x*x)(5*5)
⇒ (fn x ⇒ x*x) 25
⇒ 25*25
⇒ 625

3.1.2 °úכB��̂� ���|ÄÌ

×�¦s�l� õ�&ñ
s� Ä»{9��>� &ñ
_�÷&t� ·ú§��H ô�Ç, ³ð�&³d���̀¦ °úכB��̂����H �©�u���H ���×þ�
�̀¦ K��� ô�Ç��. ×�¦s�l�_� �̧��H õ�&ñ
\�"f, Äºo���H �̧��H ×�¦s�l� ��0pxô�Ç �0A ³ð�&³
d��[þt ×�æ ×�¦{9� �¦̀�	כ Y�J���� ô�Ç��. Äºo���H s�ü< °ú �Ér ���×þ��̀¦ �l� 0Aô�Ç �̧��H {9��'a
�)a ]X�	�\�¦ ìḿ8���» b9	���(evaluation strategy)s����¦ ÂÒ�Ér��. °úכB��̂� ���|ÄÌs� ×�¦s�
l�_� U�́s�\� %ò
�¾Ó�̀¦ p�u�t� ·ú§~�� éß�í�H íß�Õüt ³ð�&³_� °úכB��̂�õ���H ²ú�o�, áÔ�ÐÕªÏþ�
_� °úכB��̂��Ér °úכB��̂� ���|ÄÌs� ×�¦s�l�_� U�́s�\� %ò
�¾Ó�̀¦ p�u���H �â
Äº�� e����.

���|ÄÌ�̀¦ &ñ
_����HX<e��#Q"fÙþ�d���Ér �<ÊÃº_� &h�6 x�̀¦ #Qb�G>���Ò�¦ ������	כ ���H

�s���.s����_�\V]j[þt\�"f	כ (fn x ⇒ e1) e2\�¦°úכB��̂�½+É�9¹כ���e��%3��̀¦M:,Äº
o���H �<ÊÃº�� e2\� &h�6 x÷&l� s����\� e2\�¦ ×�¦s���H �¦̀�	כ ���×þ�Ùþ¡��. #�l�"f ���Ér ~½Ó
ZO�Ü¼�Ð ½+É Ãº�̧ e��%3���. \V\�¦ [þt���, Äºo���H ³ð�&³d�� (fn x ⇒ x*x) (2+3)�̀¦ ��
6£§õ� °ú s� °úכB��̂�½+É Ãº�̧ e����.

(fn x ⇒ x*x) (2+3)
⇒ (2+3)*(2+3)
⇒ (2+3)*5
⇒ 5*5
⇒ 25

ÕªaË> 3.3�Ér ³ð�&³d�� (fn x ⇒ x*x) (2+3) \� @/K� Ãº'��½+É Ãº e����H �̧��H ��
r� æ¼l�_� ÕªA�áÔ\�¦ �Ð#�ï�r��.

°ú �Ér|
�t�\�"f, double sq 5_� ¢̧ ���Ér��0pxô�Ç×�¦s�l�~½ÓZO��Ér��6£§õ�°ú ��.
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double sq 5
= (fn f ⇒ fn x ⇒ f (f x)) sq 5
⇒ (fn x ⇒ sq (sq x)) 5
⇒ sq (sq 5)
= (fn x ⇒ x*x) (sq 5)
⇒ (sq 5)*(sq 5)
= (sq 5)*((fn x ⇒ x*x) 5)
⇒ (Sq 5)*(5*5)
⇒ (sq 5)*25
= ((fn x ⇒ x*x) 5)*25
⇒ (5*5)*25
⇒ 25*25
⇒ 625

#�l�"f Äºo���H �����\� �<ÊÃº\�¦ &h�6 x½+É M: s�\�¦ ¢-a���y� °úכB��̂��t� ·ú§��¤�¦,
����"f ×�æ4�¤�)a ×�¦s�l�\�¦ Ãº'��K��� Ùþ¡��. Õª!3�\��̧ Ô�¦½̈��¦, Äºo���H �½Ó�©� �����
\�¦ ���$� °úכB��̂����H ��s	כ �̀����¦ éß�&ñ
½+É Ãº \O���HX<, Õª s�Ä»��H #Q�"� �â
Äº �<ÊÃº
_� ������� ���õ�\� �í�<Ê÷&t� ·ú§�¦ ����"f s�\�¦ ×�¦s���H ��s	כ jþtX<\O���H {9�{9� Ãº�̧

e��l� M:ë�Hs���.

(fn x ⇒ 1) (fact 1000)
⇒ 1

#�l�"fÄºo��� (fact 1000)��o�\�×�¦s�l���=åQ��t�·ú§��H³ð�&³d���̀¦V,��̀¦Ãº
�̧ e��%3�����H ��z�́\� ÅÒ_����.
°ú �Ér ����©�\�"f, ��6£§õ� °ú �Ér �̧|	�ë�H�̀¦ °úכB��̂���9���

if e1 then e2 else e3

Äºo���H e1�Ér ìøÍ×¼r� °úכB��̂�K��� �t�ëß�, e1s� true�Ð °úכB��̂�÷&t� ·ú§��H s��©�
e2\�¦ °úכB��̂�½+É ¹��Hכ��9 \O��¦, ¢̧ô�Ç e1s� false�Ð °úכB��̂�÷&t� ·ú§��H s��©� e3\�¦ °úכ

B��̂�½+É ��¹כ��9 \O���. s� ½̈$í
 ~½ÓZO�õ� @/6£x���H ��r� æ¼l� ½©gË:�Ér ��6£§õ� °ú ��.

• if true then x else y ⇒ x

• if false then x else y ⇒ y

s�ü< °ú s��<ÊÃº_� �����\�¦°úכB��̂��t�·ú§��H ���|ÄÌ�Ér #Q�"��<ÊÃº&h�6 x�̀¦ %�o��

��H X< e��#Q"f��H þj�¦_� ~½ÓZO�s� |̈c Ãº e����. :£¤y�, X<s�'� ½̈�̧_� ½̈$í
��[þt_� �â

Äº\���H, s� ���|ÄÌ�Ér #Q�"� ½̈�̧ ����̂\�¦ °úכB��̂��t� ·ú§�̧2�¤ K� ï�r��. \V\�¦ [þt���, Äº
o��� (e1,e2) _� °úכÓü�6£§�̀¦ °úכB��̂���9 ½+É �â
Äº, �0A ³ð�&³d�� e1õ� e2\�¦ 7£¤r� °úכ

B��̂��t� ·ú§��H ��Ér	כ �©�{©�y� ÕªXO� 1pwô�Ç {9�s���. ��r� ú́�����, �<ÊÃº fst, snd, ¢̧
��H J���� B�g�A 1px\� _�K� e1 s��� e2\�¦ ��èq {9�s� \O��̀¦ M:��t���H °úכB��̂��t� ·ú§

��H �s���.(Äºo���H	כ s� Òqty��\� @/K� ��×�æ\� ��r� ��Ò�¦ �(.���s	כ

��r� æ¼l�\�¦ s�6 xô�Ç °úכB��̂�_� {9�ìøÍ&h���� :£¤$í
�Ér =åQ����H �̧��H ×�¦s�l���H °ú �Ér

���õ�\� s��Ér����H �s���.1	כ s� ×�¦s�l�\� e��#Q"f_� (���ô�Ç) {9��'a$í
_� :£¤$í
�Ér �<ÊÃº
1ëß�{9� Äºo��� H�s�Û¼Z>��Ð &ñ
_��)a �<ÊÃº[þt�̀¦ ��Ò�¦ �â
Äº, s���H �̧f�� J���� B�g�As� ���&ñ


&h�(determinisitc) {9� �â
Äºëß� �ÃÐs� �)a��.
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×�æd��&h� áÔ�ÐÕªÏþ�_� :£¤$í
s���. 7£¤, ×�¦s�l�_� í�H"f�� ��7�8���̧ Õª ���õ���H %ò
�¾Ó
�̀¦ ~ÃÎt� ·ú§��H��. �t�ëß�, s� :£¤$í
�Ér, Äºo��� ���#Q\� �<ÊÃº ×�æd��&h�s�t� ·ú§�Ér ½̈$í

~½ÓZO��̀¦ �̧{9�½+É �â
Äº �8 s��©� �ÃÐs� ��m���. \V\�¦ [þt���, ½+É{©�õ� °ú �Ér ½̈$í
 ~½ÓZO�s�
��.(s� ë�H]j\� @/K�"f��H 4�©��̀¦ �ÃÐ�̧���.)
����"f Äºo���H #Q�"� ³ð�&³d��_� °ú̀�כ¦, Õª ³ð�&³d��\� @/ô�Ç �̧��H ��0pxô�Ç ×�¦s�l�

�����õ�&h�Ü¼�Ð �̧²ú�K�"f=åQ����H,��t�}��³ð�&³d��Ü¼�Ð&ñ
_�½+ÉÃºe����.ëß�{9�#Q�"�
°úכB��̂� ���|ÄÌs�, ���õ��� �>rF�½+É �â
Äº s�\�¦ �½Ó�©� °ú �Ér ���õ�\� s�ØÔ>� K� ï�r�����
Äºo���H s�\�¦ TÖhb9	Â6Ò(complete) ���|ÄÌs����¦ ÂÒØÔ�¦, ÕªXO�t� ·ú§�Ér �â
Äº, #Q�"� ��
�Ér×�¦s�l�~½ÓZO�s�]j@/�Ð�)a���õ�\�¦?/ÅÒ��HX<�̧Ô�¦½̈��¦s����|ÄÌ\���|ÃÛ�̀¦�â


Äº��H \��Q�� ������ Áºô�Çô�Ç ×�¦s�l�\�¦ �>� �)a�����, s�\�¦ [ô>TÖhb9	Â6Ò(incomplete)
���|ÄÌs����¦ ÂÒ�Ér��.

3.1.3 ��l� �ÃÐ�̧\�¦ ��ÀÒ��H ~½ÓZO�

Äºo��� nML\�"f ½̈$í
 ~½ÓZO� val rec�̀¦ ��6 x�#� ��l� �ÃÐ�̧\�¦ &ñ
_�ô�Ç ��Ér	כ ¢-a
���y�ëß�7á¤Û¼XO�t���H·ú§��.��z�́, î̈
#3�ô�Ç�<ÊÃº[þts�Õªzª�³ð�&³d��Ü¼�Ð³ðl�|̈cÃºe��
��HX<�̧ Ô�¦½̈��¦, ��l� �ÃÐ�̧ �<ÊÃº[þt�Ér s�2£§�̀¦ ÅÒt� ·ú§Ü¼��� ëß�[þt Ãº�� \O���.
s�]jÄºo����Ð>� |̈c°úכB��̂�\�"f, double ¢̧��H sqü<°ú �Ér�<ÊÃº[þt�Érô�Ç���,Õª

o��¦%ò
"é¶y�Õª��_þt]	כ ”?/6 x”Ü¼�Ð@/�̂�)a��.�t�ëß���l��ÃÐ�̧�<ÊÃº[þt�ÉrÕª��
�̂\� �<ÊÃº �����_� s�2£§�̀¦ �í�<Ê��¦ e��l� M:ë�H\� s�ü< °ú �Ér ~½ÓZO�Ü¼�Ð %�o�½+É Ãº

�� \O���. ����"f Äºo��� s�[þt�̀¦ Äºo�_� °úכB��̂�\� �í�<Êr�v��¦ z�·����� Äºo���H ��
l� �ÃÐ�̧ �<ÊÃº[þt�̀¦ 0Aô�Ç Dh�Ðî�r ³ðl�ZO��̀¦ ëß�[þt#Q�� ô�Ç��.
��0pxô�Ç ���_� K����Õþ��Ér Rec s�����H, ((’a → ’a) → ’a) _� ��{9��̀¦ ��t�

��H �©�Ãº\�¦ ëß�[þt�¦, val rec f = fn x => eü< °ú s� &ñ
_��)a �<ÊÃº\�¦ éß�í�Hy� Rec
(fn f x => e)ü< °ú s� ³ðl����H �.���s	כ
s�ü< °ú �Ér �<ÊÃº_� °úכB��̂� ½©gË:�Ér ��6£§õ� °ú ��.

• Rec f ⇒ f (Rec f)

f���'a&h�Ü¼�Ð, Rec�Ér (t → t)_� ��{9��̀¦ ����� �¦	� �<ÊÃº F\�¦ Rec F�Ð ³ðr�÷&
��H ��{9� t_� �¦&ñ
&h�õ� @/6£xr�v���H �¦&ñ
&h� ���íß���s���. #�l�"f �¦&ñ
&h�s�êøÍ, Rec
F = F (Rec F)_� :£¤$í
�̀¦ °ú���H °úכs���.

ëß�{9� Äºo��� nML\� Dh�Ðî�r �©�Ãº Rec�̀¦ ÆÒ������,

# val rec fact = fn n => (if n = 0 then 1 else n*fact(n-1));;

ü< °ú �Ér &ñ
_���H ��6£§õ� °ú s� æ¼{9� Ãº e����.

# val ffact = fn f n => if n = 0 then 1 else n*f(n-1);;
# val fact = Rec ffact;;

����"f Äºo���H fact(3) �̀¦ ��6£§õ� °ú s� ×�¦{9� Ãº e����.
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fact 3
= Rec ffact 3
⇒ ffact (Rec ffact) 3
= (fn f n => if n = 0 then 1 else n*f(n-1)) (Rec ffact) 3
⇒ (fn n => if n = 0 then 1 else n*Rec ffact (n-1)) 3
⇒ if 3=0 then 1 else 3*Rec ffact (3-1)
⇒ if false then 1 else 3*Rec ffact (3-1)
⇒ 3*Rec ffact (3-1)
⇒ 3*Rec ffact 2
· · ·
⇒ 3*(2*Rec ffact 1)
· · ·
⇒ 3*(2*(1*Rec ffact 0))
· · ·
⇒ 3*(2*(1*1))
⇒ 3*(2*1)
⇒ 3*2
⇒ 6

s�XO�>���l��ÃÐ�̧\�¦��ÀÒ��H~½ÓZO��Ér λ-Calculus\�"fG�×þ�÷&%3�~��~½ÓZO�s��¦,#�
l�"f�¦&ñ
&h����íß�����H���:�x&h�Ü¼�Ð Y�Ð³ðl�÷&#QM®o��.��{9�s�\O���H λ-Calculus\�
"f��H Y�� &ñ
_�|̈c Ãº e���¦, ����"f Äºo���H ��l� �ÃÐ�̧ �<ÊÃº\�¦ ��ÀÒl� 0Aô�Ç :£¤Z>�ô�Ç
½̈$í
 ~½ÓZO��̀¦ ëß�[þtt� ·ú§�¦ �̧��H �<ÊÃº\�¦ >�íß�½+É Ãº e����. �t�ëß� ��{9�s� �>rF��
��H λ-Calculusü< nML\�"f��H Y��H &ñ
_�|̈c Ãº \O��¦, s���H Äºo��� :£¤Z>�ô�Ç ½̈$í
 ~½Ó
ZO���� val rec�̀¦ ëß�[þt>� �)a s�Ä»�� �)a��.

3.1.4 ��l� �ÃÐ�̧\�¦ ��ÀÒ��H ¢̧ ���Ér ~½ÓZO�

Äºo���H ��l� �ÃÐ�̧\�¦ ¢-a���y� ìøÍ@/_� �'a&h�\�"f ��Ò�¦ Ãº e����. Äºo���H �<ÊÃº_� s�
2£§�̀¦ �̂>�&h�Ü¼�Ð ]j�����H ��õ	כ ìøÍ@/_� ~½ÓZO�Ü¼�Ð, �̧��H �<ÊÃº ³ð�&³d��\� �̂>�&h�
Ü¼�Ð s�2£§�̀¦ ·¡s��¦ y�� �<ÊÃº_� s�2£§\� @/K� &ñ
K���� ½©gË:�̀¦ ëß�[þt Ãº e����.
s� ~½ÓZO��̀¦ jþt �â
Äº, î̈
#3�ô�Ç �<ÊÃºü< F�) �<ÊÃºçß�_� ½̈ì�r�Ér ¢-a���y� \O�#Q�����.

double, sq, fact��H y��y�� ��6£§õ� °ú s� &ñ
_��)a��.

double f x ⇒ f (f x)
sq x ⇒ x*x
fact n ⇒ if n=0 then 1 else n*fact(n-1)

s� ~½ÓZO��Ér B�Äº f���'a&h�s� �)a����H �©�&h��̀¦ ��t��¦ e����. ¢̧ô�Ç s� ~½ÓZO��Ér �����
Û¼XO�>��<ÊÃº��H�s�Û¼Z>��Ð&ñ
_�÷&�̧2�¤SX��©�½+ÉÃºe����.s��â
Äºy��H�s�Û¼��H"f
�Ð ���Ér ½©gË:[þt\� @/6£xô�Ç��.2 #�l� fact�<ÊÃº\�¦ H�s�Û¼Z>��Ð &ñ
_�ô�Ç ��s	כ e����.

# val rec fact = fn 0 => 1 | n => n*fact(n-1);;

s���H ¿º ��t� ½©gË:�̀¦ ëß�[þt#Q �·p��.

2H�s�Û¼[þts� "f�Ð ���u�t� ·ú§��H #3�0A ?/\�"fëß� ÕªXO���.
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fact 0 ⇒ 1
fact n ⇒ n*fact(n-1)

Óüt�:r 'Í	P: ½©gË:s� &h�6 x|̈c Ãº \O��̀¦ M:ëß� ÑütP: ½©gË:s� &h�6 x�)a��. 7£¤ ÑütP: ½©gË:
_� &h�6 x�Ér (n 6=0)s�����H �̧|	�\� _�K� ]jô�Ç�)a��.

ÕªXO��� ��8���̧, s� f���'a&h���� ]X���HZO��Ér éß�&h�s� e����HX<, Õª��Ér	כ #Q�"� �<ÊÃº
[þt�Ér ��Ä» ���Ãº\�¦ ��t��¦ e��l� M:ë�H\�, s�XO�>� ��Ò�¦ �â
Äº ë�H]j�� |̈c Ãº e��l� M:
ë�Hs���.
\V\�¦ [þt���, ëß�{9� Äºo���

# val f = fn x => (compose ((fn y => x*y),(fn y => x*(y+1)))

ü< °ú s� &ñ
_��)a �<ÊÃº\�¦ ��Ò�¦ �â
Äº, s� &ñ
_�\�¦ éß�í�Hy� ��6£§õ� °ú s� ��Ë̈��H �	כ
�Ér Ô�¦��0px���.

# val f1 = fn y => x*y;;
# val f2 = fn y => x*(y+1);;
# val f = fn x => compose (f1,f2);;

Õª s�Ä»��H f1ü< f2\�"f ��������H x_� &ñ
_��� ]j 0Au�\�¦ #Á	#Qz�¤�¦, ����"f s�
��H ú́�s� îß�÷&l� M:ë�Hs���.
���õ�&h�Ü¼�Ð, Äºo���H x\�¦ f1õ� f2_� Dh�Ðî�r ������Ð ëß�[þt#Q ÅÒ#Q�� ô�Ç��. ����

"f Äºo���H ��6£§õ� °ú �Ér ���õ�\�¦ %3���H��.

# val f1 = fn x y => x*y;;
# val f2 = fn x y => x*(y+1);;
# val f = fn x => compose ((f1 x),(f2 x));;

Äºo���H 0Aü< °ú �Ér �̧���s� �½Ó�©� ��0px�����H �¦̀�	כ 7£x"î
½+É Ãº e����. s���� 7áxÀÓ
_� ���8̈��Ér #Q�"� �<ÊÃº ×�æd�� ���#Q_� ½̈�&³\� æ¼s��¦ e���¦, λ-P�É��?�(λ-lifting) s���
�¦ Ô�¦o�0>�����.

3.1.5 °úכB��̂� õ�&ñ


ëß�{9� Äºo��� Y>�Y>� ×�æ¹כ�t� ·ú§��H éß�>�[þt�̀¦ NS�¦ u�8̈��̀¦ s�6 x�#� Øþ��Ðo�\O� �<Ê

Ãº\�¦ >�íß����H �¦̀�	כ ��r� ¶ú�(R�Ð���, Äºo���H õ�&ñ
_� ”l���<Æ&h����” +þAI��� #Qb�G
>� ÷&��Ht�\�¦ "î
SX�y� �̂¦ Ãº e����. ³ð�&³d��_� ß¼l���H �<ÊÃº_� ���5Åq&h����  ñØ�¦s� s�
ÀÒ#Qt���H 1lxîß� &h�&h� Zþt#Q������, s�  ñØ�¦[þt�̀¦ :�xK� ëß�[þt#Q��� éß�í�Hô�Ç íß�Õüt ³ð�&³
d��[þts� °úכB��̂�÷&���"f &h�&h� ×�¦#Q��H��.

fact(3)
⇒ 3*fact(2)
⇒ 3*2*fact(1)
⇒ 3*2*1*fact(0)
⇒ 3*2*1*1
⇒ 3*2*1
⇒ 3*2
⇒ 6
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�<ÊÃº fact\� @/ô�Ç �̧��H  ñØ�¦�Ér ¿º ���P: ������� ·ú��9t�l� �����t���H Ãº'��|̈c
Ãº\O���HY�L!lr�̀¦ëß�[þt#Q�ÐÀÓK�é�H��.s��.���s�³ð�&³d��_�ß¼l���&�t���Hs�Ä»s	כ
Øþ��Ðo�\O� �<ÊÃº\�¦ ��ØÔ>� &ñ
_�K�"f >�íß�s� ��H�:r&h�Ü¼�Ð ��ØÔ>� Ãº'��÷&�̧2�¤

½+É Ãº e����. s� Dh�Ðî�r &ñ
_���H facti����H ����� 2>h\�¦ ~ÃÎ��H �<ÊÃº\�¦ ÆÒ���Ð &ñ
_�
�#� ��6 xô�Ç��.

# val rec facti = fn n r => (if n=0 then r else facti (n-1) (r*n));;
val facti : int -> int -> int = <fun>
# val fact = fn n => facti n 1;;
val fact : int -> int = <fun>

fact 3_� >�íß��Ér ��6£§õ� °ú s� �)a��.

fact 3
⇒ facti 3 1
⇒ facti 2 3
⇒ facti 1 6
⇒ facti 0 6
⇒ 6

#�l�"f, y�� éß�>�\�"f ��������H ³ð�&³d��_� ß¼l���H {9�&ñ
��¦, >�íß��Ér ��t�}��
facti �<ÊÃº_�  ñØ�¦s� =åQ����� 7áx«Ñ�)a��. 2.3]X�_� fold leftü< fold right �<ÊÃº
\�"f�̧ °ú �Ér 	�s�\�¦ �̂¦ Ãº e����.
Óüt�:r s���H z�́]j�Ð (��ÉÓ'�?/\�"f{9�#Q����H {9��̀¦ q�5pw�>�¬¹��ô�Ç ���Ô�¦õ\	כ

�t�ëß�, s� ¿º >�íß� ��s�_� 	�s���H z�́]j�Ð {9�#Q����H ¿º >�íß� ~½ÓZO� ��s�_� 	�s�
\�¦ ìøÍ%ò
ô�Ç��. {9�ìøÍ&h�Ü¼�Ð, ³ð�&³d��s� ��r� æ¼{9� M: Õª U�́s��� Zþt#Q����H ��Ér	כ z�́
]j>�íß��̀¦Ãº'��½+ÉM:��HBj�̧o���æ¼s���H�ª�õ�@/6£xô�Ç��.s�Bj�̧o���H��l�	�YV
\�¦ l���o���H >�íß�[þt�̀¦ $��©�K� Z�~l� 0AK� æ¼s���H Û¼×þ�_� +þAI��Ð �èq��)a��. (s�
\� @/ô�Ç ��[jô�Ç ��Ér	כ (����{9�\� @/K� ��ÀÒ��H 12�©��̀¦ �ÃÐ�̧���.) s�XO�>� Bj�̧o�
\�¦ �èq����H ��Ér	כ ¢̧ô�Ç >�íß� r�çß�_� 7£x��\�¦ ��4R�:r��.

factiü< °ú �Ér �<ÊÃº��H ºÿ�õi;+8�(iterative)Ü¼�Ð 1lx���ô�Ç��. ���ë�H 6 x#Q�Ð ú́�����,
s�ü< °ú �Ér �<ÊÃº[þt�Ér �ÛP�¹ÿ� ��M� ����Ð+8�(tail recursive)s���. s�[þt�Ér 7á§ �8 ò́õ�
&h���� +þAI��Ð ���8̈�|̈c Ãº e����. ìøÍ@/�Ð, fact_� 'Í	 ���P: !Q���õ� °ú �Ér �<ÊÃº[þt, ���
���Ð ��l� �ÃÐ�̧&h���� �<ÊÃº[þt�Ér, Õª��þts]	כ _�p����H Ãº�<Æ&h� �<ÊÃº[þt�̀¦ B�Äº f��]X�
&h�s��¦ �����Û¼XO�>� ³ð�&³ô�Ç��.
z�́]j�Ð��H, s� ¿º +þAI�_� ��l� �ÃÐ�̧�� \O����� ò́õ�&h����t���H #Q�"� (����{9� l�

Õüts� æ¼s�Ö¼��\� ß¼>� _��>rô�Ç��.

3.2 °úכB��̂� ���|ÄÌ &ñ
_��l�

Äºo��� 65Aá¤\�"f &ñ
_�ô�Ç ¢-a���$í
_� _�p�\� ���Ér�����, ¢-a���ô�Ç °úכB��̂� ���|ÄÌ�Ér �>r
F�ô�Ç��. �����\�¦ °úכB��̂��t� ·ú§�¦ �<ÊÃº_� &h�6 x�̀¦ Ãº'�����H °úכB��̂� ���|ÄÌ[þt�Ér l�
�:r&h�Ü¼�Ð ¢-a������. Õªo��¦ s�ü< °ú �Ér ¢-a���ô�Ç °úכB��̂� ���|ÄÌ\� l�ìøÍ�#� �<ÊÃº ×�æ
d�� ���#Q\�¦ ½̈�&³���H �	כ %i�r� ��0px���.
Õª�Q��, z�́]j�Ð��H, Ô�¦¢-a���ô�Ç ���|ÄÌ\� l�ìøÍô�Ç ½̈�&³s� �s̀��� s�u�\� ú́���. ���©�

×�æ¹כô�Ç s�Ä»��H, �̧��H �©�S!�\� @/K� �<ÊÃº ×�æd��&h� áÔ�ÐÕªA�bç
 Û¼��{9��̀¦ &h�6 x���H
��©��Ér	כ�s�#Q§>�l�M:ë�Hs���.ëß�{9�áÔ�ÐÕªÏþ�s�ü@ÂÒü<�©� ñ���6 x�̀¦ô�Ç�����,Õª	כ
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 ñ ���6 x_� �©�@/�� ÷&��H ü@ÂÒ [j>�_� ]j����̀¦ ìøÍ×¼r� �¦�9K��� ô�Ç��. 7£¤, ��|	�_�
í�H	�$í
(��|	�[þts� {9�#Q����H í�H"f\� @/ô�Ç ]j���)õ� °ú �Ér �¦̀�	כ �¦�9K��� ô�Ç��. \V
\�¦ [þt���, Äºo��� ��6 x��ü< @/�o\�¦ ���H +þAd��_� áÔ�ÐÕªÏþ��̀¦ Âú� M:, |9�ë�H�Ér ìøÍ×¼
r� Õª\� K�{©����H ²ú���� s����\� {9�#Q���� ô�Ç��. ����"f áÔ�ÐÕªA� Q��H áÔ�ÐÕªÏþ�
_� #��Q ÂÒì�r_� °úכB��̂� í�H"f\�¦ �̧¿º ·ú��¦ e��#Q�� �>� �)a��. ¢-a���ô�Ç °úכB��̂� ���
|ÄÌ\�"f��H,°úכB��̂�_�í�H"f��H°úכB��̂��©�u� –áÔ�ÐÕªA� Q������� –\�_�K�>�íß�\�
"f_� �_¹כ��9 í�H"f\� ���� ���&ñ
÷&�¦, ����"f °úכB��̂��Ér áÔ�ÐÕªA� Q_� ]j#Q\�¦ #Á	
#Qèß���.
ìḿ;c q�Â6Ò ìḿ8���»(evaluation by value)�� Ô�¦o���H °úכB��̂� ���|ÄÌ, ��r� ú́�����,

�<ÊÃº &h�6 x_� ������� &h�6 xs� {9�#Q��l� ���\� °úכB��̂�÷&��H ���|ÄÌ\�"f��H, áÔ�ÐÕªA�
 Q�� °úכB��̂� í�H"f\�¦ �̧¿º ����H ��s	כ ��0px���. s���H nML\�"f s� ���|ÄÌ�̀¦ ���×þ�
ô�Ç s�Ä»�� �)a��. ����"f nML�Ér #Q�"� 6£x6 x áÔ�ÐÕªÏþ�[þt�̀¦ ½̈�&³�l� 0AK� ¹ô�Çכ��9
�<ÊÃº ×�æd��&h�s�t� ·ú§�Ér ½̈$í
 ¦¹�è[þt�̀כ ��t��̧2�¤ SX��©�|̈c Ãº e����.
s��:r&h���� �'a&h�\�"f �Ð���, Ô�¦¢-a���ô�Ç ���|ÄÌ�̀¦ ���×þ�ô�Ç ��Ér	כ áÔ�ÐÕªÏþ�_� &ñ
SX�

$í
(correctness)\� @/ô�Ç #Q�"� 7£x"î
�̧ �íl�ô�Ç ��s	כ ��m���. ,/@�	�¹כ =åQ����H >�íß�
ëß� �¦�9�>� ÷&��� �̧��H Ô�¦¢-a���ô�Ç °úכB��̂� ���|ÄÌ�Ér ¢-a����>� ÷&�¦, :£¤y� ”°úכ\� _�
ô�Ç” ���|ÄÌ %i�r� ¢-a������. ���²DG °úכ\� _�ô�Ç °úכB��̂��̀¦ ���×þ�ô�Ç Î.	���Ð Äºo��� u�ÀÒ
#Q�� ���H �,�Ér	כ áÔ�ÐÕªÏþ�_� &ñ
SX�$í
�̀¦ 7£x"î
�l� 0AK�"f áÔ�ÐÕªÏþ�s� =åQèß�����H
�¦̀�	כ 7£x"î
K��� �>� ÷&%3�����H ��z�́s���.3

Äºo���H nML\�"fæ¼s��¦e����H�B��̂����|ÄÌכÂÒ'�r����K�"f,���ª�ô�Ç��0pxô�Ç°ú	כ
�̀¦ &ñ
_�K� ��°ú� �.���s	כ s� ���|ÄÌ[þt�Ér ���%i�&h���� ½©gË:[þt\� _�K� r�Û¼%7�\�"f &ñ
SX�
�>� &ñ
_��)a��.
Äºo���H s�½©gË:[þts�z�́]j���#Q��l�>�_� Ãºï�r\�"f ½̈�&³÷&��H ��õ	כ éß�t� q�5pw

�>� @/6£x�l�ëß� ô�Ç����H �¦̀�	כ l�%3�K��� ô�Ç��. ½̈�&³\�"f_� z�́]j ë�H]j[þt�Ér ���#Q
K�$3�(interpretation)\� @/K���ÀÒ��H 11�©�õ� ���#Q_� l�>�#Q���8̈�(compilation)\�
@/K� ��ÀÒ��H 12�©�\�"f �7H_�½+É �.���s	כ

3.2.1 °úכ\� _�ô�Ç °úכB��̂�, nML\�"f_� ���|ÄÌ

Äº��� Äºo�_� �7H_�\�¦ Y>�Y>� f���'a&h���� ½©gË:\� @/ô�Ç ¬¹��\�"f r����K� �Ð��.

ìḿ8���» ¦��Ð�¾ç>

• °úכÓü�6£§�̀¦ °úכB��̂��l� 0AK�"f��H, y�� "é¶�è[þt�̀¦ �̧�ÉrAá¤\�"f ¢,aAá¤Ü¼�Ð ���5Åq
�#� °úכB��̂�ô�Ç��.

• if t then e1 else e2 ³ð�&³d���̀¦ °úכB��̂��l� 0AK�"f��H, tÂÒ'� °úכB��̂��̀¦
r����ô�Ç��. ëß�{9� Õª °úכs� true s����, ����̂ ³ð�&³d���̀¦ e1Ü¼�Ð @/�̂ô�Ç��. ëß�{9�
Õª °úכs� falses����, ����̂ ³ð�&³d���̀¦ e2�Ð @/�̂ô�Ç��.

• �<ÊÃº ³ð�&³d�� (fn x ⇒ e) ¢̧��H (fn (x1,. . .,xn) ⇒ e) �Ér Õª�	כ ���̂��
°úכB��̂�_� ���õ�s���. Õª��Ér	כ �����\� &h�6 x|̈c M:��t� °ú �Ér �̧_þvÜ¼�Ð z����H��.

• �<ÊÃº_� &h�6 x�̀¦ °úכB��̂��l� 0AK�"f��H, Äº��� �����\�¦ °úכB��̂���¦ ��6£§\� ���
íß���\�¦ °úכB��̂�ô�Ç��. Õªo��¦ ��"f ���íß���\�¦ �����\� &h�6 xô�Ç��. ���íß�����H

3Äºo���H t��FK��t���H éß�t� y�� ½̈$í
 �\¹�èכ @/ô�Ç 7£x"î
�̀¦ :�xK�, #Q�"� áÔ�ÐÕªÏþ�[þt�Ér =åQ����H :£¤$í
�̀¦
���������H �¦ëß��̀	כ 7£x"î
½+É Ãº e��%3���.
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 »	!lrõ� °ú �Ér l��:r ���íß�s� |̈c Ãº e���¦, s� �â
Äº Äºo���H ���Ð ���õ�\�¦ %3�
��H��. ���Ér �â
Äº, ëß�{9� &h�6 xs� (fn x ⇒ e)(v) _� g1Js������, Äºo���H ³ð
�&³d�� e[x←e] \�¦ °úכB��̂����H �Ü¼�Ð	כ >�íß��̀¦ >�5Åqô�Ç��. Õªo��¦ ëß�{9� &h�
6 xs� (fn (x1,. . .,xn) ⇒ e) (v1,. . .,vn) _� g1Js������, Äºo���H ³ð�&³d��
e[(x1,. . .,xn) ← (v1,. . .,vn)]\�¦°úכB��̂����H�.��Ü¼�Ð>�íß��̀¦>�5Åqô�Ç	כ

• let val x=e1 in e2 end³ð�&³d���̀¦°úכB��̂��l�0AK�"f��H,Äºo���H���$� e1

�̀¦°úכB��̂���¦,���õ��� v1 s�������,��6£§\� e2[x ← v1] �̀¦°úכB��̂�ô�Ç��.4

• let val rec f = fn x ⇒ e1 in e2 end ³ð�&³d���̀¦ °úכB��̂��l� 0AK�"f
��H, e2[f ← Rec(fn f x ⇒ e1)] �̀¦ °úכB��̂�ô�Ç��.

0A ½©gË:�̀¦ ¢-a$í
�l� 0AK�"f��H, Äºo���H Rec f +þAI�_� &h�6 x\� @/ô�Ç °úכB��̂� ~½Ó
ZO��̀¦ "î
r�K��� ô�Ç��. ëß�{9� Äºo��� éß�í�Hy� Rec f \�¦ f (Rec f) g1J�Ð @/�̂ô�Ç��
���, ���Ð Áºô�Çô�Ç >�íß�\� ��t�>� ÷&��HX<, s�Ä»��H f (Rec f) \�¦ °úכB��̂��l� 0AK�
"f��H, ��r� ô�Ç��� Rec f \�¦ °úכB��̂�K��� �l� M:ë�Hs���. ����"f s� ~½ÓZO��Ér nML
\���H ú̧� ú́�t� ·ú§��H��.
Õª!3�\��̧ Ô�¦½̈��¦, Äºo���H ��6£§õ� °ú �Ér Dh�Ðî�r ½©gË:�̀¦ s�6 x�#� s�\�¦ K����

½+É Ãº e����.

Rec f x ⇒ f (Rec f) x

(Rec f) x \�¦ °úכB��̂��#� ���:r Rec e ��H &h�{©�ô�Ç ������� &h�6 x÷&%3��̀¦ �â
Äº
éß� ô�Ç���ëß� °úכB��̂�÷&�¦, �¦Ä»_� °ú̀�כ¦ ��t�>� �)a��. s� ~½ÓZO�Ü¼�Ð, Äºo���H Áºô�Çô�Ç
>�íß��̀¦ x�½+É Ãº e����.

a:@*9� ¦��Ð�¾ç>}¹ +ä�q�ùÚH ìḿ8���» ¦��Ð�

°úכB��̂� ½©gË:[þt�Ér ¢̧ô�Ç ��6£§õ� °ú s� ³ðr�÷&��H �'a>�\�¦ &ñ
_����H ���%i� ½©gË:[þt

�Ð çß�ÅÒ|̈c Ãº e����.

` e⇒ v

0A d��_� >pw�Ér ��6£§õ� °ú ��.

³ð�&³d�� e��H °úכ v\�¦ �������.

#�l�"f, Äºo��� °úכs����¦ ÂÒØÔ��H ��Ér	כ éß�í�Hy� þj�í_� ³ð�&³d���̀¦ ��r� +�"f
%3�#Q�·p ³ð�&³d��s���. �¦�9 @/�©�s� �)a ³ð�&³d��s� l��:r ��{9�s����� ¢̧��H �̧f�� l��:r
��{9�õ� X<
�ØÔàÔY�Lëß��̀¦ +�"f ëß���H ��{9�{9� �â
Äº, Õª °úכ�Ér ���:�x&h���� _�p�\�"f_�
°úכ_� �̧_þv�̀¦ �������. Õª\� ìøÍ�#�, �<ÊÃº �o¶ú�³ð\�¦ ?/ÂÒ\� ��t���H ³ð�&³d��_� �â

Äº, Õª °úכ�Ér éß�í�Hy� �<ÊÃº ³ð�&³d���̀¦ ��t��¦ e����H ³ð�&³d��s� �)a��. s���� ³ð�&³d��[þt
\�¦ °úכÜ¼�Ð 2[/åL�>� ÷&��� °úכÜ¼�Ð 2[/åL÷&��H ³ð�&³d��[þts� ×�¦{9� Ãº e����H �0A ³ð�&³

d���̀¦ ��|9� Ãº�̧ e��6£§\� ÅÒ_����. \V\�¦ [þt���, ³ð�&³d�� fn x⇒ x ∗ (2 + 3)�Ér ?/ÂÒ
\� (2+3)s�����H ×�¦s�l� ��0pxô�Ç �0A ³ð�&³d���̀¦ ��t���HX<�̧ Ô�¦½̈��¦ °úכÜ¼�Ð 2[
/åL�)a��.

4����"f ³ð�&³d�� let val x=e1 in e2 end�Ér (fn x ⇒ e2) e1 õ� ¢-a���y� 1lxu���� �Ü¼�Ð	כ 2[/åL

�)a��.
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���#Q_� �̧��H ½̈$í
 ~½ÓZO�\� @/K�, Äºo���H ��6£§õ� °ú �Ér +þAd��_� ���%i� ½©gË:�̀¦ &ñ

_�½+É �.���s	כ

��&ñ
[þt_� o�Û¼àÔ

����:r
(s�2£§)

#�l� Õª ½©gË:[þts� e����.

` e1 ⇒ v1 . . . ` en ⇒ vn
` (e1, . . . , en) ⇒ (v1, . . . , vn)

(°úכÓü�6£§)

` e1 ⇒ true ` e2 ⇒ v

` if e1 then e2 else e3 ⇒ v
(�̧|	�1)

` e1 ⇒ false ` e3 ⇒ v

` if e1 then e2 else e3 ⇒ v
(�̧|	�2)

` (fn x⇒ e) ⇒ (fn x⇒ e)
(�<ÊÃº1)

` (fn (x1, . . . , xn) ⇒ e) ⇒ (fn (x1, . . . , xn) ⇒ e)
(�<ÊÃº2)

` e⇒ op ` ei ⇒ vi ` op v1 . . . vn ⇒ v

` e e1 . . . en ⇒ v
(l��:r���íß��� &h�6 x)

` e1 ⇒ (fn x⇒ e) ` e2 ⇒ v2 ` e[x← v2] ⇒ v

` e1 e2 ⇒ v
(&h�6 x 1)

` e1 ⇒ (fn (x1 . . . xn) ⇒ e) ` e2 ⇒ (v1 . . . vn) ` e[xi ← vi] ⇒ v

` e1 e2 ⇒ v
(&h�6 x 2)

` e1 ⇒ v1 ` e2[x← v1] ⇒ v

` let val x = e1 in e2 end⇒ v
(Let 1)

` f (Rec f) x⇒ v

` Rec f x⇒ v
(Rec)

` e2[f← Rec(fn f x ⇒ e1)] ⇒ v

` let val rec f = fn x⇒ e1 in e2 end⇒ v
(Letrec)
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3.2.2 ¢̧ ���Ér ���|ÄÌ : p�ÀÒ#Q °úכB��̂��l�

ëß�{9� Äºo��� nML_� ���|ÄÌ\�"f r�����#� ¢-a���ô�Ç ���|ÄÌ�̀¦ %3��¦ z�·�����, °úכÓü�6£§õ�
�<ÊÃº &h�6 x, Rec\� @/ô�Ç Y>� ��t� ½©gË:[þtëß� �¦u���� �)a��.
°úכÓü�6£§\� @/ô�Ç Dh�Ðî�r ½©gË:�Ér ��6£§õ� °ú ��.

` (e1, . . . , en) ⇒ (e1, . . . , en)
(°úכÓü�6£§)

�<ÊÃº &h�6 x\� @/ô�Ç ½©gË:�Ér Õª��þts]	כ �����\�¦ °úכB��̂��t� ·ú§�̧2�¤ �¦5g�� ô�Ç��.
Õª!3�\��̧ Ô�¦½̈��¦, ��� s��©�_� ���Ãº\�¦ ����� �<ÊÃº, 7£¤ (fn (x1, . . . , xn) ⇒ e) _�
�â
Äº, #�l�\� ������� &h�6 x÷&l� 0AK�"f �������H ìøÍ×¼r� °úכÓü�6£§s�#Q�� �Ù¼�Ð, Äº
o���H ��6£§õ� °ú s� ½©gË:�̀¦ ëß�[þt#Q�� ô�Ç��.

` e1 ⇒ fn x⇒ e ` e[x← e2] ⇒ v

` e1 e2 ⇒ v
(&h�6 x 1)

` e1 ⇒ fn (x1, . . . , xn) ⇒ e ` e2 ⇒ (v1, . . . , vn) ` e[xi ← vi] ⇒ v

` e1 e2 ⇒ v
(&h�6 x 2)

��t�}��Ü¼�Ð, ½̈$í
 ~½ÓZO� Rec\� @/ô�Ç ½©gË:�Ér ��6£§õ� °ú s� %�6£§_� �̧�ª��̀¦ ��6 x
���� �)a��.

` Rec f⇒ f (Rec f)
(Rec)

Äºo���H s� õ�&ñ
�̀¦ p�ÀÒ#Q��� °úכB��̂�(delayed evaluation)s����¦ ÂÒ�Ér��.

p�ÀÒ#Q��� °úכB��̂��̀¦ s�6 x�#� %3��Ér °úכ[þt�Ér °úכ\� _�ô�Ç °úכB��̂��̀¦ s�6 x�#� %3�

#Q�·p°úכ[þtõ�°ú �̀¦�9¹כ���H\O���.\V\�¦[þt���,p�ÀÒ#Q���°úכB��̂�\�"f��H°úכÓü�6£§_����
��[þts� °úכB��̂�÷&t� ·ú§l� M:ë�H\�, (2+3, 7)�Ér °úכs���. �t�ëß� °úכBj _�ô�Ç °úכB��̂�
\�"f��H (5, 7)s�����H°ú%3¦̀�כ�l�0AK�>�íß��̀¦Ãº'��K���ô�Ç��.Õª�Q��,çß�éß�ô�Ç��
{9�\� 5Åq���H ³ð�&³d��[þt_� �â
Äº, °úכ\� _�ô�Ç °úכB��̂�õ� p�ÀÒ#Q��� °úכB��̂�Ü¼�Ð %3���H
���õ���H °ú ��. 7£¤, K�{©����H ��{9�\� 5Åq���H �©�Ãº\�¦ °úכÜ¼�Ð %3��̀¦ Ãº e����.
Äºo��� s�ü< °ú �Ér ~½ÓZO�Ü¼�Ð &ñ
_�ô�Ç ���|ÄÌ�̀¦ s�K��l� 0AK�"f, ��6£§õ� °ú �Ér

³ð�&³d���̀¦ �¦�9K� �Ð��.

(fn (x, y) ⇒ x) ((fn x⇒ (x, fact 1000)) 3)

p�ÀÒ#Q��� °úכB��̂�Ü¼�Ð 0A ³ð�&³d��_� °ú̀�כ¦ ¹1Ô��?/l� 0AK�"f��H, ³ð�&³d��s� �����
�� °úכÓü�6£§��� �<ÊÃº\�¦ ����� �<ÊÃº &h�6 xs�Ù¼�Ð, Äºo���H (&h�6 x 2) \� �'aô�Ç ½©gË:�̀¦ ��
6 xK���ô�Ç��.s�½©gË:�̀¦&h�6 x�l�0A�"f��H,�����_�°úכÓü�6£§ ½̈�̧�����Ü¼�Ð×¼�Q
���� ��¦, ����"f Äºo���H ìøÍ×¼r� �����, 7£¤ ((fn x⇒ (x, fact 1000)) 3) \�¦ °úכ
B��̂�K���ëß� ô�Ç��.
s�\�¦ °úכB��̂��l� 0AK�"f��H, çß�éß�ô�Ç �<ÊÃº &h�6 x\� @/ô�Ç ½©gË:��� (&h�6 x 1) �̀¦ ��

6 x���� �)a��. &h�6 x ���õ���H (3, fact 1000) s� �)a��.
s�]j s� °úכÓü�6£§\� �<ÊÃº fn (x, y) ⇒ x \�¦ &h�6 x����, Äºo���H fact 1000 �̀¦ °úכ

B��̂�½+É ¹כ��9 \O�s� ���Ð ���õ�\�¦ %3��̀¦ Ãº e����.
����"f p�ÀÒ#Q��� °úכB��̂�\� _�K� 0A ³ð�&³d���̀¦ >�íß����H õ�&ñ
�Ér ��6£§õ� °ú ��.
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(fn (x, y) ⇒ x) ((fn x⇒ (x, fact 1000)) 3)
⇒ (fn (x, y) ⇒ x) (3, fact 1000)
⇒ 3

3.2.3 p�ÀÒ#Q��� °úכB��̂��̀¦ ��«Ñ ½̈�̧\���t� SX��©��l�

Äºo���Hp�ÀÒ#Q���°úכB��̂�\�"f°úכÓü�6£§\�@/K���6 xÙþ¡~��~½ÓZO��̀¦���Ér#Q�"���«Ñ ½̈

�̧�� ½̈$í
~½ÓZO�\��̧&h�6 x½+ÉÃºe����.\V\�¦[þt���,o�Û¼àÔ_� ½̈$í
~½ÓZO���� Cons(::)
\�¦ ��6 x½+É M:�̧, Õª �����\�¦ °úכB��̂�½+É ¹��Hכ��9 \O���.
J���� B�g�A_� �â
Äº, Äºo�_� &h�6 x ½©gË:s� �-Áº 4�¤ú̧�K�t�t� ·ú§�̧2�¤, ]jô�Ç�)a +þA

I�_� J���� B�g�A\� @/K�"fëß� Òqty��K� �Ð��. ��«Ñ ½̈$í
�� C1, C2, . . ., Cn \�¦ �í

�<Ê���H ��{9�s� e�����¦ ����, s� ��{9�\� @/K� H�s�Û¼Z>��Ð &ñ
_��)a �<ÊÃº��H �½Ó�©�
fn p1 ⇒ e1 | . . . | pn ⇒ en _� +þAI�\�¦ ��t��¦, pi ��H Ci(x1, . . . , xni) _� +þAI�s�
 9, ni ��H ��«Ñ ½̈$í
�� Ci _� �����_� Ì�	Ãº\�¦ �����·p��.

\V\�¦ [þt���, ��6£§õ� °ú �Ér o�Û¼àÔ_� &ñ
_�\�"f��H

# type ’a list = Nil | Cons of ’a * ’a list;;

Nil õ� Cons(x1, x2) +þAI�_� J�����̀¦ ��6 x���H ��ëß�s	כ )�6 x�)a��.
��«Ñ ½̈$í
��[þt\� @/ô�Ç Dh�Ðî�r ½©gË:�Ér ��6£§õ� °ú ��.

` C(e1, . . . , en) ⇒ C(e1, . . . , en)
(½̈$í
��)

` e⇒ (fn . . . | Ci(x1, . . . , xni) ⇒ ei | . . .)
` e′ ⇒ C(e1, . . . , en) ` ei[xj ← ej] ⇒ v

` e e′ ⇒ v
(H�s�Û¼ &h�6 x)

s� ½©gË:[þt�Ér #Q�"� áÔ�ÐÕªÏþ�[þt_� 4�¤ú̧��̧\� ×�æ¹כô�Ç %ò
�¾Ó�̀¦ z�}9� Ãº e����. ¢̧
ô�Ç, s� ½©gË:[þt�Ér áÔ�ÐÕªA� Q\�>� Dh�Ðî�r ��0px$í
�̀¦ ]j/BNô�Ç��.
\V\�¦ [þt���, Ãº\P�s�����H Ãº�<Æ&h� >h¥Æ��Ér ��6£§õ� °ú �Ér çß�éß�ô�Ç ��{9��̀¦ ��t���H

Áºô�Ç o�Û¼àÔ�Ð f��]X� ³ð�&³|̈c Ãº e����.

# type ’a seq = Cons of ’a * ’a seq;;

Äºo���H Cons\�¦ o�Û¼àÔ ��{9�\� @/ô�Ç ×�æ0A ���íß��� :: �Ð ³ðl���¦, ����"f ¿º
Ãº\P�_� ½+Ë�Ér ��6£§õ� °ú s� çß�éß�y� jþt Ãº e����.

# val rec sum =
fn (a1::l1, a2::l2) => (a1+a2)::sum(l1,l2);;

����"f x��Ð��u� Ãº\P��Ér ��6£§õ� °ú s� çß�éß�y� ³ð�&³�)a��.

# val rec fibs = 1::fibs1
and fibs1 = 1::sum(fibs, fibs1);;
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s�&ñ
_�[þt�ÉrÕª���'þt���̂ëß�Ü¼�Ð��H��Áº���>�íß��̀¦Ãº]	כ�t�·ú§��H��.ìøÍ���,s�
Ãº\P�\�"f "é¶�è ���\�¦ %3�#Q?/��H {9��Ér s� "é¶�è\�¦ ½̈���H >�íß��̀¦ r�����>� ��¦,
s� "é¶�è\�¦ >�íß���9���, Äºo���H s� "é¶�è ·ú¡_� �̧��H "é¶�è\�¦ >�íß�K��� ô�Ç��. "é¶�è
���\�¦ %3�#Q?/�9��� Äºo���H nth����H s�2£§_� �<ÊÃº\�¦ ��6 xô�Ç��.

# val rec nth =
fn n (a::l) => if n=0 then a else (n-1) l ;;

#�l� 4���P: x��Ð��u� Ãº\�¦ %3�#Q?/��H >�íß�s� e����.

3.3 áÔ�ÐÕªÏþ�_� _�p� ½̈�̧

áÔ�ÐÕªÏþ�_� _�p� ½̈�̧\�¦ s�K��l� 0AK�"f, Äºo���H Äº��� ��r� æ¼l�\�¦ s�6 xô�Ç _�
p� ½̈�̧(rewrite semantics)\� @/K� ¶ú�(R�Ð�¦, ¢̧ô�Ç Ãº�<Æ&h� ³ðl�ZO��̀¦ s�6 xô�Ç _�
p� ½̈�̧(denotational semantics)\� @/K�"f�̧ çß�éß�y� ·ú����� ô�Ç��. s�\�¦ ·ú����Ð
��H õ�&ñ
\�"f, #��Qì�r�Ér �= Äºo��� Ãº�<Æ&h� ³ðl�ZO��̀¦ s�6 xô�Ç _�p� ½̈�̧\�¦ ��6 x�
��H @/��� ��r� æ¼l�\�¦ s�6 xô�Ç _�p� ½̈�̧\�¦ ��6 xÙþ¡��Ht�\�¦ ·ú� Ãº e���̀¦ �.���s	כ

3.3.1 ��r� æ¼l�\�¦ s�6 xô�Ç _�p� ½̈�̧

Äºo���H ���5Åq&h���� õ�&ñ
\� _�K�"f ³ð�&³d���̀¦ °úכÜ¼�Ð ���8̈����H ��r� æ¼l� ½©gË:[þt

�̀¦ &ñ
_�Ùþ¡��. s� �â
Äº °úכ�Ér éß�í�Hy� �8 s��©� ��r� jþt Ãº \O���H ³ð�&³d��s���. Äºo�
��H s���� ³ð�&³d��[þt�̀¦ �&³F� �¦�9×�æ��� ��r� æ¼l� ½©gË:\� �'aK� +ä�¦� 0ïF?�(normal
form) \� e�����¦ ú́�ô�Ç��. ³ð�&³d��s� éß�í�Hô�Ç ��{9�(&ñ
Ãº, z�́Ãº, �7Ho�°úכ 1px) �̀¦ ��|9�
�â
Äº, &ñ
½© +þAI���H {9�ìøÍ&h�Ü¼�Ð s���l����H ³ð�&³d��_� °úכõ� °ú �Ér +þAI�\�¦ �������.
�̧��H =åQ����H >�íß��Ér °ú �Ér °ú̀�כ¦ ���õ��Ð ��t�l� M:ë�H\�, ��r� æ¼l� ½©gË:�Ér ³ð

�&³d��_� °ú̀�כ¦ �̧ ñ�t� ·ú§>� &ñ
_�½+É Ãº e��>� K� ï�r��. Val(E)�Ð ³ðl�÷&��H ³ð�&³d��
E_� °úכ�Ér, =åQ����H >�íß�s� �>rF�½+É �â
Äº, E_� &ñ
½© +þAI�, 7£¤ �̧��H =åQ����H >�íß�s�
�̧²ú����H /BN:�x_� ³ð�&³d��Ü¼�Ð &ñ
_��)a��. Õª��� >�íß�s� �>rF��t� ·ú§�̀¦ �â
Äº, E_�
&ñ
½© +þAI���H &ñ
_�÷&t� ·ú§��H��. Õª�Q��� �<ÊÃº Val�Ér ���#Q_� _�p� ½̈�̧\�¦ &ñ
_��
��H ��s	כ �)a��. 7£¤, Val�Ér ���#Q_� �̧��H ³ð�&³d��\� @/K� °ú̀�כ¦ ������K� ÅÒ��H %i�½+É(q�
2�¤ &ñ
_�÷&t� ·ú§�Ér °úכs��� ½+Ét����̧)�̀¦ ô�Ç��.
ô�Ç¼#� Äºo���H ��r� æ¼l��� s�ÀÒ#Qt���H í�H"f\� ]jô�Ç�̀¦ ¿º#Q"f °úכB��̂� ���|ÄÌ�̀¦

&ñ
_����H ~½ÓZO�\� @/K� ¶ú�(R�Ð��¤��. ÅÒ#Q��� °úכB��̂� ���|ÄÌ S\� @/K�, S_� ½©gË:\�
���Ér >�íß� ]X�	�\�¦ ����"f ³ð�&³d�� E\�¦ °úכB��̂��#� %3�#Q��� °úכ E’��H, ëß�{9� =åQ����H
>�íß�s������ Val(E’) = Val(E) \�¦ ëß�7á¤ô�Ç��. >�����, ëß�{9� E�� çß�éß�ô�Ç ��{9�s���
���, E’ = Val(E) �� $í
wn�ô�Ç��.
Äºo���H °úכB��̂� ���|ÄÌ Sü< ����'a�)a °úכB��̂� �<ÊÃº\�¦ V alS ���¦ ³ðl�½+É �.���s	כ

ëß�{9� E�� çß�éß�ô�Ç ��{9�s��¦, V alS(E)�� &ñ
_��)a�����(7£¤, =åQ����H >�íß�s������), Äº
o���H Val(E) %i�r� &ñ
_�÷&�¦ V alS(E) = Val(E) �� $í
wn��<Ê�̀¦ SX����½+É Ãº e����. ëß�
{9� E�� çß�éß�ô�Ç ��{9�s� ��m������, Äºo���H éß�t� Val(V alS(E)) = Val(E) e���̀¦ ·ú�
Ãº e����.

3.3.2 Ãº�<Æ ³ðl�\�¦ s�6 xô�Ç _�p� ½̈�̧

s� ���#Q�� �<ÊÃº ×�æd��&h�s�����H ��z�́�Ér Ãº�<Æ ³ðl�\�¦ s�6 xô�Ç _�p� ½̈�̧\�¦ ¶ú�(R�̂¦

��u���e��>�ëß���H��. ½̈�̂&h�Ü¼�Ðëß�{9�Äºo���s����#Q����ÀÒ��H �̧��H°úכ[þt_�|9�
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½+Ë�̀¦ D�� &ñ
_�ô�Ç�����(7£¤, D����H Ãº�<Æ&h� l� ñ�Ð ³ðl�ô�Ç�����), �<ÊÃº[þt %i�r� °úכs�
Ù¼�Ð, D ��H �<ÊÃº /BNçß� D → D �̀¦ �í�<ÊK���ëß� � 9, s���H D → D �� �½Ó�©� D �Ð��
ú́§�Ér "é¶�è\�¦ ��t��¦ e��l� M:ë�H\� �Ð:�x_� Ãº�<Æ\�"f��H q��&³z�́&h�s���. ����"f Äº
o���H ����̂ �<ÊÃº /BNçß��Ð�� ����̧2�¤ D → D \�¦ ú̧� K�$3�K��� ô�Ç��. Äºo���H s�\�¦ D
\� @/ô�Ç 0A�©��̀¦ &ñ
_���¦ D → D \�¦ D 0A\�"f_� ���5Åq�<ÊÃº[þt_� /BNçß�Ü¼�Ð K�$3�
�<ÊÜ¼�Ð+� s�\�¦ K����½+É Ãº e����. s�ü< °ú s�, Ãº�<Æ ³ðl�\�¦ s�6 xô�Ç _�p� ½̈�̧��H B�
Äº<Éªp��Ðî�rÅÒ]js�t�ëß�,s�Õþ�\�"f��ÀÒl���H�-Áº4�¤ú̧�ô�ÇÅÒ]js���.s�ÅÒ]j\�
@/ô�Ç a%~�Ér {9�ë�H ��«Ñ\�¦ 0AK�"f��H [3] \�¦ �ÃÐ�̧���.

��r� æ¼l�\�¦ s�6 x�#� &ñ
_�ô�Ç _�p� ½̈�̧��H f���'a&h�Ü¼�Ð s�K��l� ~1�����H �©�

&h��̀¦ ��t��¦ e����. ¢̧ô�Ç Õª��Ér	כ ��6£§ ]X�\�"f �è>h½+É áÔ�ÐÕªÏþ�_� &ñ
SX�$í
 7£x"î
�̀¦
&ñ
{©��o���H l��§�Ð�̧ ��6 x�)a��.

3.4 áÔ�ÐÕªÏþ�_� &ñ
SX�$í
 7£x"î
�l�

�<ÊÃº×�æd��&h�áÔ�ÐÕªÏþ�_�:£¤$í
\�@/ô�Ç7£x"î
[þt�Ér1lxu�ëß�[þtl��7HZO�(equational rea-
soning), 7£¤ #Q�"� ³ð�&³d���̀¦ °ú �Ér °ú̀�כ¦ ��t���H ���Ér ³ð�&³d��Ü¼�Ð @/�̂���H ~½ÓZO�
õ�, ��«Ñ ½̈�̧\� @/ô�Ç Ãº�<Æ&h� )±ú�ZO�_� &h�6 xÜ¼�Ð s�ÀÒ#Q�����.

3.4.1 1lxu�ëß�[þtl� �7HZO�

áÔ�ÐÕªÏþ��̀¦ °úכB��̂��l� 0Aô�Ç ��r� æ¼l� ½©gË:[þt�Ér ¢̧ô�Ç 1pxd��[þts��� 1lxu� �'a>�

�Ð K�$3�|̈c Ãº�̧ e����. Äºo��� ��r� æ¼l� ½©gË: ���\�¦ &h�6 x�#� ³ð�&³d�� E�ÐÂÒ'�
E’\�¦ %3�%3����¦ ��&ñ
���. s���H E ⇒ E’�Ð ³ð�&³�)a��. ëß�{9� E’�� ú̧� &ñ
_��)a °úכs�
�����, E %i�r� s�õ� >á¤°ú �Ér °ú̀�כ¦ �������. Õª s�Ä»��H Äºo���H E ⇒ E’ ����H ��z�́�̀¦
s�6 x�#� E_� °ú̀�כ¦ >�íß����H õ�&ñ
�̀¦ �½Ó�©� E’_� °ú̀�כ¦ >�íß����H õ�&ñ
õ� ����'ar�
~�́ Ãº e��l� M:ë�Hs���. %i�Ü¼�Ð, ëß�{9� E�� ú̧� &ñ
_��)a °ú̀�כ¦ ����������, E’%i�r� Ãº§4�
$í
\� _�K�"f Eü< >á¤°ú �Ér °ú̀�כ¦ �������.
���¹כ����, E ⇒ E’ ����H ��z�́�Ér Val(E) = Val(E’)����H ��z�́�̀¦ _�p�ô�Ç��. ��

��"f Äºo���H ��r� æ¼l� ½©gË:�̀¦ ³ð�&³d��[þtçß�_� 1pxd��s��� 1lxu� �'a>��Ð ��6 x½+É Ãº

e����.
 »	·¡#�"f, ��6£§�̀¦ 7£x"î
���H ��s	כ ��0px���.

Val(E) = Val(E’) ��H Val(E[x ← E”]) = Val(E’[x ← E”]) \�¦ _�p�ô�Ç
��.

���õ�&h�Ü¼�Ð, 1lxu�ëß�[þtl� �7HZO��Ér u�8̈�\� @/K�"f�̧ Ä»ò́ô�Ç 1lxu� �'a>�\�¦ $í
wn�
r������.
\V\�¦ [þt#Q, ��6£§õ� °ú �Ér �<ÊÃº[þt\� @/K� Òqty��K� �Ð��.

# val double = fn f x => f (f x);;
# val compose = fn f g x => f (g x);;

Õª�Q��� 1lxu�ëß�[þtl� �7HZO��Ér �̧��H �<ÊÃº hü< °úכ[þt x\� @/K�

double h x = h (h x) = compose h h x
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�� $í
wn��<Ê�̀¦ ·ú� Ãº e��>� K� ï�r��.
����"f Äºo���H ³ð�&³d�� double h x ü< compose h h x �� �̧��H hü< x\� @/

K� °ú �Ér °ú̀�כ¦ ���������H ��z�́�̀¦ 7£x"î
Ùþ¡��.
Õª�Q�� ëß�{9� :£¤&ñ
ô�Ç °úכB��̂� ���|ÄÌ S\� @/K�"fëß� Òqty��ô�Ç�����, 0Aü< °ú �Ér 1lxu�

ëß�[þtl� �7HZO��Ér °úכB��̂� ���|ÄÌ Sëß��̀¦ ��6 xÙþ¡�̀¦ M:�̧ 0A_� ¿º ³ð�&³d��s� °ú ����H �	כ
�̀¦ 7£x"î
K� ÅÒt���H ·ú§��H��. \V\�¦ [þt#Q, ��6£§õ� °ú �Ér ��l� �ÃÐ�̧ �<ÊÃº\� @/K� Òqty��
K� �Ð��.

# val f = fn x => f (f x);;

s��â
Äº¿º³ð�&³d�� (fn x⇒ 0) (f 1)õ� 0�Ér°ú t�ëß�,'Í	���P:³ð�&³d���Ér nML
\�"f ��6 x���H ���|ÄÌëß��̀¦ ��6 x½+É �â
Äº °ú̀�כ¦ ��t�t� ·ú§��H��.
Ô�¦¢-a���ô�Ç ���|ÄÌ Sëß��̀¦ ��6 x½+É �â
Äº E = E’ \�¦ K�$3����H Ä»{9�ô�Ç ~½ÓZO��Ér, ëß�{9�

V alS(E)ü< V alS(E’)��Ñüt��&ñ
_��)a�����, Val(V alS(E)) = Val(V alS(E’))���)a
����H �.���s	כ ëß�{9�, s� ³ð�&³d��[þts� l��:r ��{9�\� 5Åqô�Ç�����, V alS(E) ü< V alS(E’)
��H 1lx{9����.
��z�́, Äºo��� &ñ
SX�$í
�̀¦ 7£x"î
��¦ z�·�Ér @/ÂÒì�r_� áÔ�ÐÕªÏþ�[þt�Ér Áºô�Çô�Ç >�íß�

�̀¦ �í�<Ê�t� ·ú§��H��. s� �â
Äº, #Q�"� °úכB��̂� ���|ÄÌ S\� @/K�"f�̧, V alS��H �̧��H ³ð
�&³d��\� @/K� &ñ
_�÷&�¦, ����"f 1lxu�ëß�[þtl� �7HZO��Ér "î
SX�y� Ä»ò́���. �t�ëß� s�
\�¦ ��6 x�l� 0AK�"f��H, Äºo���H Äºo�_� áÔ�ÐÕªÏþ�s� Áºô�Çô�Ç >�íß��̀¦ �í�<Ê�t� ·ú§
��H����H ��z�́�̀¦ 7£x"î
K��� ô�Ç��. 7£¤, Äºo���H 4�»ÿ�T� Ê������̀¦ 7£x"î
K���ëß� ô�Ç��.

3.4.2 �<ÊÃº\�¦ °úכÜ¼�Ð 2[/åL���H �¦̀�	כ �¦�9�l�

¿º �<ÊÃº ³ð�&³d��s� °ú �Ért�_� #�ÂÒ\�¦ 7£x"î
���H ��Ér	כ @/ÂÒì�r_� �â
Äº Ô�¦��0px���.
\V\�¦ [þt���, ¿º ³ð�&³d�� fn x⇒ x ü< fn y⇒ y ��H ë�HZO�&h�Ü¼�Ð ��ØÔl� M:ë�H\� s�[þt
s� "f�Ð °ú ���¦ f��]X� ú́��l���H #Q§>���.
s���� ë�H]j\�¦ K�����l� 0AK�"f, Äºo���H ëß�{9� ¿º �<ÊÃº�� °ú �Ér �����\� &h�6 x÷&

%3��̀¦ M: °ú �Ér ���õ�\�¦ �·p�����, ¿º �<ÊÃº�� °ú ���¦ Òqty��ô�Ç��. 7£¤,

(∀x, f(x) = g(x)) =⇒ f = g

s���.ëß�{9� fü< g���<ÊÃº³ð�&³d��s������, f= ge���̀¦�Ðs�l�0AK�"f��H, fü< g?/
\� ������t� ·ú§��H ���Ãº z\� @/K� fz= gze���̀¦ �Ðs���� �)a��.
\V\�¦ [þt#Q, fn x⇒ x = fn y⇒ y e���̀¦ �Ðs�l� 0AK�"f��H, �̧��H z\� @/K�

(fn x⇒ x) z= (fn y⇒ y) ze���̀¦ �Ðs���H �Ü¼�Ð	כ Ø�æì�r���.
°ú �Ér s�Ä»�Ð, Äºo��� s���� ]X�\�"f �Ð%i�~�� �¦̀�	כ s�6 x����, Äºo���H �̧��H �<ÊÃº

h\� @/K� ��6£§s� $í
wn��<Ê�̀¦ ·ú� Ãº e����.

double h = compose h h

Õª�Q��, Äºo���H fz= gz�ÐÂÒ'� f= g\�¦ s�=åJ#Q ?/l� 0AK�"f��H ���Ãº z�� fü<
g?/\� ������t� ·ú§���� ô�Ç����H ��z�́\� ÅÒ_�K��� ô�Ç��.

double h = compose h h�ÐÂÒ'� double = compose h\�¦s�=åJ#QèqÃºe��
��H ~½ÓZO��Ér \O���.
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3.4.3 H�s�Û¼Z>��Ð Òqty���l�

#Q�"����Ãº_���{9�s�&ñ
K�4R"fÕª���Ãº��éß�t�Ä»ô�Çô�ÇÌ�	Ãº_�°úכëß��̀¦��|9�Ãºe��

���¦ ����, Äºo���H Õª ���Ãº_� °úכ\� @/K� H�s�Û¼Z>��Ð Òqty���#� 7£x"î
���H ~½ÓZO��̀¦
��6 x½+É Ãº e����.
\V\�¦ [þt���, Äºo��� ��6£§õ� °ú �Ér 1pxd���̀¦ 7£x"î
��¦ z�·���¦ ���.

(if c then f else g) x = if c then f x else g x

c�� ��ëß� trueü< tt falseëß��̀¦ ��|9� Ãº e��l� M:ë�H\�, Äºo���H ��6£§ ¿º >h_� d��
ëß� 7£x"î
���� �)a��.

(if true then f else g) x = if true then f x else g x
(if false then f else g) x = if false then f x else g x

3.4.4 Ãº�<Æ&h� )±ú�ZO� s�6 x�l�

Äºo��� ��6 x½+É )±ú�ZO��Ér &ñ
Ãº\� @/ô�Ç )±ú�ZO�_� SX��©�+þAs���. Äºo���H ��«Ñ ½̈�̧
[þt�̀¦ |9�½+ËÜ¼�Ð Òqty���#� #�l�\� )±ú�ZO��̀¦ &h�6 x½+É �.���s	כ

(6£§ �����) &ñ
Ãº\� @/K�"f��H, ∀n P (n) s�����H :£¤$í
�̀¦ 7£x"î
�l� 0AK�"f Äºo�
��H ��6£§ ¿º ��t�\�¦ 7£x"î
Ùþ¡��.

• P (0)

• ∀n (P (n) =⇒ P (n + 1))

ëß�{9� Äºo��� &ñ
Ãº\�¦, Z(0�̀¦ ����ÍÇr)ü< S(ÅÒ#Q��� &ñ
Ãº_� ��6£§ &ñ
Ãº\�¦ [�t�9ÅÒ
��H �<ÊÃº) ëß�Ü¼�Ð Ä»{9��>� �����·p�����, )±ú� "é¶o���H ��6£§õ� °ú s� ����èq Ãº e��
��.

• P (Z)

• ∀n (P (n) =⇒ P (S(n)))

s� ³ðl�ZO�\�"f, Zü< S��H ��6£§õ� °ú s� &ñ
_�÷&��H &ñ
Ãº ��{9�_� ��«Ñ ½̈$í
���Ð
Òqty��½+É Ãº�̧ e����.

# type nat = Z | S of nat;;

q�5pw�>�, ��6£§õ� °ú �Ér ��{9�\� @/K�"f�̧ Òqty��K� �Ð��.

# type btree = Empty | Bin of btree * btree;;

∀t P (t) +þAI�_� :£¤$í
�̀¦ 7£x"î
�l� 0AK�"f��H, Äºo���H ��6£§�̀¦ 7£x"î
K��� ô�Ç��.

• P (Empty)

• ∀t1, t2 P (t1) and P (t2) =⇒ P (Bin(t1, t2))

s� 7£x"î
�Ér btree ��{9�_� Óüt�̂_� ß¼l�\� @/ô�Ç )±ú�ZO� &h�6 xÜ¼�Ð Òqty��½+É Ãº�̧
e����. �t�ëß� s� ~½ÓZO��Ér Óüt�̂_� ß¼l�\� @/ô�Ç f��]X� �ÃÐ�̧ \O�s�, y�� ��«Ñ ½̈$í
��\�
@/K� éß� ô�Ç ��t� �â
Äºëß� ��t���� ÷&l� M:ë�H\� �8 Äº������¦ ½+É Ãº e����. s� ~½Ó
ZO��Ér ��«Ñ ½̈$í
��\�¦ s�6 x�#� &ñ
_��)a ��«Ñ ½̈�̧[þt_� |9�½+Ë �̧¿º\� @/K� &h�6 x ��

0px���.
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3.4.5 >�íß�s� =åQz���̀¦ 7£x"î
�l�

#Q�"��<ÊÃº���̧��H%ò
%i�\�"f&ñ
_�÷&%3���Ht�ÕªXO�t�·ú§�Ért���H�lB+ä�ù��¬£�}"¤�<(undecidable)
:£¤$í
s���. 7£¤, #Q�"� �<ÊÃº_� &ñ
_�\�¦ ~ÃÎ��"f Õª��s	כ �̧��H {9�§4� X<s�'�\� @/K� &ñ

_�÷&#Qe����Ht�\�¦·ú��9ÅÒ��H·ú��¦o�7£§�Ér�>rF��t�·ú§��H��. ¢̧ô�Ç,#Q�"��<ÊÃº_�&ñ

_�ü< :£¤&ñ
ô�Ç °úכ ���\�¦ ~ÃÎ��"f ÅÒ#Q��� °úכs� ÅÒ#Q��� �<ÊÃº\� 5Åq���Ht�\�¦ ·ú��9 ÅÒ

��H ·ú��¦o�7£§ %i�r� �>rF��t� ·ú§��H��.
s� q����&ñ
$í
_� ë�H]j��H >�íß� ��0pxô�Ç �<ÊÃº[þt_� |9�½+Ë�̀¦ &ñ
_����H #Q�"� &ñ
+þA�o

�)a r�Û¼%7� – ÈÓa�A  Q���, λ-Calculus, Õªo��¦ #��� áÔ�ÐÕªA�bç
 ���#Q[þt – \�"f�̧
����èß���. ���õ�&h�Ü¼�Ð #Q�"� �<ÊÃº�� =åQ����Ht�\�¦ 7£x"î
���H ��Ér	כ Áºô�Çy� 4�¤ú̧�½+É
Ãº e����.
Õª�Q��, s�ü< °ú �Ér 7£x"î
s� �t�� çß�éß��>� =åQ����H ú́§�Ér �©�S!�[þts� �>rF�ô�Ç��.

�<ÊÃº f�� l��:r&h���� ��«Ñ ½̈$í
��[þtõ�, Äºo��� s�p� �̧��H /BM\�"f &ñ
_�÷&#Q e��6£§
�̀¦ ·ú��¦ e����H l��:r&h���� �<ÊÃº[þtëß��̀¦ ��6 xK�"f ëß�[þt#Q��� ��l� �ÃÐ�̧ �<ÊÃº���¦ �

��. s� f�� �̧��H /BM\�"f &ñ
_�÷&#Q e��6£§�̀¦ 7£x"î
�l� 0AK�"f��H, f_� ?/6 x\�"f ��
������H f_� ��l� �ÃÐ�̧  ñØ�¦s� ��t���H ������� f�� ��t���H ������Ð�� �8 ’çß�éß�ô�Ç’
+þAI�s��¦, l��:r&h���� H�s�Û¼[þts� ú̧� &ñ
_�÷&��� �)a��.
\V\�¦ [þt#Q, ��6£§õ� °ú �Ér Øþ��Ðo�\O� �<ÊÃº\� @/K� Òqty��K� �Ð��.

fact(0) = 1
fact(n) = n*fact(n-1)

Äºo���H 7£¤r� �<ÊÃº fact�� �̧��H �ª�_� &ñ
Ãº\� @/K� &ñ
_�÷&#Q e��6£§�̀¦ )±ú�ZO�
Ü¼�Ð �Ð{9� Ãº e����.

• fact(0)�Ér &ñ
_�÷&#Q e���¦ Õª °úכ�Ér 1s���.

• �̧��H &ñ
Ãº n\� @/K�, ëß�{9� fact(n)s� &ñ
_�÷&%3����¦ ��&ñ
���� fact(n+1)
¢̧ô�Ç &ñ
_�÷&�¦, Õª °úכ�Ér (n+1)*fact(n)s���.

��«Ñ ½̈$í
��\�¦ ��6 x���H ��{9�\�@/K�&ñ
_�÷&�¦��l� �ÃÐ�̧  ñØ�¦s��<ÊÃº_��í

l� �����_� �0A ½̈�̧\� @/K� s�ÀÒ#Qt���H �̧��H �<ÊÃº\� @/K� °ú �Ér ~½ÓZO��̀¦ &h�6 x½+É

Ãº e����. \V\�¦ [þt#Q ��6£§õ� °ú �Ér �<ÊÃº\� @/K� Òqty��K� �Ð��.

# val rec mir = fn
Empty => Empty
(Bin(a1,a2)) => Bin(mir a2, mir a1);;

Äºo���H btree ��{9�_� ½̈�̧\� @/ô�Ç )±ú�ZO��̀¦ s�6 x�#� ���Ð �<ÊÃº mir �� �̧
��H /BM\�"f &ñ
_�÷&#Q e��6£§�̀¦ ·ú� Ãº e����.

• mir(Empty) ��H ú̧� &ñ
_�÷&#Q e���¦ Õª °úכ�Ér Emptys���.

• e��_�_� àÔo� ¿º >h_� Óü�6£§ (t1,t2)\� @/K�, ëß�{9� mir(t1)õ� mir(t2)�� &ñ
_�
÷&��� mir(Bin(t1,t2)) _� °úכ %i�r� &ñ
_��)a��.

s���� 7áxÀÓ_� &ñ
_���H l��:r ��l��ÃÐ�̧ &ñ
_�(recursive primitive definition)[þt\�
5Åqô�Ç��. Õª��þts]	כ =åQ����Ht�_� #�ÂÒ��H Õª��_þt]	כ ½̈�̧�ÐÂÒ'� "î
Ñþ�y� ·ú� Ãº e����.
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���Ér �©�S!�_� �â
Äº, Äºo���H �<ÊÃº_� �����[þt ×�æ ���_� y���è\� 8ú©&h��̀¦ ú́�ÆÒ#Q
"f �<ÊÃº  ñØ�¦s� =åQz���̀¦ 7£x"î
½+É Ãº�̧ e����. s� M: K�{©� �����_� y���è��H Áºô�Çy� y��
�è���H Ãº\P��̀¦ �í�<Ê�t� ·ú§��H í�H"f �'a>�(ordered relation)�Ð :£¤fç
t�0>|9� Ãº e��
#Q�� ô�Ç��. Õªü< °ú �Ér í�H"f �'a>���H �̀¦��ØÔ>� l��í�%i���(well founded)�¦ Ô�¦o�
0>�����.
\V\�¦ [þt���, ��6£§õ� °ú �Ér mn�̀¦ >�íß����H áÔ�ÐÕªÏþ�\�"f, t�Ãº��H B�  ñØ�¦����

ìøÍÜ¼�Ð ��*'#Qt�l� M:ë�H\� &ñ
Ãº ?/\�"f éß��̧y���èô�Ç��.

# val rec exp = fn (m,n) => case n of
0 => 1
|n => exp(m*m,n/2) * (if (n mod 2) = 1 then m else 1);;

0A ��z�́õ�, n=0 {9� M: �<ÊÃº°úכs� 1�Ð &ñ
_�÷&%3�����H ��z�́�̀¦ ���½+Ë�#�, 0A �<Ê
Ãº�� �̧��H �ª�Ãº n\� @/K� &ñ
_�÷&%3�6£§�̀¦ 7£x"î
½+É Ãº e����.
=åQz��\� @/ô�Ç :£¤$í
�̀¦ 7£x"î
½+É M: Ä»6 xô�Ç �̀¦��ØÔ>� l��íô�Ç í�H"f �'a>�[þt ×�æ\�

"f, Äºo���H X<
�ØÔàÔY�L\� @/K� &ñ
_��)a �����&h� í�H"f �'a>�(lexicographic order)\�
@/K�ÅÒ_�\�¦l�Ö�¦{9��9¹כ���e����.¿º|9�½+Ë E1õ� E2\�@/K�y��y��&ñ
_��)aí�H"f�'a

>� <1, <2\� @/K�"f, E1 × E2 \� @/K� &ñ
_�÷&��H �����&h� í�H"f �'a>� <��H ��6£§õ�
°ú s� <1õ� <2�Ð ����?/#Q�����.

(x,y) < (x’,y’) ⇐⇒x <1 x’ or (x = x’ and y <2 y’)

<1õ� <2�� ú̧� l��í�%i��̀¦ �â
Äº < %i�r� ú̧� l��íô�Ç í�H"f �'a>��� �)a����H ��z�́
�̀¦ �Ðs���H ��Ér	כ ~1���.
Äºo���H Ackerman_��<ÊÃº���¦·ú��9�����6£§�<ÊÃº��=åQz���̀¦7£x"î
�l�0AK���

���Ãº_� Óü�6£§\� s� �����&h� í�H"f\�¦ ��6 x½+É Ãº e����.

# val rec ack = fn
(0,n) => n+1
(m,0) => ack(m-1,1)
(m,n) => ack(m-1, ack(m,n-1));;

7£x"î
�̀¦ 0Aô�Ç ÅÒ >h¥Æ��Ér ��6£§õ� °ú ��. |9�½+Ë E\� @/K� &ñ
_��)a ú̧� l��íô�Ç �'a>�
���íß� <\� @/K�, ∀x P (x) �� $í
wn��<Ê�̀¦ �Ðs��9���, ��6£§�̀¦ �Ðs���H �Ü¼�Ð	כ Ø�æì�r�
��.

(∀y < x P (y)) =⇒ P (x)

���õ�&h�Ü¼�Ð, ack(m,n)s������ÃºÓü�6£§ (m,n)\�@/K�=åQz���̀¦7£x"î
��9���, (m,n)�Ð
�� ����Ér �̧��H �����Ãº Óü�6£§ (m’,n’)\� @/K� ack(m’,n’)�� $í
wn�ô�Ç���¦ ��&ñ
ô�Ç Êê,
ack(m,n)�̀¦7£x"î
�����)a��. mõ� ns� 0s�������â
Äº,Äºo���H (m,n-1)s� (m,n)�Ð��
�������H��z�́�ÐÂÒ'� ack(m,n-1)s�=åQèß����¦����:r?/wn=Ãºe����.ëß�{9�Äºo���s�_�
°ú̀�כ¦ p���¦ ÂÒ�Ér�����, (m-1,p)��H ì�r"î
y� (m,n)�Ð�� ���l� M:ë�H\�, ack(m-1,p)%i�
r� =åQèß����¦ ½+É Ãº e����. ¢̧ô�Ç ack_� &ñ
_��ÐÂÒ'� ack(m,n) = ack(m-1,p)s�l�
M:ë�H\�, Äºo���H ���õ�&h�Ü¼�Ð ack(m,n) s� =åQz���̀¦ ·ú� Ãº e����. ����"f Äºo���H �<Ê
Ãº ack�� �����Ãº %ò
%i� ?/\�"f ����̂ �<ÊÃºe���̀¦ 7£x"î
�%i���.
s�]jÂÒ'���H áÔ�ÐÕªÏþ�_� :£¤$í
�̀¦ 7£x"î
���H ��\	כ @/K� ¶ú�(R�Ð�̧2�¤ ���.
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3.4.6 'Í	 ���P: \V : àÔo�_� +'|9��Ér �̧�ª� ½̈�l�

Äº��� ��6£§õ� °ú �Ér nML �������̀¦ Ùþ¡���¦ ��&ñ
���.

# type btree = Empty | Bin of btree * btree;;
# val rec mir = fn

Empty => Empty
|(Bin(a1,a2)) => Bin(mir a2, mir a1);;

��6£§_� ¿º 1pxd��s� 0A áÔ�ÐÕªÏþ�õ� @/6£xô�Ç��.

• mir(Empty) = Empty

• mir(Bin(a1,a2)) = Bin(mir(a2),mir(a1))

0A 1pxd��[þt�Ér 	�Êê 7£x"î
\�"f æ¼{9� �.���s	כ

∀a P (a), P (a) ≡ (mir(mir(a)) = a) ��� :£¤$í
\� @/K� Òqty��K� �Ð��.
0A :£¤$í
s� $í
wn��<Ê�̀¦ 7£x"î
�l� 0AK�"f��H, ��6£§�̀¦ �Ðs���H �Ü¼�Ð	כ Ø�æì�r���.

1. P(Empty)

2. ∀a1, a2 P (a1)&P (a2) =⇒ P (Bin(a1, a2))

P(Empty)q� �ûB'å�:

mir(mir(Empty)) = mir(Empty) = Empty

∀a1, a2 P (a1)&P (a2) =⇒ P (Bin(a1, a2)) q� �ûB'å�:

mir(mir(Bin(t1, t2)))
= mir(Bin(mir(a2), mir(a1))) (mir_� &ñ
_�)
= Bin(mir(mir(a1)), mir(mir(a2))) (mir_� &ñ
_�)
= Bin(a1, a2) (��l� �ÃÐ�̧ �<ÊÃº\� @/ô�Ç ��&ñ
)

��{9�_� +þAI��� �����\�¦ ÆÒ���l� 0AK� ��7�8���̧, 0A 7£x"î
�Ér �:r|9�&h�Ü¼�Ð ���
�t� ·ú§6£§\� ÅÒ_����.

# type (’a,’b) btree = Leaf of ’a | Node of ’b * btree * btree;;
# val rec mir = fn

Leaf a => a
|(Node(b,a1,a2)) => Node(b,mir a2,mir a1);;

7£x"î
K��� ½+É d���Ér éß�í�Hy� ��6£§õ� °ú s� �)a��.

∀x P (Leaf(x)) & ∀a1, a2 (P (a1)&P (a2) =⇒ ∀y P (Node(y, a1, a2)))
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3.4.7 ¿º ���P: \V : append_� ���½+ËZO�gË: 7£x"î


# val rec append = fn
([],l) => l
|(a::l,l’) => a::append(l,l’);;

s�]j Äºo���H �<ÊÃº append_� ���½+ËZO�gË:�̀¦ 7£x"î
��¦�� ô�Ç��. 7£¤, Äºo���H ��6£§
õ� °ú �Ér :£¤$í
�̀¦ 7£x"î
��9 ô�Ç��.

∀l1, l2, l3 P (l1, l2, l3)
P (l1, l2, l3) ≡ append(l1, append(l2, l3)) = append(append(l1, l2), l3)

0A\�¦ 7£x"î
�l� 0AK�"f, Äºo���H ��6£§�̀¦ �Ð#��� ô�Ç��.

∀l2, l3 (P ([], l2, l3) & ∀l(P (l, l2, lthr) =⇒ ∀ P (a :: l, l2, l3)))

P([],l2,l3)q� �ûB'å�:

append([], append(l2, l3))
= append(l2, l3) (append_� &ñ
_�)
= append(append([], l2), l3) (append_� &ñ
_�)

∀l(P (l, l2, lthr) =⇒ ∀ P (a :: l, l2, l3))) q� �ûB'å�:

append(a :: l, append(l2, l3))
= a :: append(l, append(l2, l3)) (append_� &ñ
_�)
= a :: append(append(l, l2), l3) (��&ñ
\� _��<Ê)
= append(a :: append(l, l2), l3) (append_� &ñ
_�)
= append(append(a :: l, l2), l3) (append_� &ñ
_�)

3.4.8 \V]j : {9�ìøÍ�o ��6 x�l�

��6£§ \V]j��H, #Q�"� �â
Äº\���H Äºo��� "é¶���H ����Ð	כ �8 {9�ìøÍ&h���� :£¤$í
�̀¦ 7£x"î
K�
�� ½+É ��¹כ��9 e������H ��z�́�̀¦ �Ð#�ï�r��.
��6£§_� ¿º �<ÊÃº\� @/K� ¶ú�(R�Ð��.

# val rec fact = fn
0 => 1
n => n*fact(n-1);;

# val rec facti = fn
(0,r) => r
(n,r) => facti(n-1,n*r);;

Äºo���H ∀n fact(n) = facti(n, 1) ����H :£¤$í
�̀¦ �Ðs��¦ z�·��. ëß�{9� Äºo���
s�\�¦ &ñ
Ãº n\� @/ô�Ç )±ú�ZO��̀¦ s�6 x�#� f��]X� 7£x"î
��9 ����, ��6£§�̀¦ %3���H��.

• fact(0) = 1 = facti(0,1)

• fact(n+1) = (n+1)*fact(n) = (n+1)*facti(n,1) = ?
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��z�́�©�, 0A\�¦ 7£x"î
�l� 0AK�"f��H �8 {9�ìøÍ&h���� ��6£§ :£¤$í
�̀¦ 7£x"î
K��� ô�Ç��.

∀n ∀r r∗fact(n) = facti(n, r)

�ûB'å�:

• r*fact(0) = r*1 = r = facti(0,r)

• r*fact(n+1) = (r*(n+1))*fact(n) = facti(n,r*(n+1)) = facti(n+1,r)

3.4.9 \V]j : �Ð�̧ &ñ
o� ��6 x�l�

��6£§\V]j��H,#Q�"��â
Äº\���H�Ð�̧&ñ
o�\�¦��6 x½+É�9¹כ���e������H���Ð#�ï¦̀�	כr��.
��6£§ �<ÊÃº\� @/K� Òqty��K� �Ð��.

# val rec rev = fn
[] => []
|(a::l) => append(rev l,[a]);;

Äºo���H ∀l rev(rev(l)) = le���̀¦7£x"î
��9ô�Ç��.���o�Û¼àÔ_��â
Äº rev(rev([])=[]
�Ér "î
Ñþ����. ìøÍ���,

∀l (rev(rev(l)) = l =⇒ ∀a rev(rev(a :: l)) = a :: l)

\�¦ f��]X� 7£x"î
��9 ����, ��6£§�̀¦ %3���H��. Äºo���H ��6£§ d��s� a::lõ� °ú 6£§�̀¦ 7£x
"î
K��� ô�Ç��.

rev(rev(a :: l)) = rev(append(l, [a])) =?

���õ�&h�Ü¼�Ð, #�l�"f 7£x"î
�̀¦ �8 ���'���l� 0AK�"f��H, Äº��� ¿º �<ÊÃº revü<
append\�¦ ���½+Ë���H :£¤$í
 ���\�¦ ¹1Ô�� ?/#Q"f s�\�¦ 7£x"î
K��� ô�Ç��. 7£¤, ��6£§
õ� °ú �Ér :£¤$í
�̀¦ 7£x"î
���� �)a��.

∀l1, l2 Q(l1, l2)
Q(l1, l2) ≡ rev(append(l1, l2)) = append(rev(l2), rev(l1))

s�\�¦ 0AK�"f Äºo���H ��6£§ ¿º :£¤$í
�̀¦ ���5Åq�#� 7£x"î
ô�Ç��.

rev(append([], l2)) = append(rev(l2), rev([]))

Õªo��¦

(rev(append(l, l2)) = append(rev(l2), rev(l)))
=⇒ ∀a (rev(append(a :: l, l2)) = append(rev(l2), rev(a :: l)))

rev(append([], l2))
= rev(l2) (append_� &ñ
_�)
= append([], rev(l2)) (append_� &ñ
_�)
= append(rev([]), rev(l2)) (rev_� &ñ
_�)
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rev(append(a :: l, l2))
= rev(a :: append(l, l2)) (append_� &ñ
_�)
= append(rev(append(l, l2)), [a]) (rev_� &ñ
_�)
= append(append(rev(l2), rev(l))), [a]) ()±ú�ZO�_� ��&ñ
\� _��<Ê)
= append(rev(l2), append(rev(l), [a])) (append_� ���½+ËZO�gË:)
= append(rev(l2), rev(a :: l)) (rev_� &ñ
_�)

s�]j ∀l rev(rev(l)) = l �̀¦ 7£x"î
�l� 0AK�"f 0A\�"f 7£x"î
ô�Ç �Ð�̧ &ñ
o�[þt�̀¦
��6 x½+É Ãº e����.

rev(rev(a :: l))
= rev(append(rev(l), [a])) (rev_� &ñ
_�)
= append(rev([a]), rev(rev(l))) (:£¤$í
 Q\� _��<Ê)
= append(rev([a]), l) ()±ú�ZO�_� ��&ñ
\� _��<Ê)
= append(append(rev([]), [a]), l) (rev_� &ñ
_�)
= append(append([], [a]), l) (rev_� &ñ
_�)
= append([a], l) (append_� &ñ
_�)
= a :: append([], l) (append_� &ñ
_�)
= a :: l (append_� &ñ
_�)

3.4.10 \V]j : ��&ñ
 �\�"f_�, ¢̧��H ��&ñ
�̀¦ s�6 xô�Ç 7£x"î


o�Û¼àÔ\� @/ô�Ç �<ÊÃº[þt��� fold leftü< fold right\� @/K� Òqty��K� �Ð��. s�[þt�Ér
��6£§õ� °ú s� &ñ
_�|̈c Ãº e����.

# fun fold left f x = fn
[] => x
|(a::l) => fold left f (f x a) l;;

# fun fold right f l x = case l of
[] => x
|(a::l) => f a (fold right f l x);;

s��<ÊÃº[þt�Ér&�o��oô�Ç(currified)+þAI�s��¦,y��y���Ér�<ÊÃº+þAI�_���������\�¦
~ÃÎ��H��. �t�ëß� Äºo���H s����\� ��6 xÙþ¡~�� 7£x"î
 ~½ÓZO��̀¦ Õª@/�Ð ��6 x½+É Ãº e����.
Äºo���H ������Ð �Å���t���H �<ÊÃº f�� ���½+Ë ZO�gË:�̀¦ ëß�7á¤���H ���íß�s��¦, ×�æ$í
 "é¶

�è(�½Ó1px"é¶) e\�¦ ��|9� M:, ��6£§s� $í
wn��<Ê�̀¦ 7£x"î
½+É �.���s	כ

∀l fold left f e l = fold right f l e

Äº��� Äºo���H ��6£§ ��z�́�̀¦ ~1�>� ·ú� Ãº e����.

fold left f e (a :: l)
= fold left f (f e a) l (fold left_� &ñ
_�)
= fold left f a l (�½Ó1px"é¶_� $í
|9�)

Õªo��¦

fold right f (a :: l) e
= f a (fold left f l e) (fold right_� &ñ
_�)
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s�]j ëß�{9� Äºo��� ��6£§�̀¦ 7£x"î
½+É Ãº e�������, "é¶ :£¤$í
 %i�r� 7£x"î
÷&>� �)a��.

∀x ∀l fx(fold right f l e) = fold left f x l

s�\�¦ 7£x"î
�l� 0AK�"f��H ��6£§ ¿º ��t�\�¦ 7£x"î
���� �)a��.

f x (fold right f [] e)
= f x e (fold right_� &ñ
_�)
= x (�½Ó1px"é¶_� $í
|9�)
= fold left f x [] (fold left_� &ñ
_�)

Õªo��¦

f x (fold right f e (a :: l))
= f x (f a (fold right f l e)) (fold right_� &ñ
_�)
= f (f x a) (fold right f l e) (�<ÊÃº f_� ���½+ËZO�gË: $í
wn�)
= fold left f (f x a) l ()±ú�ZO�_� ��&ñ
\� _��<Ê)
= fold left f x (a :: l) (fold left_� &ñ
_�)

a:@�:@ 'Ö<<K

3.1 ��6£§ ¿º �<ÊÃº\� @/K� Òqty��K� �Ð��.

# fun iter1 n f =
if n=0 then id else compose f (iter1 (n-1) f);;

# fun iter2 n f x =
if n=0 then x else f(iter2 (n-1) f x);;

s�]j ��6£§õ� °ú s� &ñ
_��)a �<ÊÃº exp�� an�̀¦ >�íß�K� ÍÇr�̀¦ �Ð#���.

# fun exp a n =
if n=0 then 1.0
else (if (n mod 2) = 0 then 1.0 else a) *** exp (a***a) (n/2);;

3.2 2.3Aá¤\�"f &ñ
_��)a �<ÊÃº mapõ� 2.3.1Aá¤\�"f list hom�̀¦ s�6 x�#� &ñ
_��)a �<Ê
Ãº maps� "f�Ð °ú 6£§�̀¦ �Ð#���.

3.3 2.3.2Aá¤\�"f &ñ
_��)a �<ÊÃº quicksort�� �̀¦��ØÔ>� 1lx����<Ê�̀¦ �Ð#���.

3.5 ³ð�&³d��\� ��{9��̀¦ B�l�l�

\V���\���r�æ¼l�½©gË:[þt�̀¦s�6 xK�>�íß��̀¦&ñ
_�Ùþ¡�̀¦M:,Äºo���H��r�æ¼l�½©gË:
[þts� &h�6 x÷&%3�~�� ³ð�&³d��[þts� ��{9��̀¦ ��t��¦ e������H ���¶nq&h���� ��&ñ
�̀¦ ��¦ e��

%3���. 7á§ �8 &ñ
SX�y� ú́�����, Äºo���H ��z�́�©� ��6£§_� ¿º ��t�\�¦ ��&ñ
ô�Ç �©�I�%i���.

• °úכB��̂�½+É ³ð�&³d��[þt�Ér ��{9��̀¦ �������.

• ëß�{9� ³ð�&³d�� E�� ��{9��̀¦ ��t��¦ E ⇒E’ s����, E’ %i�r� ��{9��̀¦ �������.

s� ��&ñ
[þt�Ér ���õ�\�¦ �������. :£¤y�, >�íß� õ�&ñ
\�"f ����èß� ³ð�&³d��s� l��:r ���
íß���_� &h�6 xs��¦, Õª �����[þts� Ä»ò́ô�Ç ��{9��̀¦ ��|9� �â
Äº, s� ���íß��� &h�6 x�Ér Ãº
'��|̈c Ãº e����. 7£¤, °úכB��̂� õ�&ñ
�Ér ��{9� \��Q\�¦ ?/t� ·ú§�̀¦ �.���s	כ
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Äºo���H s� :£¤$í
\� @/K� #�l�"f &ñ
+þA�o�)a 7£x"î
�̀¦ �t���H ·ú§�̀¦ �.���s	כ �t�
ëß�, #Qb�G>� Õª�Qô�Ç 7£x"î
s� ��0pxô�Çt�\�¦ @/|ÄÌ [O�"î
��¦ t���°ú� �.���s	כ ���$�, Äº
o���H #Qb�G>� ³ð�&³d��[þt\� ��{9��̀¦ B�l���Ht�\�¦ &ñ
SX�y� &ñ
_�K��� ô�Ç��. s���H ��{9�
½©gË: r�Û¼%7�\� _�K� s�ÀÒ#Q�����.
��{9� ½©gË: r�Û¼%7��Ér ��6£§õ� °ú �Ér 3�½Ó ���íß�(�'a>�)\�¦ ��6 xô�Ç��.
E ` e : t
s���H ��6£§õ� °ú �Ér >pw�̀¦ �������.

”³ð�&³d�� e��H ��{9� 8̈��â
 E\�"f ��{9� t\�¦ �������.”

��{9� 8̈��â
�ÉráÔ�ÐÕªÏþ�_����Ãº[þtõ� Õª ��{9��̀¦������K�ÅÒ��H �<ÊÃº ¢̧��H _�s��̂¦

s���. #�l� s�\�¦ 0Aô�Ç ½©gË:[þts� e����.
E(x) = t

E ` x : t
(���Ãº)

E ` e1 : t1 . . . E ` en : tn
E ` (e1, . . . , en) : (t1 ∗ . . . ∗ tn)

(N-Óü�6£§)

E ` e1 : bool E ` e2 : t E ` e3 : t

E ` if e1 then e2 else e3 : t
(�̧|	�)

(x : t1) :: E ` e : t2
E ` fn x⇒ e : t1 → t2

(�<ÊÃº)

E ` e1 : t→ t′ E ` e2 : t

E ` (e1 e2) : t′
(&h�6 x)

let_��â
Äº,°ú �Ér���Ãº\�¦¿º>h_����Ér��{9�Ü¼�Ð��6 x���H�s���0px	כ�>��
l�M:ë�H\���ÀÒ��HX<ë�H]j��e����. (\V\�¦[þt���, let val id = fn x⇒ x in id id end
õ� °ú �Ér �â
Äºs���.)
t��FK{©��©��Ér,Äºo���Hs��&³�©��̀¦ let val id = fn x⇒ x in id id end\�¦ fn x⇒ x

fn x⇒ x �Ð @/�̂�<ÊÜ¼�Ð+� K����ô�Ç��. s���H ¿º �0A ³ð�&³d�� fn x⇒ x \� @/K� &h�
{©�ô�Ç ��{9��̀¦ ��|9� Ãº e���̧2�¤ K� ï�r��. 13�©�\�"f Äºo���H s�\�¦ ��ÀÒ��H �8¹¡¤ ò́õ�
&h���� ~½ÓZO�\� @/K� ·ú����̂¦ �.���s	כ

E ` e2[x← e1] : t

E ` let val x = e1 in e2 end : t
(Let)

¢̧ô�Ç, Äºo���H �©�Ãºü< l��:r ���íß���[þt\� @/ô�Ç ��{9� ½©gË: %i�r� &ñ
_�K��� ô�Ç��.
s�[þt�Ér B�Äº çß�éß��Ù¼�Ð "î
r��t� ·ú§��H��.
��6£§�Ér ³ð�&³d�� let val id = fn x⇒ x in id id end _� ��{9��̀¦ µ1ßy���H õ�

&ñ
�̀¦ �Ð#� ï�r��.
[x : α → α] ` x : α → α

[] ` (fn x⇒ x) : (α → α) → (α → α)
[x : α] ` x : α

[] ` (fn x⇒ x) : (α → α)
[] ` fn x⇒ x fn x⇒ x : α → α

[] ` let val id = fn x⇒ x in id id end : α → α

0A\�"f_� &ñ
+þA�o�)a &ñ
_���H ��6£§ :£¤$í
�̀¦ 7£x"î
���H X< l�ìøÍs� �)a��.

(E ` e : t) ¬È¡¼ (e ⇒e’) ¬È§Ïá (E ` e′ : t) ¬È¤´.
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3.6 ���¹כ

³ð�&³d��\�"f r�����#� °úכ\�"f =åQ����H 4�»ÿ�(computation)�Ér s���� ³ð�&³d��\� ��S�
Î�M� ¦��Ð�(rewrite rule)�̀¦ &h�6 x�#� Òqt$í
�)a ���õ� ³ð�&³d��[þt_� ���5ÅqÜ¼�Ð &ñ
_��)a
��. �8 s��©� ��r�jþt Ãº \O���H ³ð�&³d���Ér +ä�¦� 0ïF?�(normal form)���¦ ÂÒ�Ér��. °úכ
�Ér &ñ
½© +þAI�\� e����H ³ð�&³d��s���.

áÔ�ÐÕªÏþ�õ� �'aº���)a ��r� æ¼l� ½©gË:[þt_� |9�½+Ë�Ér 3.1.1Aá¤\� &ñ
_��)a ¬£&9��
¤�<(convergent)r�Û¼%7��̀¦s�ê�r��.:£¤y�,s�:£¤$í
�Ér³ð�&³d��õ��'aº���)a �̧��H=åQ����H
>�íß��Ér°ú �Ér&ñ
½©+þAI�\�"f=åQèß�����H��z�́�̀¦?/�í� 9,Äºo���Hs�\�¦ìḿ(value)s�
���¦ÂÒ�Ér��.s�~½ÓZO�Ü¼�Ð,Äºo���HÄºo�����6 x���H���#Q_�q�Q�¦��Ð(semantics)\�¦
&ñ
_�ô�Ç��. 7£¤, Äºo���H ���#Q ?/_� �̧��H ³ð�&³d��(&ñ
_�÷&t� ·ú§��H �	כ �í�<Ê)\� @/K�"f
°ú̀�כ¦ ���������H &ñ
+þA�o�)a ~½ÓZO��̀¦ ��t�>� �)a �.���s	כ

ìḿ8���»b9	���(computation strategy)�Ér°úכB��̂�_�y��éß�>�\�"f&h�6 x��0pxô�ÇÃº
ú́§�Ér ��r� æ¼l� ½©gË:[þt ×�æ #Q�"� �¦̀�	כ ���×þ�½+Ét�\� @/ô�Ç {9��'a÷&�¦ ���&ñ
&h���� ½©

gË:s���. s� ���|ÄÌ[þt�Ér a:@*9� («�Ð�(deduction rule)_� +þAI�\�¦ s�6 x�#� &ñ
+þA�or�&�
&ñ
_�½+É Ãº e����.

Äºo���H #Q�"� °úכB��̂� ���|ÄÌs� °úכs� �>rF����H �̧��H ³ð�&³d��\� @/K� �½Ó�©� Õª °úכ

�̀¦ >�íß�K� èq Ãº e���̀¦ �â
Äº s�\�¦ TÖhb9	Â6Ò(complete) ���|ÄÌs����¦ ú́�ô�Ç��. nML\�
"f_� ���|ÄÌ – ìḿ;c q�Â6Ò ìḿ8���»(evaluation by value) – �Ér ¢-a����t� ·ú§�Ér ���|ÄÌs�
��. ���Ér ���|ÄÌ, \V\�¦ [þt#Q Q�©»#e.>	 ìḿ8���»(delayed evaluation)�Ér ¢-a���ô�Ç ���|ÄÌ
s���.

Äºo���H &ñ
+þA�o�)a 1pxd�� +þAI��Ð ³ð�&³�)a ��r� æ¼l� ½©gË:õ� ��«Ñ ½̈�̧\� @/ô�Ç

)±ú�ZO� &h�6 x�̀¦ s�6 x�#� áÔ�ÐÕªÏþ�_� :£¤$í
\� @/ô�Ç 7£x"î
�̀¦ ½+É Ãº e����. #Q�"� 7£x
"î
[þt�Ér ÂÒì�r&h���� &ñ
SX�$í
ëß��̀¦ $í
wn��>� K� ÅÒ�¦, s� �â
Äº ����̂_� &ñ
SX�$í
�̀¦ �Ð�©�
�l� 0AK�"f áÔ�ÐÕªÏþ�s� =åQz���̀¦ 7£x"î
���H ��s	כ ¹כ��9���.

��{9�\�@/ô�Ç &ñ
+þA�o�)a &ñ
_���H �̧��H ú̧�&ñ
_��)a ��{9��̀¦��t���H ³ð�&³d���̀¦ °úכB�

�̂����H õ�&ñ
\�"f��H ú̧� &ñ
_��)a ³ð�&³d��ëß�s� Òqt$í
�)a����H �¦̀�	כ 7£x"î
½+É Ãº e��>� K�

ï�r��. ����"f &ñ
&h���� ��{9� ½+Ë$í
(static type synthesis)�Ér z�́'�� �̧×�æ_� ��{9� \��Q
�� \O�6£§�̀¦ �Ð�©�K� ï�r��.

3.7 �8 C�Ö�¦ ?/6 x[þt

��r� æ¼#���� ³ð�&³d��_� ���5ÅqÜ¼�Ð >�íß��̀¦ &ñ
_����H ��õ	כ Ãº§4�$í
s�����H >h¥Æ��Ér

λ-Calculus\�"f %�6£§ ��6 x÷&%3���. [1] Ãº§4�$í
_� >h¥Æ��Ér ¢̧ô�Ç 1	� 1pxd�� �7Ho�(first
order equational logic) \� l�ìøÍô�Ç ��1lx 7£x"î
 r�Û¼%7�\�"f ×�æ¹כô�Ç %i�½+É�̀¦ ô�Ç��.

Äºo��� s� �©�\�"f ¶ú�(R�:r _�p� ½̈�̧[þt�Ér �Ð���+8� q�Q� ¦��Ð(operational se-
mantics) �Ð ì�rÀÓ|̈c Ãº e����. Õª�þt�Ér]	כ ÅÒ�Ð ë�HZO�&h���� >h¥Æ��̀¦ s�6 xô�Ç��. :£¤y�,
�<ÊÃº[þt�Ér Ãº�<Æ&h� _�p�\�"f_� ����� �<ÊÃº�� ��m��� éß�t� l�>�&h�Ü¼�Ð �<ÊÃº &h�6 x

ë�HZO� ?/\� ��6 x½+É Ãº e����H ³ð�&³d��Ü¼�Ð ��ÀÒ#Q�����.
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ìøÍ���, ¬£�ÈÑ+8� �¢M�(«Ãç> T�÷7BÂ6Ò q�Q� ¦��Ð(denotational semantics)��H ���z�́ô�Ç
Ãº�<Æ&h�z�́�̂\�¦áÔ�ÐÕªÏþ�\�"f_�³ð�&³d��õ�����'ar�&�ï�r��.Ãº�<Æ�� Dana Scott��H
s�7áxÀÓ_�_�p�½̈�̧\�¦�½Ór�Ùþ¡��.Õª��HTÖhb9	Z�«»(Ûo)Ö<"k¿ì>��U�¤�<�·Ö(completeכ�
partially ordered set), ¢̧��H CPO_� >h¥Æ�\� l�ìøÍ�#� λ-Calculus_� ³ð�&³d��[þt\�
@/ô�Ç �̧4Sq�̀¦ ]jr���¦, Õª |9�½+Ë[þt 0A\�"f_� ���5Åq �<ÊÃº_� �̧4Sq %i�r� ]jr�ô�Ç 'Í	
���P: ��|ÃÐs���. Ãº�<Æ&h� ³ðl�ZO��̀¦ s�6 xô�Ç _�p� ½̈�̧\� @/K� ���©� ]X���H�l� ~1�>�
"fÕütô�Ç Õþ��Ér [3] s���. #��Qì�r�Ér ¢̧ô�Ç [8] õ� [9] \� @/K�"f�̧ �̧��K� �̂¦ Ãº e����.
áÔ�ÐÕªÏþ�_� &ñ
SX�$í
�̀¦ 7£x"î
�l� 0AK�"f ú́§�Ér �ª�_� ���½̈�� Ãº'��÷&%3���. �<ÊÃº

×�æd��&h� áÔ�ÐÕªA�bç
\� @/ô�Ç &ñ
SX�$í
 7£x"î
\� e��#Q"f��H, Äºo���H ìøÍ×¼r�, �>r�â
½+É ëß�
ô�Ç #��Q ���½̈[þt ×�æ\�"f�̧, Milner_� LCF r�Û¼%7�([4], [7])õ� Boyerü< Moore_� r�
Û¼%7�([2])\� @/K� ���/åLK��� ô�Ç��.
�&³F�_� ���½̈��H Òqt$í
&h���� �7Ho�ü< áÔ�ÐÕªÏþ�õ� 7£x"î
 ��s�_� Ä»��$í
\� l�ìøÍô�Ç

r�Û¼%7�_� >hµ1Ï\� |9�×�æ÷&#Q e����. s� Ñüt�Ér �̧¿º =åQ����H áÔ�ÐÕªÏþ�_� Òqt$í
ëß��̀¦ )�
6 x���H ��{9�s� e����H �¦	� λ-Calculus�Ð ³ð�&³|̈c Ãº e����. s�ü< °ú �Ér ]X���H\� l�ìøÍ
ô�Ç r�Û¼%7�_� \V�Ð��H Coq([5])�� e����.
°úכB��̂� ���|ÄÌ\� @/K�"f��H, #��Qì�r�Ér �&³�>r���H ���#Q\�"f ¿º ��t�_� ���Ér ]X���H

ZO��̀¦ ¶ú�(R�̂¦ Ãº e����. MLÀÓ_� ���#Q[þts��� Û¼(��(SCHEME)õ� °ú �Ér ���#Q[þt�Ér �<ÊÃº
&h�s�t� ·ú§�Ér ½̈$í
 ~½ÓZO�[þt_� ��6 x�̀¦ )������H ~½ÓZO�Ü¼�Ð °úכ\� _�ô�Ç °úכB��̂��̀¦ ���

×þ�Ùþ¡��. ���Ér ���#Q[þt�Ér p�ÀÒ#Q��� °úכB��̂� – ��ÅÒ ”>�Ü¼�Ér” °úכB��̂�s����¦ Ô�¦o���H
– �̀¦ ���×þ�Ùþ¡��. \V\�¦ [þt��� MIRANDA ¢̧��H HASKELL 1pxs���.



88 3 �©� _�p� ½̈�̧(SEMANTICS)\� @/�#�



4 �©�

l�>� ×�æd��&h���� 8£¤���[þt

¢-a���y� �<ÊÃº ×�æd��&h���� �'a&h�\�"f [O�"î
|̈c Ãº \O���H nML_� l�0px[þt�Ér ��6£§õ� °ú �Ér
s�Ä»�Ð l�>� ×�æd��&h���� :£¤$í
s����¦ Ô�¦�2;��.

• :£¤Z>�ô�Ç°úכB��̂����|ÄÌ\�"fëß�_�p�\�¦��t�l�M:ë�H\�(7£¤,z�́'��í�H"fü<�'a>�÷&
l� M:ë�H\�)

• l�>� {9��©�\�"f_� ��«Ñ ½̈�̧_� ³ð�&³õ� �'a>�÷&l� M:ë�H\�

'Í	 ���P: 7áxÀÓ_� l�>� ×�æd��&h� 8£¤���\���H ’\Vü@’ [þtõ� ’{9�Ø�¦§4�’ s� 5Åqô�Ç��.
¿º ���P: 7áxÀÓ_� l�>� ×�æd��&h� 8£¤���\���H, Äºo��� ��Có+8�->	(destructive) ���íß�

s����¦ ÂÒØÔ��H ½+É{©� ���íß�õ� °ú �Ér ��s	כ �í�<Ê�)a��. Õªü< °ú �Ér ���íß�_� ò́õ���H ��
«Ñ ½̈�̧_� z�́]j ½̈�&³\� @/ô�Ç [O�"î
 ¢̧��H &ñ
+þA�o�)a _�p� ½̈�̧ü< �<Êa� [O�"î
K���ëß�

¢-a����>� ·ú� Ãº e����. (Äºo���H 12�©�\�"f s� >h¥Æ�\� @/K� ��ê�r��.) Õª�Q��, s� �©�
\�"f Äºo���H \V]j\� l�ìøÍK�"f s�u�\� ú́���H [O�"î
 &ñ
�̧��H ½+É Ãº e����.

4.1 \Vü@

2.3.4]X�\�"f, Äºo���H ÂÒì�r �<ÊÃº�� ¹ô�Çכ��9 ë�H]j[þt\� @/K� ¶ú�(R�Ð��¤��. Õª�¦̀�	כ %�
o��l� 0AK�, Äºo���H ��6£§õ� °ú �Ér ��{9��̀¦ ëß�[þt%3�%3���.

#type ’a option = None | Some of ’a;;

�t�ëß� s� K����Õþ��Ér ÂÒì�r �<ÊÃº\�¦ ¹�Ðכ��9 ���H �̧��H �©�S!��̀¦ �¦�9K� ÅÒt���H

·ú§��H��.\V\�¦[þt���,��Ðüw!lr�ÉrÂÒì�r���íß�(0Ü¼�Ð��¾º��H�
s�&ñ	כ_�÷&t�·ú§Ü¼Ù¼�Ð)
s�t�ëß�, intü< real��{9��̀¦ �̧��HÃºu����íß�\�"f int optionõ� real option��
{9�Ü¼�Ð @/�̂���H �,�Ér	כ ��Ðüw!lrs� ����� �̧��H ���íß�\� @/K�"f�̧ Õª[þt_� ������� &ñ

_�÷&t� ·ú§�̀¦ �â
Äº\� @/q����H g1Js� ÷&l� M:ë�H\� z©�q�s��¦, ����"f z�́6 x&h�s�t�
·ú§�̀¦ �.���s	כ s� ~½Óîß�_� ���©� 	�H ë�H]j&h��Ér éß�í�Hy� Ãº'���l� �-Áº q�ò́õ�&h�s�l�
M:ë�H\� Ãºu� ���íß��̀¦ q�z�́6 x&h�Ü¼�Ð ëß�×¼��H �.���s	כ ÂÒÃº&h���� s���l��Ð, ëß�{9� >�
íß� �̧×�æ\� 0Ü¼�Ð ��¾º��H {9�s� {9�#Qz�¤�����, Õª��Ér	כ ì�r"î
y� ]j@/�Ð �)a ���õ��� ��
m�l� M:ë�H\� �8 s��©� >�íß��̀¦ Ãº'��½+É ��¹כ��9 \O���.
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����"f, Äºo���H >�íß� �̧×�æ\� {9�#Q����H #Q�"� \Vü@&h���� �©�S!�s�|	� �¦�9½+É Ãº
e���̧2�¤ ;dJY(exception)s�����H >h¥Æ��̀¦ ��6 xô�Ç��. s���H >�íß� ü@ÂÒ&h���� Bj)���¹כ
�̧o� ÂÒ7á¤ 1px)Ü¼�Ð {9�#Q����H �þt�̧]	כ �í�<Êô�Ç��.

4.1.1 \Vü@\� @/ô�Ç \V]j

nML\�"f \Vü@��H ú́§�Ér �©�S!�\�"f {9�#Qèß���. \V\�¦ [þt���, 0Ü¼�Ð ��¾º��H �â
Äº {9�#Q
èß���.

#2+(1/0)*3;;
Uncaught exception: Division by zero

¢̧ ��� o�Û¼àÔ_� 'Í	 ���P: "é¶�è\�¦ ��6 x��9�¦ Ùþ¡�̀¦ M:�̧ {9�#Qèß���.

#List.hd [];;
Uncaught exception: Failure("hd")

r�Û¼%7�s� s� \Vü@[þt�ÐÂÒ'� 4�¤½̈�t� 3lw½+É �â
Äº(4�¤½̈��H �̧�FK Êê\� ��ê�r��),
Õª \Vü@[þt�Ér @/�o ÀÒáÔ(¢̧��H þj�©�0A YU6\�)\� Õª \Vü@_� s�2£§�̀¦ �í�<Ê���H Bj
[jt�_� +þAI�(Division by zero ¢̧��H Failure)ü< �'aº���)a °úכ(¿º���P: \V]j\�"f
”hd”)Ü¼�Ð �̧_þv�̀¦ �����·p��.

4.1.2 \Vü@ &ñ
_��l�

r�Û¼%7�\�"f :£¤Z>�ô�Ç í�Hçß�\� &ñ
_��)a \Vü@[þt_� |9�½+Ë�Ér :£¤Z>�ô�Ç ��{9���� exn �̀¦ Òqt
$í
ô�Ç��. s���Ér	כ ��«Ñ ½̈$í
���Ð y�� \Vü@[þt_� s�2£§�̀¦ 2[ô�Ç��. �©�[jy� ����, nML
\� _�K� ]j/BN÷&��H exn ��{9��Ér ��6£§ ��«Ñ ½̈$í
��[þt�̀¦ �í�<Êô�Ç��.

type exn =
. . .
| Division by zero
| Failure of string
| . . .

î̈
#3�ô�Ç ���Ér ��{9�[þtõ� ²ú�o�, exn ��{9��Ér SX��©�|̈c Ãº e����. ��6 x��[þt�Ér Õª�	כ
\� ½̈$í
��\�¦ ÆÒ��½+É Ãº e���¦, ��6£§õ� °ú s� æ¼��� �)a��.

#exception Int exception of int;; exception Int exception of int

s���H ��{9� exn _� &ñ
_�\� ��6£§õ� °ú s� H�s�Û¼\�¦ ÆÒ��ô�Ç ��õ	כ °ú �Ér ò́õ�\�¦
t������.

type exn =
. . .
| Division by zero
| Failure of string
| Int exception of int
| . . .
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4.1.3 \Vü@ °ú̀�כ¦ ëß�[þt#Q?/l�

î̈
#3�ô�Ç ~½ÓZO��̀¦ ��6 x����, exn ��{9�_� °úכ[þt�Ér î̈
#3�ô�Ç ~½ÓZO�Ü¼�Ð '��1lxô�Ç��.

#Failure "oops";;
- : exn = (Failure("oops"))

Õª�þt�Éréß�t�Äºo����<ÊÃº]	כ raise\�¦Õª��þt\�&h�6 xÙþ¡�̀¦M:ëß]	כ ”\Vü@&h�Ü¼�Ð”
'��1lxô�Ç��.

#raise(Failure "oops");;
Uncaught exception: Failure("oops")

\V\�¦ [þt#Q r�Û¼%7�_� o�Û¼àÔ �'aº�� ��s�ÚÔ�Qo�\�"f ]j/BN���H hd �<ÊÃºü< °ú �Ér
%i�½+É�̀¦ ���H �<ÊÃº��H ��6£§õ� °ú s� &ñ
_�½+É Ãº e����.

#val hd = fn
[] => raise(Failure "hd")
|(a::l) => a;;

val hd : ’a list -> ’a = <fun>

\Vü@�� ½̈$í
 ~½ÓZO� raise\�¦ ��6 x�#� {9�#Q���¦, ��6£§ �©�\�"f [O�"î
½+É ½̈�̧��
Õª�¦̀�	כ %�o��t� 3lw½+É �â
Äº, \Vü@��H þj�©�0A YU6\�\� ������>� �)a��.

#hd [];;
Uncaught exception: Failure("hd")

4.1.4 \Vü@ °ú̀�כ¦ %�o��l�

��6 x�� {9��©�\�"f, #��Qì�r�Ér raise\� _�K� {9�#Qèß� \Vü@[þt�̀¦ %�o�½+É Ãº e����. Õª
XO�>� �l� 0AK�"f, #��Qì�r�Ér ½̈$í
 ~½ÓZO� handle �̀¦ ��6 x½+É Ãº e����. Õª��_	כ ¢-a���
ô�Ç ë�HZO��Ér ��6£§õ� °ú ��.

e handle p1 => e1
. . .
pn => en

0Aü< °ú �Ér ³ð�&³d��_� °úכ�Ér ���$� ³ð�&³d�� e \�¦ °úכB��̂��#� >�íß��)a��. ëß�{9� Õª
°úכB��̂�s� �Ð:�x%�!3� °úכ v \�¦ ëß�[þt#Q ?/���, ����̂ ³ð�&³d��_� ���õ���H v�� �)a��. ëß�{9�
³ð�&³d�� e �� \Vü@ °ú̀�כ¦ ëß�[þt#Q ?/���, \Vü@°ú̀�כ¦ %�o��l� 0AK� J���� |9�½+Ë p1, . . .,
pn(s�[þt�Ér �̧¿º exn ��{9��̀¦ ��4R�� ô�Ç��)s� ��6 x�)a��. ëß�{9� pi�� s� °úכ\� B�u�

���H 'Í	 ���P: J����s������, ����̂ ³ð�&³d��_� ���õ���H ei�� �)a��. ëß�{9� s� \Vü@°úכ\�
#QÖ¼ J�����̧ B�u��t� ·ú§Ü¼���, s� \Vü@��H handle ³ð�&³d��  é
#Qo�_� ��¾ú Ü¼�Ð ���
²ú�÷&>� �)a��.
\V\�¦ [þt#Q, Äºo���H ��6£§õ� °ú �Ér ~½ÓZO�Ü¼�Ð Õüw�� ���íß� \��Q\� _�K� Òqt$í
�)a \V

ü@ Division by zero \�¦ %�o�½+É Ãº e����.

#1/0 handle Division by zero => 0;;
- : int = 0

³ð�&³d�� 1/0s�°úכB��̂�|̈cM:,>�íß��Ér×�æt�÷&�¦,���õ���H\Vü@°úכ��� Division by zero
�� �)a��. s� °úכ�Ér Õªo��¦ ��"f Division by zero J����\� _�K� %�o�÷&�¦, ����
"f ���õ���H 0s� �)a��.
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4.1.5 \Vü@ ��6 x�l�

Óüt�:r, \Vü@��H #Q�"� �<ÊÃº ?/\�"f z�́J�_� �â
Äº\�¦ �����\� ·ú����Ðl� 0AK� æ¼�����.

#fun find p = fn
[] => raise(Failure "find")
|(a::l) => if p a then a else find p l;;

val find : (’a -> bool) -> ’a list -> ’a = <fun>
#find (fn x => x mod 2 = 0) [3,1,7,8,13,14];;
- : int = 8
#find (fn x => x mod 2 = 0) [3,1,7,13];;
Uncaught exception: Failure("find")

¢̧ô�Ç \Vü@��H Äºo��� ��×�æ\� �8 �Ð>� |̈c ú́§�Ér �©�S!�[þt\�"f ò́õ�&h�Ü¼�Ð æ¼{9�

Ãº e����.

p�o� &ñ
_��)a �<ÊÃº��� failwith ��H ��6£§õ� °ú s� &ñ
_�½+É Ãº�̧ e������H ��z�́\�
ÅÒ_����.

#fun failwith msg =
raise(Failure msg);;

val failwith : string -> ’a = <fun>

a:@�:@ 'Ö<<K

4.1 2.2.5Aá¤\� &ñ
_�Ùþ¡~�� ��{9� ’a tree \�¦ ��r� ¶ú�(R�Ð��. ��{9� ((’a -> ’a ->
bool) -> ’a tree -> ’a) �̀¦ ��t���H, ÅÒ#Q��� :£¤$í
�̀¦ ëß�7á¤���H "é¶�è\�¦ àÔo�\�
"f ¹1Ô��H �<ÊÃº\�¦ ëß�[þt#Q��. ���$� s� �<ÊÃº\�¦ \Vü@\�¦ ��6 x�t� ·ú§�¦ ëß�[þt�¦, ��6£§
\� Õª�¦̀�	כ @/�©� "é¶�è�� µ1Ï|
�÷&%3��̀¦ M: \Vü@\�¦ {9�Ü¼v��̧2�¤ ��r� +���. ëß�{9� #�
�Qì�rs� s� �<ÊÃº\�¦ handle ô�Ç�����, #��Qì�r�Ér @/�©� "é¶�è_� °ú̧�כ	��̧ ·ú���èq Ãº e��
��.

4.2 "î
§î
 ���5Åqõ� unit ��{9�

4.2.1 "î
§î
 ���5Åq

nML\�"f, "î
§î
[þt_� ���5Åq�Ér @/ÂÒì�r_� áÔ�ÐÕªA�bç
 ���#Q\�"f Õª�Q�1pws� [jp�c+t
�:r(;)Ü¼�Ð ½̈ì�r�)a��. ³ð�&³d�� (e1;e2) _� _�p� ½̈�̧��H ��6£§ ½©gË:\� _�K� &ñ
_��)a��.

` e1 ⇒ v1 ` e2 ⇒ v2
` (e1; e2) ⇒ v2

("î
§î
 ���5Åq)

7£¤, (e1;e2) _� °úכ�Ér e2_� °úכõ� °ú ��. í�HÃº�>� �<ÊÃº&h���� �'a&h�\�"f �Ð���, s�
½̈$í
 ~½ÓZO��Ér Z>� _�p�\�¦ t�m�t� ·ú§��H��.
ìøÍ���, ·ú¡ ]X�\�"f ¶ú�(R�:r \Vü@\�¦ �¦�9�>� ÷&���, �©�S!��Ér ²ú��������. \Vü@ �¦�9

r�, s� ½̈$í
 ~½ÓZO��Ér ��6£§_� ¿º ½©gË:\� ���� ���Ér '��1lx�̀¦ �Ð#�ÅÒ>� �)a��.

` e1 ⇒ (exnv1raised)
` (e1; e2) ⇒ (exvv1raised)

(���5Åq \Vü@ 1)
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` e1 ⇒ v1 ` e2 ⇒ (exnv2raised)
` (e1; e2) ⇒ (exvv2raised)

(���5Åq \Vü@ 2)

���²DG (e1;e2)_� °úכB��̂� õ�&ñ
\�"f e1\�"f_� \Vü@_� µ1ÏÒqt�Ér ×�æ¹כô�Ç %i�½+É�̀¦ �

>� �)a��. >�����, s� ½̈$í
 ~½ÓZO��Ér ³ð�&³d�� e1õ� e2�� ���Ér ò́õ�, 7£¤ {9�Ø�¦§4� �<ÊÃº
\�¦ �í�<Ê���H �â
Äº\� ���&ñ
ô�Ç �>rF� _�p�\�¦ �������.

4.2.2 unit ��{9�

Äºo��� l�>� ×�æd��&h���� l�0px[þt\� @/K� ��ÀÒ>� ÷&���, ������� \O����� [�t�9ÅÒ��H °úכ
s� \O���H �<ÊÃº[þt_� ��{9��̀¦ #Qb�G>� ½+Ét�\� @/ô�Ç ë�H]j\�¦ K����K��� ô�Ç��.

nML\�"f��H s���� �â
Äº\�¦, ()�Ð ³ðl�÷&��H °úכ ���ëß��̀¦ ��t���H ��{9� unit�̀¦
s�6 x�#� K����ô�Ç��. ��6£§ ]X�\�"f s�\�¦ ��6 x���H \V]j\�¦ �̂¦ Ãº e����.

4.3 ����â
 ��0pxô�Ç ��«Ñ ½̈�̧

nML�Ér #��Qì�rs� C�\P�, �ÃÐ�̧ü< °ú �Ér ��«Ñ ½̈�̧\�¦ ����â
���H �¦̀�	כ )�|ÃÌô�Ç��. s�
]X�\�"f��Hs�l�0pxs�#��Qì�rs�½+ÉÃºe����H{9�\�#Q�"�%ò
�¾Ó�̀¦p�u���Ht�\�@/K���

ê�r��.

4.3.1 C�\P�

C�\P��Ér °úכÓü�6£§s��� o�Û¼àÔü< q�5pw�>� �Ðs���H ��«Ñ ½̈�̧s���.

• C�\P��Ér ’a array ����H ��{9��̀¦ ��t���H Óüt�̂s���. o�Û¼àÔü< °ú s�, Õª�þt]	כ
�Ér °ú �Ér ��{9��̀¦ ��t���H Óüt�̂[þtëß��̀¦ �í�<Ê½+É Ãº e����. Õª�þt�Ér]	כ #Q�"� U�́s�
�̧ |̈c Ãº e����.

• ’a array��{9��Éro�Û¼àÔ_� cons(::)ü<²ú©�Ér#Q�"�7áxÀÓ_����íß��̧ ]j/BN�t�
·ú§��H��. °úכÓü�6£§õ� °ú s�, C�\P��Ér éß�t� ô�Ç ���_� ���íß�Ü¼�Ð ëß�[þt#Qt��¦, Õª s�
Êê\���HSX��©�|̈cÃº\O���. e1,. . .,en °úכ[þt�̀¦�í�<Ê���HC�\P��Ér [|e1,. . .,en|]
ü< °ú s� ³ðl��)a��.

• Äºo���H C�\P�_� "é¶�è\� ->	ÖÎvÃ�\�¦ s�6 x�#� ]X���Hô�Ç��. U�́s� n��� C�\P� ?/_�
"é¶�è_� �����oÛ¼��H ìøÍ×¼r� 0 s��©� n-1 s��_� °ú̀�כ¦ �������. C�\P� aü< �����o
Û¼ i�� ÅÒ#Q&���̀¦ M:, Äºo���H Õª �����oÛ¼\� K�{©����H C�\P�_� "é¶�è\�¦ a.[i]
ü< °ú s� ³ðl�ô�Ç��. C�\P�_� "é¶�è ���\� ]X���H���H X<��H �©�Ãº r�çß�s� ���o�
 9 s���H B�Äº Âúª�Ér r�çß����X<, Õª s�Ä»��H C�\P�_� "é¶�è[þt�Ér Bj�̧o�\� í�H	�
&h�Ü¼�Ð $��©�÷&#Q e��l� M:ë�Hs���. ����"f y�� "é¶�è_� ÅÒ�è��H éß�í�Hy� 'Í	 ���
P: "é¶�è_� ÅÒ�è\� Õª "é¶�è_� �����oÛ¼\�¦ �8ô�Ç °úכs� �)a��.

• C�\P�_� y�� "é¶�è[þt�Ér ����â
 ��0px���.

C�\P�_� �â
Äºo�Û¼àÔü<��H ²ú�o�#Q�"� "é¶�è��ÕªC�\P�\�5Åq���Ht�\�¦ �ÐÕª\� q�

YV���H r�çß� ?/�Ð ·ú� Ãº e����. ÕªXO�>� �l� 0AK�"f Äºo���H éß�í�Hy� ��6£§õ� °ú s�
s���� ���Ò�o�̀¦ ���� �)a��.
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#fun mem array c e a =
let fun find m n =

if m > n then false
else let val p = (m+n)/2 in

if a.[p] = e then true
else if c (a.[p],e) then find (p+1) n
else find m (p-1)

end
in find 0 (Array.length a) end;;

val mem array : (’a * ’a -> bool) -> ’a -> ’a array -> bool = <fun>
#mem array (<) 7 [|2,3,5,6,7,10,12,15|];;
- : bool = true

C�\P�_� "é¶�è��H ½+É{©� ���íß��̀¦ :�xK� ����â
|̈c Ãº e����. C�\P� a_� i���P: "é¶�è\�¦ ³ð
�&³d�� e_� °úכÜ¼�Ð ����â
�l� 0AK�"f��H, ��6£§õ� °ú s� ���� �)a��.

a.[i] <- e

# val a = [|0,1,2,3|];;
val a : int array = [|0, 1, 2, 3|]
# a.[1] <- 7;;
- : unit = ()
# a;;
- : int array = [|0, 7, 2, 3|]

Óüt�:r, s� ���íß��Ér Äºo��� t��FK��t� Ä»t�K� M®o~�� áÔ�ÐÕªA�bç
 Û¼��{9��̀¦ ¢-a���y�
ÂÒÃº#Q !Q�2;��. ��z�́�©�, Äºo���H t��FK��t� �½Ó�©� val v = e +þAI�_� &ñ
_�\�¦ z�́'��
ô�Ç Êê\���H, ���Ãº vü< ³ð�&³d�� e��H �½Ó�©� "f�Ð ��ÜãJ Ãº e�����¦ Òqty��K� M®o��. :£¤y�
áÔ�ÐÕªÏþ�_� &ñ
SX�$í
\� @/ô�Ç 7£x"î
\�"f ÕªÏþ¡��. �t�ëß� ½+É{©� ���íß��̀¦ ��6 x½+É �â
Äº
s���H �8 s��©� ú́�t� ·ú§��H��. s���H ���Ð ���_� \V]j\�"f ì�r"î
y� ·ú� Ãº e����. s� ���
�o_� ņu�Ér _�p�[þt�Ér 4.4]X�\�"f �8¹¡¤ �©�[jy� ��Ò�¦ �.���s	כ

s�]j Äºo�\�>� ½+É{©� ���íß�s� )�6 x÷&%3�Ü¼Ù¼�Ð, Äºo���H PASCAL s��� C\�"f �
~�� ��õ	כ °ú �Ér Û¼��{9��Ð áÔ�ÐÕªA�bç
½+É Ãº e����. Õª��� _�p�\�"f, ��6£§�Ér C�\P� a?/
_� i���P: "é¶�èü< j���P: "é¶�è\�¦ ��Ë̈��H �<ÊÃºs���.

#fun swap a i j =
let val x = a.[i] in

a.[i] <- a.[j];
a.[j] <- x

end;;
val swap : ’a array -> int -> int -> unit = <fun>

��6£§�Ér C�\P�_� "é¶�è[þt�̀¦ &ñ
§>=�l� 0Aô�Ç quicksort �<ÊÃºs���. s���H "é¶�è[þt
çß�_��§8̈�ëß��̀¦��6 xô�Ç��.�<ÊÃº place��HC�\P� a_� [i,j] ½̈çß��̀¦,"é¶�è a.[i]\�¦l�
ï�rÜ¼�Ð K�"f ¿º >h�Ð ì�r½+Éô�Ç��.
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#fun place c a i j =
let fun place rec i’ j’ =

let
fun move right p =

if c (a.[i], a.[p]) orelse p=j’ then p
else move right (p+1)

fun move left p =
if c (a.[p], a.[i]) orelse p=i’ then p
else move left (p-1)

in
let

val k = move right i’
val l = move left j’

in
if k>l then (swap a i l; l)
else if k=l then

if c (a.[l], a.[i]) then (swap a i l; l) else i
else (swap a k l; place rec (k+1) (l-1))

end
end

in
place rec (i+1) j

end;;
val place : (’a * ’a -> bool) -> ’a array -> int -> int -> int = <fun>
#fun quicksort c a =

let fun quick i j =
if i < j then

let val p = place c a i j in
quick i (p-1);
quick (p+1) j

end
in

quick 0 (Array.length a - 1)
end

val quicksort : (’a * ’a -> bool) -> ’a array -> unit = <fun>
#val a = [|18,2,13,4,6,25,1,10,12,9,15,7,3|];;
val a : int array = [|18, 2, 13, 4, 6, 25, 1, 10, 12, 9, 15, 7, 3|]
#quicksort (<) a;;
- : unit = ()
#a;;
- : int array = [|1, 2, 3, 4, 6, 7, 9, 10, 12, 13, 15, 18, 25|]
#quicksort (>) a;;
- : unit = ()
#a;;
- : int array = [|25, 18, 15, 13, 12, 10, 9, 7, 6, 4, 3, 2, 1|]
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4.3.2 �ÃÐ�̧

����Ð(reference)����H >h¥Æ��Ér #Q�"� ���\�"f ����â
 ��0pxô�Ç Óüt�̂[þt_� &ñ
Ãº\�¦ �Ð#� ï�r
��. s� >h¥Æ��Ér PASCALs��� Cü< °ú �Ér ���#Q\�"f_� �í���'�(�o¶ú�³ð)ü< @/6£xô�Ç��.
Äºo���H #Q�"� Óüt�̂\� @/K�"f��H, ref ½̈$í
 ~½ÓZO��̀¦ s�6 x�#� Õª\� @/ô�Ç �ÃÐ�̧\�¦

����?/��H °ú̀�כ¦ ëß�[þt Ãº e����. s� M: ref _� ��{9��Ér ’a -> ’a ref �� �)a��.

#val c = ref 0;;
val c : int ref = ref 0
#val s = ref "hello";;
val s : string ref = ref "hello"
#val l = [ref 1, ref 2, ref 3];;
val l : int ref list = [ref 1, ref 2, ref 3]

�ÃÐ�̧÷&��H °ú7£¤)כ, ��o�(���̀¦ {©���¦ e����H °úכ)�Ér ���íß��� ”!” \�¦ s�6 x�#� ]X���H
��0px���.

#!c;;
- : int = 0
#!(List.hd l);;
- : int = 1

�ÃÐ�̧ +þAI�_� °úכ�Ér ”:=” �Ð ³ðl�÷&��H ½+É{©� ���íß�\� _�K� ����â
|̈c Ãº e����.

#c := !c + 3;;
- : unit = ()
#c;;
- : int ref = ref 3
#List.hd(List.tl l) := 7;;
- : unit = ()
#l;;
- : int ref list = [ref 1, ref 7, ref 3]

s� �ÃÐ�̧_� >h¥Æ�\� @/ô�Ç ú́§�Ér 6£x6 x[þt ×�æ\�"f, Äºo���H ìøÍ×¼r� ?/ÂÒ �©�I�\�¦ ��
��� �<ÊÃº_� &ñ
_�ü<  ñü< �§&h��̀¦ ����� ÕªA�áÔ ½̈�̧ ëß�[þtl�\� @/K�"f ���/åL��¦ �Å�

#Q���� ô�Ç��.
'Í	���P:�â
Äº\�@/K�"f��H, �̧�FKÊê\�&ñ
_�|̈c�<ÊÃº gensyms�e����.s�l� ñ\�¦

ëß�[þt#Q ?/��H %i�½+É�̀¦ ���H �<ÊÃº��H unit -> string _� ��{9��̀¦ ��t��¦, ô�Ç��� z�́
'��½+É M:���� Dh�Ðî�r ë�H��\P��̀¦ ëß�[þt#Q �·p��. s���H B� z�́'��r����� ë�H��\P� ”ident”
+'\�&ñ
Ãº���\�¦·¡#�"fØ�¦§4����H�Ü¼�Ð��0px	כ���.s�&ñ
Ãº��H�<ÊÃº_�?/ÂÒ���
Ãºü< �������)a �ÃÐ�̧_� +þAI��Ð $��©�÷& 9, �<ÊÃº  ñØ�¦r����� 1m�� 7£x���)a��.

#val gensym =
let val count = ref (-1) in

fn () => count := !count + 1;
"ident"̂(string of int !count)

end;;
val getsym : unit -> string = <fun>
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#gensym();;
- : string = "ident0"
#gensym();;
- : string = "ident1"
#gensym();;
- : string = "ident2"

4.3.3 PASCAL, C, LISPü<_� q��§

s� �©�\�"f Äºo��� �è>hô�Ç ú́§�Ér l�>� ×�æd��&h���� ½̈$í
 ~½ÓZO�[þt�Ér nML�̀¦ s�6 x�#�
PASCALs��� Cü< °ú �Ér �Ð�� ���:�x&h���� ���#Q[þtõ� q�5pwô�Ç Û¼��{9��Ð áÔ�ÐÕªA�bç
½+É
Ãº e���̧2�¤ K� ï�r��. ¢̧ô�Ç s� ½̈$í
 ~½ÓZO�[þt�Ér ��u� LISP�� Scheme\�"f rplaca,
rplacd, displace obj���íß��̀¦��6 xK�"fÙþ¡~���/?�_õ�°ú s���õ�&h�Ü¼�Ð��«Ñ	כ
6 x�̀¦ ����â
½+É Ãº e��>� K� ï�r��. 0A_� ���:�x&h���� ���#Q[þt�̀¦ a�¦l�~�� ��|ÃÐ[þt\�>� e��
#Q"f, nMLü< ���Ér ���#Q[þtçß�_� ]X���H ~½Ód�� 	�s�\� @/K� �Ð�:rK� �Ð��H ��Ér	כ <Éªp�
e����H {9�e��\� d�¦aË>\O��̀¦ �.���s	כ s�ü< °ú �Ér q��§\�"f, Äºo���H ���Ãº�� ��ÀÒ#Qt���H
~½ÓZO�õ� ��«Ñ ½̈�̧�� Ä»t�÷&��H ~½ÓZO�_� 	�s�\� @/K� ¶ú�(R�Ð���� ô�Ç��.
���Ãº\�@/K�"f��H, nMLõ�l������Ér���#Q[þt – PASCAL, C, LISP –çß�\���H�:r

&h����	�s���e����. PASCAL, C, LISP\�"f_�½+É{©����íß���(y��y�� :=, =, setq)[þt
�Ér #Q�"� ���Ãº�̧ &h�6 x|̈c Ãº e���¦ Õª ���Ãº_� °ú̀�כ¦ ��ÜãJ Ãº e����. �t�ëß� nML\�"f
s���H Ô�¦��0px���. ���Ãº_� °úכ�Ér ��ÜãJ Ãº \O��¦, ��7t� ·ú§Ü¼ 9, s� ��z�́�Ér ~1�>� 7£x
"î
 ��0px���. ëß�{9� Äºo��� ���Ãº x\�¦ &ñ
_�Ùþ¡�¦, val y = x \�¦ s�6 x�#� ���Ér ���
Ãº y\�¦ &ñ
_�Ùþ¡�����, _�Û¼àÔ x == y��H �½Ó�©� �ÃÐÜ¼�Ð z����H��. nML\�"f x := e��
�¦ jþt Ãº e����H Ä»{9�ô�Ç �©�S!��Ér ���Ãº x�� t ref g1J_� ��{9��̀¦ ��|9� M: ÷�rs���. ��
��"f xü< Õª °úכõ�_� �������Ér ��7t� ·ú§�¦, ���Ãº x_� °úכ ?/\� e����H �o¶ú�³ð�� ���Ér
/BM�̀¦ �¾Ó�>� ÷&��H �.���s	כ ���:�x&h���� áÔ�ÐÕªA�bç
 ���#Q\�"f��H, #Q�"� ���Ãº_� _�p�
��H Õª��s	כ ½+É{©� ���íß���_� ¢,aAá¤\� e��Ö¼�� ��m���� ���Ér /BM\� e��Ö¼��\� ���� ��ØÔ

>� K�$3�÷&#Q�� Ùþ¡��. ½+É{©� ���íß���_� ¢,aAá¤\�"f��H, Õª��Ér	כ ���Ãº Õª ���̂1\�¦ _�p�

���HìøÍ���,���Ér�©�S!�\�"f��HÕª������\�Ér���Ãº	כ���)a°ú̀�כ¦����?/�¦,����"fë�HÐ�o
�̀¦ ��Ë̈t� ·ú§�¦ Õª °úכÜ¼�Ð @/�̂|̈c Ãº e����. \V\�¦ [þt���, ëß�{9� ���Ãº x�� 3�̀¦ °úכÜ¼
�Ð ����������, ³ð�&³d�� x := x + 1�Ér x := 3 + 1õ� 1lx1px�t�ëß�, ì�r"î
y� 3 := 3
+ 1õ���H ��ØÔ��.(Õªo��¦ s���H _�p�\O���H d��s���.)
ìøÍ��� nML\�"f��H, ���Ãº��H �½Ó�©� Õª °ú̀�כ¦ ����?/�¦, ½+É{©� ���íß��� ¢,aAá¤\�"f�̧

s���H �ÃÐs���. ëß�{9� s� °úכs� �ÃÐ�̧�����, s� �ÃÐ�̧��H ½+É{©�\� _�K� ����â
|̈c Ãº e����.
%i��ÃÐ�̧ ���íß���(!)��H Õª °úכs� �ÃÐ�̧_� +þAI���� ���Ãº_� 2��t� ���Ér ��6 x~½ÓZO��̀¦

"î
�l�>��Ð#�ï�r��.Äºo���H���:�x&h�������#Q\�"f x := x + 1�Ð³ðl�÷&��H���íß��̀¦
x := !x + 1�Ð ³ðl�ô�Ç��.
��«Ñ ½̈�̧_� 1lx&h���� Òqt$í
\� @/K�"f��H, nMLõ� LISP��H PASCAL, Cü< ��H�:r&h�

��� 	�s�\�¦ �Ð#�ï�r��. nML\�"f��H, éß�í�Hy� YU�ï×¼\�¦ ��6 x���H ����s	כ ��«Ñ ½̈$í

��\�¦ &h�6 x���H 1lx���s� Bj�̧o�\�¦ ?/ÂÒ&h�Ü¼�Ð ½+É{©��#� Dh�Ðî�r Óüt�̂\�¦ ëß���H��.
LISP_� �â
Äº %i�r�, Äºo��� �<ÊÃº cons ¢̧��H ���íß��� quote\�¦ /ú��̀¦ M: ÕªXO�>� �)a
��. ìøÍ���, PASCAL\�"f��H, Dh�Ðî�r Óüt�̂��H �<ÊÃº new \�¦ s�6 xK�"fëß� Dh�Ðî�r Óüt�̂
\�¦1lx&h�Ü¼�ÐÒqt$í
½+ÉÃºe���¦, C\�"f��H malloc�̀¦��6 xK���ô�Ç��.s�Óüt�̂[þt�Ér�í
���'�(�o¶ú�³ð)\�¦s�6 x�#��ÃÐ�̧÷&>�÷&�¦,s��í���'���H nML\�"f_��ÃÐ�̧+þAI�_�

1�Ð�� &ñ
SX��>���H, ���Ãº_� ÅÒ�è\�¦ �����·p��.
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°úכõ� ��ðøÍ��t��Ð ½+É{©� ���íß�\� _�K� ����â
|̈c Ãº e����. ���õ�&h�Ü¼�Ð, C, PASCAL\�
"f Óüt�̂��H B�Äº ���Ér ~½ÓZO�Ü¼�Ð ëß�[þt#Qt���H ��3!�%	כ �Ðs�t�ëß�, 1lx&h���� ��«Ñ ½̈�̧
\� @/ô�Ç �í���'�_� Ä»t���H nML\�"f_� Õª��õ	כ B�Äº Ä»�����.

nMLõ� LISP\�"f��H, �í���'� ����â
 s�Êê jþt�̧\O�>� �)a Óüt�̂�� &h�Ä»��¦ e��~��
/BNçß��Ér��1lx&h�Ü¼�Ð4�¤½̈�)a��.�t�ëß�, PASCAL, C\�"f��H��6 x����f��]X�#Q�"�Óüt
�̂�� �8 s��©�jþt�̧\O�����H�¦̀�	כ dispose, freeü<°ú �Ér�<ÊÃº\�¦s�6 x�#�������K�
ÅÒ#Q�� ��¦, Õª��Ér	כ Ãºú́§�Ér \��Q_� ��0px$í
�̀¦ ?/�íô�Ç��.
(����{9�\� @/K� ��ÀÒ��H 12�©�\�"f��H nML_� ½̈�&³\�"f #Qb�G>� Bj�̧o��� �'ao�

÷&��Ht�\� @/K� ��Ò�¦ �.���s	כ

a:@�:@ 'Ö<<K

4.2 �<ÊÃº gensym\�¦ string -> unit -> string_� ��{9��̀¦ ��t��̧2�¤ �¦5g"f ��
6 x���� æ¼�¦ z�·�Ér ë�H��\P��̀¦ ���×þ�½+É Ãº e���̧2�¤ ���.
4.3 reset gensym : unit -> unit�<ÊÃº\�¦&ñ
_�K�"f gensym�<ÊÃº_�
�î�r'�\�¦
0Ü¼�Ð �íl��o½+É Ãº e���̧2�¤ ���.
4.4 #Q�"� Äº��� í�H0A_� o�Û¼àÔ\�¦ ����?/l� 0Aô�Ç ��{9��̀¦ &ñ
_����. s� o�Û¼àÔ_�
"é¶�è[þt�Ér ���çß�_� &ñ
�Ðü<, Õª &ñ
�Ð_� Äº��� í�H0A\�¦ ����?/��H &ñ
Ãº ���_� Óü�6£§Ü¼
�Ð s�ÀÒ#Q4R e����. o�Û¼àÔ_� "é¶�è[þt�Ér Äº��� í�H0A\�¦ l�ï�rÜ¼�Ð &ñ
§>=÷&#Q e��#Q��
ô�Ç��. Õªü< °ú �Ér o�Û¼àÔ\� "é¶�è ���\�¦ ¶ú�{9����H �<ÊÃº\�¦ ëß�[þt#Q��.
4.5 �ÃÐ�̧ +þAI�_� °ú̀�כ¦ s�6 x�#� s�×�æ ������ o�Û¼àÔ\�¦ ëß�[þt#Q �Ð�¦, s�\� @/K� 1lx
������H quicksort �<ÊÃº\�¦ ëß�[þt#Q �Ð��.
4.6 ÕªA�áÔ_�&ñ
&h� –���çß�_�&ñ
�Ðü<Õª\��������)a���Ér&ñ
&h�[þt\�@/ô�Ç&ñ
�Ð\�¦��
t���H – [þt�̀¦ ����?/��H ��{9��̀¦ &ñ
_����. ���Ér &ñ
&h�[þt\� @/ô�Ç &ñ
�Ð��H Õª &ñ
&h�õ�
�������)a &ñ
&h�[þt_� |9�½+ËÜ¼�Ð �����·p��. s� ÕªA�áÔ\� &ñ
&h�, çß�����̀¦ �8����� NS��H
�<ÊÃº[þt�̀¦ ëß�[þt#Q �Ð����.
4.7 LISP\�¦ ����H ��|ÃÐ_� �â
Äº, LISP_� ��«Ñ ½̈�̧[þt�̀¦ ����?/��H ��{9��̀¦ &ñ
_��
��. :£¤y�, rplaca, rplacd ���íß��̀¦ &ñ
_�K� �Ð��.
4.8 nML\�"f_� �ÃÐ�̧ +þAI�_� °úכs� #Qb�G>� PASCAL\�"f_� ’�ÃÐ�̧\� _�ô�Ç ����� ���
²ú�’ �̀¦ ¿9ª?/èq Ãº e����Ht� �Ð#���.

4.4 ��õ�&h� ���íß���[þt_� _�p� ½̈�̧

nML_� l�>� ×�æd��&h���� 8£¤���[þt�Ér ��r� æ¼l�_� >h¥Æ��̀¦ s�6 x�#� ���Ð &ñ
_�|̈c Ãº
��H \O���HX<, Õª s�Ä»��H ��r� æ¼l�_� >h¥Æ��Ér Bj�̧o�\�"f_� ��«Ñ_� ����â
�̀¦ �¦�9�
l� ·ú§l� M:ë�Hs���.
Õª�Q��, s�\�¦ Bj�̧o�\�"f_� ����o�� "î
SX��>� �'ao�÷&��H, �<ÊÃº\� l�ìøÍô�Ç &ñ
+þA

�o�)a r�Û¼%7�Ü¼�Ð ���8̈��#� _�p� ½̈�̧\�¦ &ñ
_����H ��s	כ ��0px���.
s����8̈�\�@/ô�Ç>h¥Æ��̀¦%3�l�0AK�"f, 96Aá¤\�&ñ
_��)a�<ÊÃº gensym\�@/K�¶ú�

(R�Ð��. Õªo��¦ ���r� 1lxîß� s� �<ÊÃº�� s� r�Û¼%7�\�"f �<ÊÃº ×�æd��&h�s�t� ·ú§�Ér Ä»
{9�ô�Ç �<ÊÃº���¦ ��&ñ
���.
Äºo���H s� �<ÊÃº\�¦ ��6£§õ� °ú �Ér ���+þA�)a �<ÊÃº symÜ¼�Ð @/�̂½+É �.���s	כ

#fun sym c = ("ident"̂(string of int c), c+1);;

s� �<ÊÃº��H &ñ
Ãº ���\�¦ ������Ð ~ÃÎ��"f, s�\�¦ s�6 xK� ëß�[þt#Q��� d���̂¦õ� 1 7£x
���)a Dh�Ðî�r &ñ
Ãº(
�î�r'�)�Ð s�ÀÒ#Q��� °úכÓü�6£§�̀¦ [�t�9ï�r��.
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s� Dh�Ðî�r �<ÊÃº\�¦ gensym @/��� æ¼l� 0AK�"f��H, Äºo���H ���Ér �̧��H nML�<ÊÃº
[þts� 
�î�r'�°ú̀�כ¦ ÆÒ��_� ����� +þAI��Ð ~ÃÎ��[þts��¦, �:rA� ���õ�\� �<ÊÃº ?/\�"f ��
7%3��̀¦t� �̧ØÔ��H 
�î�r'�°ú̀�כ¦ °ú s� Óü�#Q"f [�t�9ÅÒ�̧2�¤ K��� ô�Ç��. ëß�{9� �¦�9 @/
�©�s� ÷&��H �<ÊÃº�� ?/ÂÒ\�"f sym�̀¦ ÂÒØÔt� ·ú§��¤�����, 
�î�r'�°úכ�Ér ��7t� ·ú§�̀¦
�.���s	כ \V\�¦ [þt#Q, add int ��H éß�í�Hy� ��6£§õ� °ú s� &ñ
_��)a��.

#fun add int c m n = (m+n, c);;

¢̧ �<ÊÃº_� ½+Ë$í
�Ér ��6£§õ� °ú s� �)a��.

#fun compose c f g x =
let val (v1, c1) = g c x in

f c1 v1
end;;

����"f Ãºú́§�Ér �<ÊÃº[þt�Ér 
�î�r'� °ú̀�כ¦ éß�t� ”�Å���ÅÒ�¦”, Õª 
�î�r'� °úכ�Ér sym
�<ÊÃº\� _�K�"f #Q�"� q� �<ÊÃº ×�æd��&h���� ���íß��̧ Ãº'���t� ·ú§�¦ 7£x���)a��.
ÕªXO�t�ëß� s�XO�>� ���H ��Ér	כ Õªo� �&³z�́&h�s�t� 3lwô�ÇX<, Õª s�Ä»��H Äºo��� Dh

�Ðî�r ����â
 ��0pxô�Ç °ú̀�כ¦ æ¼�¦ z�·�̀¦ M:���� �̧��H �<ÊÃº\� Dh�Ðî�r �����\�¦ ÆÒ��K���

�l�M:ë�Hs���.ÕªXO�>����H@/���,Äºo���H����â
��0pxô�Ç°úכ[þt�̀¦ �̧��"f8K~¡P���
�¦ Ô�¦o���H Dh�Ðî�r ���_� Óüt�̂\�¦ ëß�[þt Ãº e����. s���H loc -> value_� ��{9��̀¦
��t� 9, #�l�"f loc�Ér Bj�̧o� ÅÒ�è_� ��{9�s��¦ value��H æ¼��� °úכ[þt_� ��{9�s���.

update �<ÊÃº��H ��6£§õ� °ú s� í�HÃº �<ÊÃº ×�æd��&h���� l�0pxëß��̀¦ ��6 xK�"f Bj�̧o�
\�¦ ����â
ô�Ç��.

#fun update mem loc value =
fn loc’ => if loc’ = loc then value else mem loc;;

����"f s�]j��H y�� �<ÊÃº�� Bj�̧o�\� K�{©����H ÆÒ��_� ����� ���ëß��̀¦ ��t��¦,
[�t�9ÅÒ��H °ú̀�כ¦ ����� ���õ�ü< Dh�Ðî�r Bj�̧o�_� Óü�6£§Ü¼�Ð ��Ë̈��H �Ü¼�Ð	כ Ø�æì�r�

>� �)a��. s� ~½ÓZO�Ü¼�Ð, Äºo���H í�HÃº�>� �<ÊÃº&h���� �©�S!�\�"f Bj�̧o�\�¦ ����â
���H
�̧��H ���íß��̀¦ ¿9ª?/èq Ãº e����.
s� l�Õüt�Ér ���:�x&h�Ü¼�Ð áÔ�ÐÕªA�bç
 ���#Q_� Ãº�<Æ ³ðl�ZO��̀¦ s�6 xô�Ç _�p� ½̈�̧

\�"f æ¼#� M®o��. s�XO�>� ��¦ ����� Äºo���H q� �<ÊÃº ×�æd��&h���� áÔ�ÐÕªÏþ�[þt\� @/
K�, Õª�¦þt�̀]	כ �<ÊÃº ×�æd��&h�Ü¼�Ð ���8̈���¦ s�\� @/K� ¶ú�(R4�§Ü¼�Ð+� #��Q :£¤$í
�̀¦
ÆÒ�:rK� èq Ãº e����. ¢̧ô�Ç, 3�©�\�"f ¶ú�(R�:r #��Q ��t� ~½ÓZO�[þt�̀¦ ��6 xK�"f s�[þt�̀¦
��Ò�¦ Ãº e��>� �)a��.

4.5 ���¹כ

Äºo���H nML_� ÅÒ�)a q� �<ÊÃº ×�æd��&h� :£¤$í
[þt – "î
§î
 ���5Åq, \Vü@, Óüt�̂_� ?/6 x�̀¦
z�́]j�Ð ����â
�l� 1px – \� @/K� ¶ú�(R�Ð��¤��. Õª�¦þt�̀]	כ s�K��l� 0AK�"f, #��Qì�r
�Ér s� y��y��_� :£¤$í
[þt�̀¦ nML_� °úכ\� _�ô�Ç °úכB��̂� ���|ÄÌ\� �'a>�r�&�"f ¶ú�(Rú<��
ô�Ç��. >�����, Óüt�̂_� ?/6 x�̀¦ z�́�̂�Ð ����â
���H ���íß�[þt�Ér Óüt�̂_� Bj�̧o� ?/\�"f
_� ³ð�&³ ~½ÓZO�\� @/ô�Ç #Q�"� ��&ñ
[þt\� l�ìøÍ��¦ e����.
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C, PASCALõ� °ú �Ér ���:�x&h���� ���#Q\�"f ¹1Ô�̀¦ Ãº e����H ½+É{©� ���íß�[þtõ� q��§½+É
M:, nML\�"f_� ½+É{©� ���íß�[þt�Ér Õª æ¼e���̀¦ ]jô�Ç���H ���çß�_� ”Ö�¦��o�” [þt�̀¦ ��t�
�¦ e����. nML\�"f��H, ���Ãº\� Áº����� ½+É{©����H ��Ér	כ Ô�¦��0px��¦, Õª ���Ãº\� ½+É
{©��)a, #Q�"� :£¤Z>�ô�Ç ��{9��̀¦ ��t���H °úכ[þt\� Áº�����\�¦ ½+É{©����H ��ëß�s	כ ��0px���.
s� ~½ÓZO��̀¦ ��6 x����, Õª��� :£¤Z>�ô�Ç ��{9��̀¦ ��t�t� ·ú§��H ���Ér °úכ[þt�Ér ����t� ·ú§
��H����H ��z�́s� �Ð�>r�)a��. ����"f, \V\�¦ [þt#Q ���Ãº x�� ����t� ·ú§��H ��{9��̀¦ �����
�����, Äºo���H áÔ�ÐÕªÏþ� ?/\�"f Õª ���Ãº��H �½Ó�©� °ú �Ér °ú̀�כ¦ ���������H ��z�́�̀¦ SX�
���½+É Ãº e����. s���H x�� ?/ÂÒ\�"f ½+É{©� ���íß��̀¦ Ãº'�����Ht� îß� ���Ht� �̧ØÔ��H e��
_�_� �<ÊÃº_� ������Ð ���²ú�÷&%3����¦ K��̧ ��ðøÍ��t�s���.

4.5.1 �8 C�Ö�¦ ?/6 x[þt

Äºo���H \Vü@ %�o�\� _�K� Ãº'��÷&��H ]j#Q ½̈�̧ü< ½+É{©� ���íß�\� _�K� Ãº'��÷&��H Bj

�̧o�]X���H ½̈�̧\�¦"î
r�&h�Ü¼�Ðëß�1puÜ¼�Ð+�, nML_�q��<ÊÃº×�æd��&h����8£¤���[þt, ¢̧
��H 7á§ �8 {9�ìøÍ&h�Ü¼�Ð �8¹¡¤ ���:�x&h���� ���#Q[þt_� _�p� ½̈�̧\�¦ ]jr�½+É Ãº e����.
Ãº�<Æ³ðl�ZO��̀¦s�6 xô�Ç_�p�½̈�̧\�"f��H,s�\�¦3lq&h�Ü¼�Ða:@ö¶;ßdµ(continuation),

Z9�#Ü� �ÈÕ¬£(environment function), 8K~¡P� �ÈÕ¬£(memofy function) _� >h¥Æ�s� �̧
{9�÷&%3���. s� >h¥Æ�[þt\� @/ô�Ç �è>h\�¦ 0AK�"f��H [3]\�¦ �Ð��.
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s�]j s� Õþ�_� ¿º���P: ¼#��̀¦ /BNÂÒ½+É 	�YVs���. s���� ¼#�\�"f��H nML�Ð #��Q��
t� 6£x6 x áÔ�ÐÕªÏþ��̀¦ ���$í
K� �̂¦ �.���s	כ y�� �©�[þt�Ér "f�Ð ß¼>� ����'as� \O�l� M:ë�H
\�, 1lq��_� <Éªp��� y©�_�ü<_� ����'a$í
\� ����"f ���Ð {9�#Q�̧ a%~��.

5�©��Ér+þAd��6 x#Q(formal terms)\�@/K�l� ñ>�íß�(symbolic computations)�̀¦
Ãº'�����H����ê¦̀�	כr��.:£¤y���1lx7£x"î
(automatic proof),�7Ho�áÔ�ÐÕªA�bç
(logic
programming), ��{9� Ä»ÆÒ(type synthesis)ü< °ú �Ér ú́§�Ér l� ñ >�íß�\� @/ô�Ç 6£x6 x
áÔ�ÐÕªÏþ�\� ��6 x÷&��H J���� ú́�ÆÒl�(pattern matching)s��� 1lx{9��o(unification)
·ú��¦o�7£§�̀¦ &ñ
_�ô�Ç��.

6�©�\�"f��H 	�H &ñ
�Ð\�¦ ³ð�&³���H ç�H+þAú̧��2³ ��Áº(balanced trees)\�¦ ��6 x���H
ZO��̀¦ ¶ú�(R�:r��. #�l�"f��H ·ú��¦o�7£§ y©�_�\�"f �è>h÷&��H s���� �ÃÐÒ�o ��Áº(binary
search tree)ü< AVL ��Áº_� ��s�n�#Q\�¦ ��6 xô�Ç��.

7�©��Ér ÕªA�áÔ\�¦ �ÃÐÒ�o���H #��Q��t� ~½ÓZO��̀¦ U�·s�e��>� ��ê�r��. 6�©�\�"f �è>h
�)a|9�½+Ë³ð�&³~½Ód���̀¦s�6 x�#�À1Ïçß�"é¶Õüæs�(red donkey)��_"to�_�#Q(solitaire)ü<
°ú �Ér >�e�� áÔ�ÐÕªÏþ��̀¦ �è>hô�Ç��.

8�©�\�"f��H#Q6fì�r$3�l�(lexical analyzer)ü< ½̈ë�Hì�r$3�l�(syntax analyzer)áÔ
�ÐÕªÏþ��̀¦ ���$í
ô�Ç��. s���Ér	כ nML_� âì2£§(stream)s�����H ��s�n�#Q\�¦ s�6 xô�Ç��.

9�©��Ér #Qb�G>� ÕªaË>�̀¦ Õªo��¦ n���������H áÔ�ÐÕªÏþ��̀¦ ���$í
���Ht� �Ð#�ï�r��.
%�6£§�'p >h|ÄÌ&h���� �¦̀�	כ [O�"î
��¦, Õª Êê\� ��Áº\�¦ Õªo��¦ î̈
���s��� ³ð����̀¦ ��{9�
�Ð W=���H MLgraph ��s�ÚÔ�Qo�\�¦ s�6 xô�Ç��.

10�©��Ér e��_�_�ß¼l�\�¦ °ú���H &ñ
Ãºü< z�́Ãº\�¦ �¦�9ô�Ç &ñ
SX�ô�Ç íß�Õüt���íß��̀¦ ��ê�r
��. #�l�"f��H 	�H Õüw��\� @/ô�Ç ¢-a�����¦ ò́Ö�¦&h���� ��s�ÚÔ�Qo�\�¦ ½̈�&³�l� �Ð��
��H s��Qô�Ç ���\O�s� ��0px�����H �¦̀�	כ ±ú�1pqr�v���H ��s	כ 3lq&h�s���.
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+þAd�� #Q½̈, J���� ú́�ÆÒl�,
1lx{9��o

s�����©�\�"fÄºo���H���Ãº\�¦�����#Q½̈�Ðs�ÀÒ#Q���{9�ìøÍ&h���� ½̈�̧\�¦��ê�r��.��{9�
Ä»ÆÒ(type synthesis),°úכB��̂�(evaluation),¼#�|9�,+þAd��>�íß�(formal computation),
��1lx 7£x"î
(automatic proof)õ� °ú s� ³ð�&³d���̀¦ +þAd��&h���� ���\�"f ��ÀÒ��H ì�r��\�
"fÄ»6 xô�Ç,J���� ú́�ÆÒl�ü<1lx{9��o\�@/ô�Ç·ú��¦o�7£§�̀¦¶ú�(R�̂¦�s���.Õªo��¦1lx	כ
{9��o ·ú��¦o�7£§�̀¦ ��{9� Ä»ÆÒ\� &h�6 x���H �Ü¼�Ð	כ ��Áºo�ô�Ç��.

5.1 ��Áº

s���� ]X�\�"f ¶ú�(R �̂¦ l��:r ��s�n�#Q��H ��6£§ ]X�\�"f ���Ãº\�¦ ����� 6 x#Q\�¦ ��ÀÒ��H

~½ÓZO�õ� ����'a$í
s� e����.

Äºo���H �̧×¼_�>hÃº�����ª�ô�Ç��Áº\�@/K��'ad��s�e����.7£¤, �̧×¼��H 0>h, 1>h,
¢̧��H Õª s��©�_� ��d�� �̧×¼\�¦ ��|9� Ãº e����. ô�Ç �̧×¼_� ��d�� �̧×¼[þt_� |9�½+Ë�Ér o�
Û¼àÔ�Ð³ð�&³|̈c�.���s	כ ú́�éß� �̧×¼��H���o�Û¼àÔ\�¦����� �̧×¼�Ð³ð�&³�)a��.Õª�QÙ¼
�Ð Äºo��� ��6 x½+É ��{9��Ér �̧f�� ô�Ç>h_� Òqt$í
��\�¦ �������.

# type ’a gentree = GenNode of ’a * ’a gentree list;;

î̈
�èü< °ú s�, s� ��{9�_� Ì�o�̂\� @/ô�Ç ë�HZO��̀¦ ì�r$3����H �<ÊÃº�� e�����¦ ��&ñ

ô�Ç��. ��Áº_� ½̈�̂&h� ë�HZO� ½̈�̧(concrete syntax)��H F�c ñ\�¦ s�6 xô�Ç çß�éß�ô�Ç +þAI�
s���.

• “a(t1,· · ·,tn)”�Ér GenNode(a,[t1,· · ·,tn])_� ë�HZO�s���.

• “a”��H “a()”ü< ë�HZO�&h�Ü¼�Ð 1lx{9����.

# gentree of string;;
val it: (string -> ’a) -> string -> ’a gentree = <fun>
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# gentree of string string of ident ‘‘a(b,c(d,e),f)’’;;
val it: string gentree

= GenNode
("a", [GenNode ("b", []),

GenNode ("c", [GenNode ("d", []), GenNode ("e", [])]),
GenNode ("f", [])])

s� ��Áº��H ÕªaË> 5.1\� ������e����.

5.1.1 Y>���t� Ä»6 xô�Ç �<ÊÃº[þt

��Áº_� °Æ¡È(size)��H ��Áº�� ��t��¦ e����H �̧×¼_� Ãºs���. ß¼l���H ��6£§õ� °ú �Ér
�<ÊÃº�Ð &ñ
_��)a��.

# val rec gentree size = fn
(GenNode(x,l)) ⇒ 1 + sigma(map gentree size l);;

val gentree size: ’a gentree -> int = <fun>

��Áº_� £Ñ÷¬È(height)��H ��Áº_� ���©� |�� ��t�_� U�́s�s���. Z�}s���H ��6£§_�
�<ÊÃº�Ð &ñ
_��)a��.

# val rec gentree height = fn
(GenNode(x,l)) ⇒ 1 + (fold left max int 0 (map gentree height l));;

val gentree height: ’a gentree -> int = <fun>

M:M:�Ð ��Áº\� ��������H °úכ[þt_� |9�½+Ë�̀¦ ½̈���H �̧�	כ ¹כ��9���.

# val rec gentree set = fn
(GenNode(x,l)) ⇒ union [x] (fold left union [] (map gentree set l));;

val gentree set: ’a gentree -> ’a list = <fun>

ëß���� Äºo��� ��Áº\� ��������H °úכ[þt_� o�Û¼àÔ(×�æ4�¤�)a o�Û¼àÔ{9� Ãº�̧ e��6£§)
\�ëß� �'ad��s� e�������, y��y��_� �̧×¼\�¦ &ñ
SX�y� ô�Ç���ëß� ~½Óë�H����"f ��Áº\�¦ ÆÒ&h��
��H ~½ÓZO�_� >hÃº ëß��pu #��Q��t� o�Û¼àÔ\�¦ ���õ��Ð %3��̀¦ �.���s	כ

�̧��H n\� @/K�"f, ÍÒo�(root)�ÐÂÒ'� ��o� n+1ëß��pu b��#Q��� #Q�"� �̧×¼\�¦ ~½Óë�H
�l����\���o� nëß��pub��#Q��� �̧��H �̧×¼[þt�̀¦ �̧¿º~½Óë�H���H~½Ód���̀¦ ²ÑÞ ¬ÁªÍá(breadth-first)
~½Ód��s����¦ ô�Ç��. �̧��H YU6\�\�"f �̧×¼\�¦ ¢,aAá¤\�"f �̧�ÉrAá¤Ü¼�Ð ¢̧��H �̧�ÉrAá¤\�
"f ¢,aAá¤Ü¼�Ð ~½Óë�H½+É Ãº e����.

y��y��_� �̧×¼\� @/K�"f Õª��_	כ �̧��H ��d�� �̧×¼[þt�̀¦ ���Ér �̧×¼��~½Óë�H÷&l����

\� ~½Óë�H���H ~½Ód���̀¦ ¡Ý÷¬È ¬ÁªÍá(depth-first) ~½Ód��s����¦ ô�Ç��. ëß���� ��d���̧
×¼[þt�̀¦ ¢,aAá¤\�"f �̧�ÉrAá¤_� í�H"f�Ð ~½Óë�H���� ¬Ôá®ÑÞ ¬ÁªÍá(leftmost)s����¦ �
 9, Óüt�:r �̧�ÉrAá¤\�"f ¢,aAá¤Ü¼�Ð ~½Óë�H���� ¬¼¦Ûá®ÑÞ ¬ÁªÍá(rightmost)s����¦ ô�Ç
��. >����� ��Áº\�¦ U�·s� Äº��� ~½Ód��Ü¼�Ð ¹1Ô������H 1lxîß�, ÍÒo���H Õª��_	כ ��d�� s�
��� ¢̧��H s�Êê\� ~½Óë�H|̈c Ãº e����. ����"f Äºo���H Íî¤Á ¨ÉòªÝÞ(prefix)õ� Íî§È
¨ÉòªÝÞ(postfix)\�¦ ½̈Z>�½+É Ãº e����.
ÕªaË> 5.1_� ��Áº\� @/K�"f, ��6£§õ� °ú s� �̧×¼\�¦ ~½Óë�H���H #��Q��t� í�H"f��

e����.
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;�¤ Äº��� ¢,aAá¤ Äº��� ~½Ód�� a,b,c,f,d,e
;�¤ Äº��� �̧�ÉrAá¤ Äº��� ~½Ód�� a,f,c,b,e,d
U�·s� Äº��� ¢,aAá¤ Äº��� ]X�¿º ~½Ód�� a,b,c,d,e,f
U�·s� Äº��� �̧�ÉrAá¤ Äº��� ]X�¿º ~½Ód�� a,f,c,e,d,b
U�·s� Äº��� ¢,aAá¤ Äº��� ]X�p� ~½Ód�� b,d,e,c,f,a
U�·s� Äº��� �̧�ÉrAá¤ Äº��� ]X�p� ~½Ód�� f,e,d,c,b,a

\V�Ð+� U�·s� Äº���, �̧�ÉrAá¤ Äº���, ]X�p� ~½Ód��Ü¼�Ð �̧×¼_� o�Û¼àÔ\�¦ ìøÍ8̈����H
�<ÊÃº\�¦ ¶ú�(R�Ð��.

# val rec flat gentree = fn
(GenNode (x,l)) ⇒ x::fold right ((prefix @) o flat gentree) l [];;

val flat gentree: ’a gentree -> ’a list = <fun>

5.1.2 ��Áº\�¦ 0Aô�Ç �<ÊÃº+þA

2.3.1]X�\�"f o�Û¼àÔ\�¦ ��ÀÒ��H, F�)&h�Ü¼�Ð &ñ
_��)a �̧��H �<ÊÃº[þt�̀¦ {9�ìøÍ�o ���H
list homs�����H �<ÊÃº\�¦ ·ú����Ð��¤��. Õª�Qô�Ç �<ÊÃº\�¦ ¤Ñò³ÏòªÍò(homomorphism)s�
���¦ ÂÒ�Ér��. s�]j q�5pwô�Ç ~½Ód���̀¦ �è>h���x��.

# val rec gentree hom = fn
f (GenNode(x,l)) ⇒ f x (map (gentree hom f) l)

val gentree hom: (’a -> ’b list -> ’b) -> ’a gentree -> ’b = <fun>

Äºo���&ñ
_�Ùþ¡~�� �̧��H�<ÊÃº[þt�Ér gentree hom\�¦s�6 xK�"f~1�>�F�&ñ
_�½+ÉÃº
e����.

# val gentree size =
gentree hom (fn x l ⇒ 1 + sigma l);;

val gentree size: ’a gentree -> int = <fun>

# val gentree height =
gentree hom (fn x l ⇒ 1 + fold left max int 0 l);;

val gentree height: ’a gentree -> int = <fun>

# val gentree set =
gentree hom (fn x l ⇒ union [x] (fold left union [] l));;

val gentree set: ’a gentree -> ’a list = <fun>

#val flat gentree =
gentree hom (fn x l ⇒ x::fold right (prefix @) l []);;

val flat gentree: ’a gentree -> ’a list = <fun>

ÂÒÃº&h�Ü¼�Ð, �<ÊÃº f\�¦ ��Áº_� �̧��H �̧×¼\� &h�6 x���H ����s	כ ��Áº_� ��Ö�¦�©�
�̀¦ ëß�×¼��H �<ÊÃº�̧ gentree hom�̀¦ s�6 xK� ��6£§õ� °ú s� ~1�>� &ñ
_�½+É Ãº e����.

# val rec map gentree = fn f ⇒
gentree hom (fn x l ⇒ GenNode(f x, l));;

val map gentree: (’a -> ’b) -> ’a gentree -> ’b gentree = <fun>
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# val mirror gentree =
gentree hom (fn x l ⇒ GenNode(x, rev l));;

val mirror gentree: ’a gentree -> ’a gentree = <fun>

ÕªXO�t�ëß� gentree homÜ¼�Ð �<ÊÃº\�¦ &ñ
_����H ��Ér	כ %3�'õA��>� q�ò́Ö�¦&h�{9� Ãº
e����. map�̀¦ ��6 x�Ù¼�Ð gentree hom s� f\�¦ &h�6 x�l� ���\� e��r� o�Û¼àÔ\�¦ ëß�
[þtl� M:ë�Hs���. s� e��r� Òqt$í
Óüt }���̀¦ Ãº e����. \V\�¦ [þt#Q +'\�"f &ñ
_�½+É �<ÊÃº
gentree trav��H e��r� o�Û¼àÔ\�¦ ëß�[þtt� ·ú§��H��. #�l�"f gentree hom_� ����� f��
[j>h_� ����� h, g, Õªo��¦ x�Ð ��*'#Q �����. ����� gü< x��H �<ÊÃº fold right\� _�
K� �̧×¼_� ��d��[þt\�>� F�)&h�Ü¼�Ð &h�6 x�)a Êê_� ���õ�Óüt�̀¦ ½̈$í
ô�Ç��. Õªo��¦ ��
"f Õª ���õ���H �<ÊÃº h\� _�ô�Ç �̧×¼�ÐÂÒ'� %3��Ér &ñ
�Ðü< �<Êa� F�½̈$í
|̈c �.���s	כ

# fun gentree trav h g x (GenNode (a,l)) =
h a (fold right (g o (gentree trav h g x)) l x);;

val gentree trav: (’a -> ’b -> ’c) -> (’c -> ’b -> ’b)
-> ’b -> ’a gentree -> ’c = <fun>

s� &ñ
_���H gentree hom�̀¦ s�6 xô�Ç ��6£§_� gentree trav�Ð�� 7á§�8 ò́Ö�¦&h�s�
��.

# fun gentree trav f g x =
gentree hom (fn a l ⇒ f a (fold right g l x));;

val gentree trav: (’a -> ’b -> ’c) -> (’c -> ’b -> ’b)
-> ’b -> ’a gentree -> ’c = <fun>

Äºo��� ���\� &ñ
_�ô�Ç �̧��H �<ÊÃº[þt�Ér ��6£§õ� °ú s� gentree trav�Ð ��r� &ñ
_�
½+É Ãº e����.

# val gentree size = gentree trav (fn x y ⇒ y+1) add int 0;;
val gentree size: ’a gentree -> int = <fun>

# val gentree height = gentree trav (fn x y ⇒ y+1) max int 0;;
val gentree height: ’a gentree -> int = <fun>

# val gentree set = gentree trav (fn x l ⇒ union [x] l) union [];;
val gentree set: ’a gentree -> ’a list = <fun>

# val flat gentree = gentree trav cons (prefix @) [];;
val flat gentree: ’a gentree -> ’a list = <fun>

# val map gentree = gentree trav (fn x l ⇒ GenNode(f x, l)) cons [];;
val map gentree: (’a -> ’b) -> ’a gentree -> ’b gentree = <fun>

�<ÊÃº mirror gentree�̧ s���� ~½Ód��Ü¼�Ð &ñ
_�|̈c Ãº��H e��t�ëß� s� &ñ
_���H ��ÀÒ
l� Ô�¦¼#���¦ q�ò́Ö�¦&h�s���.

# val mirror gentree =
gentree trav (fn x l ⇒ GenNode(x,l)) (fn x l⇒ l@[x]) [];;

val mirror gentree: ’a gentree -> ’a gentree = <fun>
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Äºo���H��Áº\�¦l�>�×�æd��&h����~½Ód��Ü¼�Ð �̧��½+ÉÃºe����.�<ÊÃº do gentree��H
¢,aAá¤ Äº��� ]X�¿º ~½Ód��_� í�H"f�Ð ��Áº_� �̧��H °úכ[þt\� �<ÊÃº f\�¦ &h�6 xô�Ç��.

# fun do gentree f (GenNode(x,l)) =
f x; do list (do gentree f) l;;

val do gentree: (’a -> ’b) -> ’a gentree -> unit = <fun>

5.1.3 ��Áº\�"f �â
�Ð ¹1Ôl�(occurrence)

#Q�"��©�S!�\�"f��H��Áº_� �̧×¼\�¦&ñ
SX�y�t�&ñ
½+ÉÃºe����H�¹כ�s��9	כ���.s�\�¦0A
K� ��Áº_� ÍÒo��ÐÂÒ'� y�� �̧×¼\� s�ØÔ��H �â
�Ð(path)\�¦ s�6 xô�Ç��. �â
�Ð\�¦ &ñ
_�
�l� 0AK�"f��H ÅÒ#Q��� �̧×¼\� �̧²ú��l� 0AK� #��Q ��d�� �̧×¼[þt ×�æ\�"f #Q�"� ���

×þ��̀¦ K������H t�\�¦ o�Û¼àÔ�Ð ÅÒ��� �)a��. Äºo���H �̧×¼�� n>h_� ��d���̧×¼\�¦ ��
t��¦ e���̀¦ M: ¢,aAá¤\�"f �̧�ÉrAá¤Ü¼�Ð 1ÂÒ'� n��t� Õüw��\�¦ B�l�l��Ð ô�Ç��.

#Qb�G>� �̧×¼\�¦ t�&ñ
½+É Ãº e����H t�\� @/K� ·ú����Ð��.

• ��Áº_� ÍÒo���H ��� o�Û¼àÔ�Ð t�&ñ
�)a��.

• "é¶���H �̧×¼�� ÍÒo�_� i���P: ��d��s� e����H ��t�\� �>rF�ô�Ç�����, Õª/BM\� �̧
²ú����H �â
�Ð��H (i::path)s���. #�l�"f path��H "é¶���H �̧×¼\�"f i���P: ��
d�� �̧×¼�Ð_� �â
�Ðs���.

s���� ~½Ód��Ü¼�Ð ³ðr��)a �â
�Ð��H occurrence���¦ Ô�¦�2;��. s��þt�Ér]	כ nML\�"f
&ñ
Ãº o�Û¼àÔ�Ð ³ð�&³�)a��. +þAd��&h�Ü¼�Ð��H s��¦̀�	כ ·ú��� Ï@ N(�����Ãº)�̀¦ l� ñ�Ð �
��H “éß�#Q(words)”(7£¤, Õüw��_� ë�H��\P�)�Ð çß�ÅÒ½+É Ãº e����.

�<ÊÃº at��H infix�Ð �������)a��. s���Ér	כ occurrence�� e����H ÂÒ ��Áº(sub tree)ü<
��Áº\�¦ �'a>�f±	��H��. #�l�"f ÂÒ ��Áº��H ��6£§õ� °ú s� occurrence\� _�K� t�&ñ
�)a
�̧×¼\� 0Au���¦ e����.

# fun at (GenNode(x,l)) = fn
[] => (GenNode(x,l))

| (i::occ) => at (List.nth l i) occ;;
val at: ’a gentree -> int list -> ’a gentree = <fun>

���Ér ��Áº\� _�K� ÅÒ#Q��� occurrence\� 0Au�ô�Ç ÂÒ ��Áº\�¦ ��Ë̈l� 0AK�"f��H
�<ÊÃº replace occ\�¦ ��6 xô�Ç��.

# fun replace occ (GenNode(x,l)) occ t2 =
case occ of

[] ⇒ t2
| (i::occ) ⇒ let val ti = List.nth l i in

GenNode(x, replace in list l i (replace occ ti occ t2)) end;;
val replace: ’a gentree -> int list -> ’a gentree -> ’a gentree = <fun>
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5.1.4 ��Áºü< ÆÒ�©�&h� ë�HZO� ½̈�̧(Abstract Syntax)

n>h �̧×¼\�¦ °ú���H ��Áº��H Ä»{9�ô�Ç ��{9�Ü¼�Ð ÆÒ�©�&h� ë�HZO� ½̈�̧ (¢̧��H Òqt$í
��\�¦ ��
��� nML_� ��{9�)�̀¦ ³ðr�½+É Ãº e����. s���� ~½ÓZO�Ü¼�Ð ë�HZO� ½̈�̧\�¦ ��ÀÒ��H {9�ìøÍ&h�
��� �<ÊÃº\�¦ jþt Ãº e����.
\V\�¦ [þt#Q ��6£§_� ��{9��̀¦ Òqty��K� �Ð��.

# type ty = A | B of ty | C of ty * ty;;

\V\�¦ [þt#Q “A”, “B”, Õªo��¦ “C”\� K�{©����H Òqt$í
�� A, B, Õªo��¦ C\�¦ ëß�[þt
Ãº e�������, ��6£§õ� °ú s� ��{9� string gentree_� °úכÜ¼�Ð ��{9� ty_� °ú̀�כ¦ ³ð�&³
½+É Ãº e����.

# val rec gentree of ty = fn
A ⇒ GenNode("A", [])

| (B(x)) ⇒ GenNode("B",[gentree of ty x])
| (C(x,y)) ⇒ GenNode("C", [gentree of ty x, gentree of ty y]);;

val gentree of ty: ty -> string gentree = <fun>

s�]j s���� 7áxÀÓ_� ���8̈�s� Òqt$í
��\�¦ ����� ��{9�[þt ����̂\� @/K� {9�ìøÍ�o |̈c Ãº

e��6£§�̀¦ "î
SX�y� ·ú���¤�̀¦ �.���s	כ ìøÍ@/ ~½Ó�¾Ó_� ���8̈��̧ %i�r� ~1�>� áÔ�ÐÕªÏþ�|̈c Ãº
e��t�ëß�, s�\�¦ 0AK�"f��H ��{9� string gentree_� �̧��H ��Áº[þts� ��{9� ty_� °úכ[þt
\� K�{©��t� ·ú§��H����H ��z�́\� ÅÒ_�K���ô�Ç��. ��z�́�©�, ë�H��\P� “A”, “B”, Õªo��¦
“C”ëß�s� Òqt$í
��\� K�{©���¦, 	�Ãº(arity)\�¦ ÅÒ_�K��� ô�Ç��.

s���� &ñ
�Ð��H �'a>� o�Û¼àÔ_� +þAI��Ð §¼¤Úå± ¬́Ýî(signature)\� _�K� ���²ú��)a
��.

# type ’a sign = (’a * int) list

�<ÊÃº arity��H ÅÒ#Q��� �̧Ñýt��{9�\�"f l� ñ_� 	�Ãº\�¦ ìøÍ8̈�ô�Ç��. l� ñ�� ·ú��9
t�t� ·ú§�Ér �â
Äº\���H \Vü@(exception) Sig error�̀¦ µ1ÏÒqtô�Ç��.

# exception Sig error;;
exception Sig error

# fun arity sign x =
List.assoc x sign
handle => raise Sig error;;

val arity: (’a * ’b) list -> ’a -> ’b = <fun>

��6£§_� �<ÊÃº��H ��Áº�� ÅÒ#Q��� �̧Ñýt��{9��̀¦ ��ØÔ��Ht�\�¦ SX����ô�Ç��.

# fun ok sig sign t =
gentree trav (fn x bl => (List.for all (fn b => b=true) bl)

&& ((arity sign x) = List.length bl))
cons [] t

handle Sig error => false;;
val ok sig: (’a * int) list -> ’a gentree -> bool = <fun>
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s���� ~½Ód��Ü¼�Ð 	�Ãº\�¦ ��������H ��Ér	כ ô�Ç>h_� ��{9�_� Ì�o�̂\�¦ ��ÀÒ��H �©�S!�\�

"fëß� ��0px���. s���� ��Ér	כ {9�ìøÍ&h���� �â
Äº�� ��m���. \V\�¦ [þt#Q, ��6£§õ� °ú �Ér �©�
 ñ F�)&h���� ��{9��̀¦ Òqty��K��Ð��.

# type ty1 = A | B of ty1 * ty2
and ty2 = C | D of ty2 * ty1;;

�̧Ñýt��{9�s�����H ��s�n�#Q��H ��{9��̀¦ �¦�9��̧2�¤ SX��©�÷&#Q�� ô�Ç��. y��y��_�
Òqt$í
��_� 	�Ãº\�¦ &ñ
_����H &ñ
Ãºü< ����'ar�v�l� �Ð����H, �����_� ��{9�_� o�Û¼àÔ
ü< ���õ�_� ��{9��̀¦ °ú���H �©�õ� ����'ar�~�́ �.���s	כ

# type (’a, ’b ) signa = (’a * (’b list * ’b)) list;;

��6£§_� �<ÊÃº��H ÅÒ#Q��� �̧Ñýt��{9�\�"f l� ñ_� ��{9�s� Áº%Á	���t�\�¦ ·ú��9ï�r��.

# fun get type sign x =
List.assoc x sign
handle => raise Sig error;;

val get type: (’a * ’b) list -> ’a -> ’b = <fun>

��{9� ty1, ty2��� �â
Äº\���H ��6£§õ� °ú ��.

# val sig12 = [("A", ([],"ty1")), ("B", (["ty1","ty2"],"ty1")),
("C", ([],"ty2")), ("D", (["ty2","ty1"],"ty2"))];;

val sig12: (string * (string list * string)) list
= [("A", ([], "ty1")), ("B", (["ty1", "ty2"], "ty1")),

("C", ([], "ty2")), ("D", (["ty2", "ty1"], "ty2"))]

��6£§_� �<ÊÃº��H ��Áº�� z�́]j�Ð ÅÒ#Q��� �̧Ñýt��{9��̀¦ ��ØÔ��Ht� SX����ô�Ç��. ú̧� ��
ØÔ��H �â
Äº\���H ��{9��̀¦ ìøÍ8̈���¦, ìøÍ@/ �©�S!�\�"f��H z�́J�ô�Ç��.

# fun typing sign t =
gentree trav (fn x ts =>

let val (ts1, t) = get type sign x
in if ts = ts1 then t else raise Sig error
end)

cons [] t;;
val typing: (’a * (’b list * ’b)) list -> ’a gentree -> ’b = <fun>

�<ÊÃº typing��H �í�Ð&h���� ��{9� Ä»ÆÒl�s���. #�l�"f �í�Ð&h����s�����H [O�"î
s�
·¡�Ér s�Ä»��H s���s	כ �̧f�� ”¼#�î̈
ô�Ç(flat)” ��{9�ëß��̀¦ ��ÀÒl� M:ë�Hs���. s� �<ÊÃº��
�¦�9���H ��{9��Ér ·ú¡_� \V\�"f ë�H��\P��Ð ³ðr�÷&%3�~�� �©�Ãº ��{9�s���. ��×�æ\� �8
4�¤ú̧�ô�Ç ��{9��̀¦ �¦�9��9��� #Qb�G>� K������Ht� ¶ú�(R�̂¦ �.���s	כ
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5.2 ���Ãº\�¦ ����� #Q½̈

t��FK��t� ��{9� gentree�� �̧��H 7áxÀÓ_� ³ð�&³d���̀¦ {9��'a$í
e��>� ³ð�&³½+É Ãº e������H
�Q��,s����³ð�&³d��[þt�Ér�C��°?��.Õª¦̀�	כ �̧f�����íß���ü<�©�Ãºëß��̀¦�í�<Ê�%i���.s�
]j #Q�"� ³ð�&³d��s����̧ ��ÀÒl� 0AK� ���Ãºü< u�8̈�s�����H >h¥Æ��̀¦ Òqty��K��� ô�Ç��.
5.1.3]X�\�"f &ñ
_�ô�Ç �<ÊÃº replace occ\�¦ s�6 x�#� :£¤&ñ
ô�Ç 7áxÀÓ_� u�8̈��̀¦ ½+É Ãº
e����. Õª�Q�� s�XO�>� ���H ��Ér	כ u�8̈�s� {9�#Q����H �â
�Ð�� f��]X�&h�Ü¼�Ð "î
r�÷&#Q
��(7£¤, ÍÒo��ÐÂÒ'� 3lq&h�t�\� s�ØÔ��H �â
�Ð\�¦ ú́�K��� ô�Ç��.) ���H �¦̀�	כ ��&ñ
ô�Ç��.
�t�ëß� s���Ér	כ @/ÂÒì�r_� �â
Äº\� e��#Q"f ¼#�o�ô�Ç ~½Ód��s� ��m���. Äºo��� Ãº�<Æ\�
"f ���H �,�3!�%	כ u�8̈�s� s�ÀÒ#Qt���H 0Au�\�¦ ���Ãº\� _�K� "î
r����H ��s	כ �8 ��
���Û¼XO���. ÕªA�"f s�]j Äºo���H ���Ãº����H ��s�n�#Q\�¦ �è>h��9�¦ ô�Ç��.

5.2.1 ���Ãº

/BI&ñ
_�½+É��{9� (’a,’b) term�Ér��{9� ’a gentreeü<q�5pw�t�ëß�,��{9� ’b_�°úכ
\� _�K� ³ð�&³÷&��H ���Ãº����H ��s�n�#Q�� ÆÒ��÷&#Q e����.

# type (’a, ’b) term = Term of ’a * (’a, ’b) term list
| Var of ’b;;

s�]X�_��� Qt�ÂÒì�r\�"fÄºo���H��{9� (string, string) term_�Ì�o�̂ëß��̀¦
��6 x½+É �.���s	כ ÕªA�"f Äºo���H ��6£§õ� °ú s� ë�HZO��̀¦ ì�r$3����H �<ÊÃºü< :£¤Z>�ô�Ç Ø�¦
§4��<ÊÃº\�¦ ��6 xô�Ç��.

# term of string;;
val it: string -> (string, string) term = <fun>

# print term;;
val it: (string, string) term -> unit = <fun>

Äºo���H �©�Ãº\�¦ ������Ð ��� o�Û¼àÔ\�¦ &h�6 xô�Ç �<ÊÃº�Ð ³ðr��<ÊÜ¼�Ð+�, ë�HZO�&h�Ü¼
�Ð �©�Ãºü< ���Ãº\�¦ ½̈ì�r½+É �.���s	כ

# term of string ‘‘a(b(),c)’’;;
val it: (string, string) term = Term(‘‘a’’, [Term(‘‘b’’,[]), Var ‘‘c’’])

# new printer ‘‘term’’ print term;;
val it: unit = ()

# term of string ‘‘a(b(),c)’’;;
val it: (string, string) term = a(b(),c)

#Q½̈\�¦ �̧���l�0AK�,�<ÊÃº term trav\�¦s�6 x½+É��Ér	כ��s���.s	כ gentree travü<
q�5pw�t�ëß� ���Ãº\�¦ �¦�9��̧2�¤ Ãº&ñ
÷&%3���.

# fun term trav f g start v ter = case ter of
(Term(oper,sons)) ⇒

f(oper, fold right (g o (term trav f g start v)) sons start)
| (Var n) ⇒ v n;;

val term trav: (’a * ’b -> ’c) -> (’c -> ’b -> ’b)
-> ’b -> (’d -> ’c) -> (’a, ’d) term -> ’c = <fun>
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�<ÊÃº vars��H #Q½̈\� ��������H ���Ãº_� |9�½+Ë�̀¦ ìøÍ8̈�ô�Ç��.

# fun vars t = term trav snd Set.union [] (fn x ⇒ [x]) t;;
val vars: (’a, ’b) term -> ’b list = <fun>

�<ÊÃº occurs��H ÅÒ#Q��� ���Ãº�� ÅÒ#Q��� #Q½̈\� ��������Ht� SX����ô�Ç��. s���Ér	כ
��6£§õ� °ú ��.

# fun occurs v t = List.mem v (vars t);;
val occurs: ’a -> (’b, ’a) term -> bool = <fun>

��Áº½̈�̧ü< q�5pw�>�, #Q½̈��H {9�ìøÍ&h�Ü¼�Ð 	�Ãºü< ��{9� ]jô�Ç �̧|	��̀¦ ������
ô�Ç��.s����]X�\�"f&ñ
_��)a,	�Ãº\�¦�������¦��{9��̀¦>�íß����H�<ÊÃº[þt�Ér~1�>�#Q
½̈�Ð SX��©�|̈c Ãº e����. éß�í�Hy� 	�Ãº\�¦ ��������H �â
Äº\� ���Ãº��H �©�Ãºü< q�5pw�>�
�)a��. ��{9� Ä»ÆÒ_� �â
Äº\���H ���Ãº ���̂�� ��{9�s����¦ ��&ñ
K��� ô�Ç��.

5.2.2 u�8̈�(substitution)

u�8̈��Ér ���Ãº\�¦ #Q½̈�Ð ��Ë̈��H ���íß�s���. \V\�¦ [þt#Q ���Ãº x\�¦ #Q½̈ g(z)Ü¼�Ð ��
Ë̈��Hu�8̈�s�#Q½̈ f(x,y,x)\�&h�6 x÷&���,#Q½̈ f(g(z),y,g(z))\�¦ëß�[þt�.���s	כ
Äºo���H u�8̈��̀¦ ��{9� (’b*(’a,’b) term) list_� �'a>� o�Û¼àÔ�Ð ³ð�&³½+É �	כ

s���.s��'a>�o�Û¼àÔ\�������t�·ú§��H���Ãº��Hu�8̈�õ�&ñ
1lxîß�\�����t�·ú§��H��.
#�l�\� u�8̈��̀¦ "Á	t�>� Ø�¦§4����H �<ÊÃº�� e����.

# fun print subst subst =
do list (fn (x,t) ⇒ print string x,

print string ‘‘ --> ’’,
print term t,
print newlist())

subst;;
val print subst: (string * (string, string) term) list -> unit = <fun>

�<ÊÃº apply subst��H #Q½̈\� u�8̈��̀¦ &h�6 xô�Ç��. 7£¤, ���Ãº�� ��������� u�8̈�\�
e����H ³ð�&³Ü¼�Ð ��õ�H��.

# fun apply subst subst ter = case ter of
(Term (f,tl)) ⇒ Term(f, (List.map (apply subst subst) tl))

| (Var x) ⇒ List.assoc x subst
handle ⇒ Var x;;

val apply subst: (’a * (’b, ’a) term) list -> (’b, ’a) term -> (’b, ’a) term
= <fun>

# let val subst = [(‘‘x’’, term of string ‘‘g(z)’’)]
in apply subst subst (term of string ‘‘f(x,y,x)’’)
end;;

val it: (string, string) term = f(g(z),y,g(z))



114 5 �©� +þAd�� #Q½̈, J���� ú́�ÆÒl�, 1lx{9��o

¿º>h_� u�8̈� σ1, σ2_� ½+Ë$í
�Ér éß�í�Hy� Õª[þt_� ³ð�&³Ü¼�Ð �'a>� o�Û¼àÔ_� +þAI�

�Ð >�íß�|̈c Ãº e����. Äºo��� σ2\� _�ô�Ç �©�_� σ1_� �©��̀¦ %3���H ~½Ód��Ü¼�Ð, σ2\� _�

K� Ãº&ñ
�)a ���Ãº_� ½+Ë$í
\�"f �©��̀¦ %3���H��. σ2\� _�K� Ãº&ñ
÷&t� ·ú§�Ér ���Ãº_� ½+Ë

$í
\�"f �©��Ér σ1\� _�ô�Ç �©�s���. Õª�QÙ¼�Ð ½+Ë$í
_� �'a>� o�Û¼àÔ�Ð �©��̀¦ %3��̀¦ Ãº
e����. ·ú¡Ü¼�Ð s���� ~½Ód��Ü¼�Ð ���'��ô�Ç��. Äº���, σ2\� K�{©����H o�Û¼àÔ\�¦ %3���H��.
#�l�\�"f �̧�ÉrAá¤ "é¶�è\�¦ σ1Ü¼�Ð �¦�2;��. Õªo��¦ ��"f σ1\� K�{©����H o�Û¼àÔ\�¦

%3���H��. s���'Ü¼�ÐÂÒ	כ σ2\� _�K� Ãº&ñ
�)a ���Ãº\�¦ ]j��ô�Ç��. ��t�}��Ü¼�Ð s� ���õ�
[þt�̀¦ ������ô�Ç��.

# fun compsubst subst1 subst2 =
(List.map (fn (v,t) ⇒ (v, apply subst subst1 t)) subst2)
@ (let val vs = List.map fst subst2

in filter (fn (x,t) ⇒ not (mem x vs)) subst1 end);;
val compsubst: (’a * (’b * ’a) term) list -> (’a * (’b * ’a) term) list

-> (’a * (’b * ’a) term) list = <fun>

# let val subst1 = [(‘‘x’’,term of string ‘‘g(x,y)’’)]
and subst2 = [(‘‘y’’,term of string ‘‘h(x,z)’’)]

in print subst (compsubst subst1, subst2) end;;
y ⇒ h(g(x,y),z)
x ⇒ g(x,y)
val it: unit = ()

# let val subst1 = [(‘‘x’’,term of string ‘‘g(x,y)’’)]
and subst2 = [(‘‘y’’,term of string ‘‘h(x,z)’’), (‘‘x’’,term of string ‘‘k(x)’’)]

in print subst (compsubst subst1, subst2) end;;
y ⇒ h(g(x,y),z)
x ⇒ k(g(x,y))
val it: unit = ()

σ1\�"f σ2\� _�K� Ãº&ñ
�)a ���Ãº\�¦ ]j���t� ·ú§6£§Ü¼�Ð+� compsubst_� &ñ
_�
\�¦ çß�éß�y� ½+É Ãº e����. �'a>� o�Û¼àÔ��H ¢,aAá¤\�"f �̧�ÉrAá¤Ü¼�Ð ���Ò�o÷&l� M:ë�H\�,
���©� ¢,aAá¤_� &ñ
_�ëß�s� �¦�9|̈c �.���s	כ ����"f ��6£§õ� °ú s� jþt Ãº e����.

# fun compsubst subst1 subst2 =
(List.map (fn (v,t) ⇒ (v, apply subst subst1 t)) subst2) @ subst1;;

val compsubst: (’a * (’b * ’a) term) list -> (’a * (’b * ’a) term) list
-> (’a * (’b * ’a) term) list = <fun>

5.2.3 #�õ�ü< J���� B�g�A (Filtering and Pattern Matching)

#Q½̈ t�Ð #Q½̈ u\�¦ ¬º¡½ ¢̧��H J���� B�g�A�̀¦ ���H ��Ér	כ t\�"f u�Ð ����or�v���H u�
8̈�\�"f ¹ô�Çכ��9 ���íß�s���. #Q½̈ t�� éß�{9� ���Ãº xs������, u�8̈� (x, u)��H ì�r"î
y� Ä»
{9�ô�Ç ���õ�\�¦ �·p��. ëß���� #Q½̈ t�� f(t1, · · · , tn)_� +þAI������, ���õ��� �>rF��l� 0A
K�"f��H ��6£§õ� °ú �Ér �̧|	�s� ¹כ��9���.

• u��H f(u1, · · · , un)_� +þAI�s�#Q�� ô�Ç��.
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• �̧��H i\� @/K�"f, uiü< ti��s�_� J���� B�g�As� ��0pxK��� ô�Ç��.

• uiü< ti��s�_� J����B�g�A\� K�{©����H ���ª�ô�Ç u�8̈�s� �©� ñ �ª�wn�(mutually
compatible)K���ô�Ç��.7£¤,s���s�°ú �Ér���Ãº\�@/K�"f���Ér	כ��õ�\�¦ëß�[þt#Q
?/��� îß��)a��.

ÕªXO�t� ·ú§Ü¼��� ���õ���H �>rF��t� ·ú§��H��.

J���� B�g�A �<ÊÃº��H ¿º>h_� #Q½̈_� ½̈�̧\�¦ ¶ú�(R�:r��. s�\�¦ :�xK� s� ½̈�̧�� �ª�
wn�½+É Ãº e����H t�\�¦ &h������¦, �8 çß�éß�ô�Ç #Q½̈\� @/ô�Ç J���� B�g�A ë�H]j�Ð ���>� ��
�Ér��. x�� ���Ãº��� (x, u)_�+þAI�\�¦ ëß�z�¤�̀¦ M:,s��©��̀¦ u 6= u′��� (x, u′)�̀¦ ¹1Ô�Ér &h�
s� \O�6£§�̀¦ &h����ô�Ç /BM\� ÆÒ��ô�Ç��. s� &h�����̀¦ :�xô�Ç ÆÒ����H �<ÊÃº som subst\� _�
K� Ãº'���)a��.

# exception Match exc;;
exception Match exc

# fun som subst s1 s2 =
fold left (fn subst(x,t) ⇒

let val u = List.assoc x subst
in if t = u then subst

else raise Match exc end
handle Not found ⇒ (x, t)::subst)

s1 s2;;
val som subst: (’a * ’b) list -> (’a * ’b) list -> (’a * ’b) list = <fun>

�<ÊÃº matching�Ér s� J���� B�g�A�̀¦ ëß�[þt#Q �·p��.

# fun matching (t1,t2) =
let fun matchrec subst = fn

(Var v,t) ⇒ som subst [v,t] subst
| (t,Var v) ⇒ raise Match exc
| (Term(op1,sons1), Term(op2,sons2)) ⇒

if op1 = op2 then fold left matchrec subst (combine(sons1, sons2))
else raise Match exc;;

in matchrec [] (t1,t2) end
val matching: (’a, ’b) term * (’a, ’c) term -> (’b * (’a, ’c) term) list = <fun>

5.2.4 1lx{9��o(Unification)

tü< u, ¿º>h_� #Q½̈�� ÅÒ#Q��� �©�S!�\�"f s�[þt_� ¤Ñò¬Ýå³½õ�&ñ
\���H Õª[þt�̀¦ 1lx{9��o
r�~�́ u�8̈� σ�� �>rF����Ht� ¹1Ô���Ð��H �̧�	כ �í�<Ê�)a��. 7£¤, σ(t) = σ(u)�̀¦ ëß�7á¤�
��H u�8̈��̀¦ ¹1Ô���:r��. ����"f u�8̈� σ��H tü< u_� ¤Ñò¬Ýå³½ ÉòכÈ(unifier)���¦ ô�Ç
��.
ëß���� #Q½̈ t�� ���Ãº x\�¦ ëß�[þt#Q�·p�����, ���Ãº x�� #Q½̈ u\� ������t� ·ú§��H �â


Äº\� ²ú��Ér (x, u)s���. ëß���� x�� u\� ��������� ²ú��Ér �>rF��t� ·ú§��H��.
q�5pwô�Ç ~½Ód��Ü¼�Ð, ëß���� #Q½̈ u�� ���Ãº x�Ð ×�¦#�t����, x�� t\� ������t� ·ú§��H

�â
Äº\� ²ú� (x, t)\�¦ %3��̀¦ Ãº e����.
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���Ér �â
Äº�Ð, tü< u�� �̧¿º f(t1, · · · , tm)õ� g(u1, · · · , un)_� +þAI�\�¦ °ú���H���¦
���. ëß���� fü< g�� ��ØÔ�����, 1lx{9��o��H Ô�¦��0px���. ëß���� f = g�����, m = ns�
÷&�¦ ����"f tü< u\�¦ 1lx{9��o���H ë�H]j��H �̧��H i\� @/K�"f σ(ti) = σ(ui)��� u�8̈�
σ\�¦ ¹1Ô��H �Ü¼�Ð	כ ×�¦#Q��H��.
����:r&h�Ü¼�Ð ¿º>h_� #Q½̈ tü< u\�¦ 1lx{9��o���H ë�H]j\�¦ ��ÀÒl� 0AK�"f��H 1lxr�

\� #Q½̈�©�_� |9�½+Ë�̀¦ 1lx{9��o���H ë�H]j\�¦ ��Ò�¦ Ãº e��#Q�� ô�Ç��.
s�\�¦ 0AK� ��6£§õ� °ú �Ér ~½Ód���̀¦ s�6 x½+É �.���s	כ éß�{9��o½+É #Q½̈�©�_� |9�½+Ë

((t1, u1), (tn, un))s� ÅÒ#Q&���̀¦ M:, ���$� t1ü< u1�̀¦ 1lx{9��o ô�Ç��. ëß���� s� 1lx{9�
�o�� $í
/BN����, 1lx{9��o �©�u� σ1�̀¦ ëß���H��. Õªo��¦ ��"f ��6£§�̀¦ r��̧ô�Ç��.

((σ1(t2), σ1(u2)), · · · , (σ1(tn), σ1(un)))

ëß����s��
s�$í	כ/BN��¦1lx{9��o�©�u� σ\�¦ëß�[þt#Q?/���,s�Ñüt�̀¦½+Ë$í
ô�Ç σ o σ1s�

ì�r"î
y� ((t1, u1), · · · , (tn, un))_� 1lx{9��o �©�u�s���.
�<ÊÃº unify��H s� ·ú��¦o�7£§�̀¦ ½̈�&³ô�Ç �.���s	כ

# exception Unify exc;;
exception Unify exc

# val rec unify = fn
(Var v,t2) ⇒ if Var v = t2 then [] else

if occurs v t2 then raise Unify exc
else [v,t2]

| (t1,Var v) ⇒ if occurs v t1 then raise Unify exc
else [v,t1]

| (Term(op1, sons1), Term(op2, sons2)) ⇒
if op1 = op2 then

let fun subst unif s (t1,t2) =
compsubst (unify(apply subst s t1, apply subst s t2)) s

in (fold left subst unif [] (combine(sons1,sons2)) end
else raise Unify exc;;

val unify: (’a, ’b) term * (’a, ’b) term -> (’b * (’a, ’b) term) list = <fun>

s���s	כ 1lx������H \V��H ��6£§õ� °ú ��.

# let val t1 = term of string ‘‘f(x,h(y))’’
and t2 = term of string ‘‘f(k(z),z)’’

in print subst (unify(t1,t2)) end;;
x ⇒ h(k(y))
z ⇒ h(y)
val it: unit = ()

J����B�g�A_� ë�H]j\� q�K�"f 1lx{9��o ë�H]j��H {9�ìøÍ&h�Ü¼�Ð Ä»{9�ô�Ç ²ú��̀¦ °ú�t� ·ú§

��H��. z�́]j�Ð σ�� 1lx{9��o �©�u������ �̧��H u�8̈� ρ\� @/K�"f ρü< σ\�¦ ½+Ë$í
ô�Ç ρ
o σ�̧%i�r�1lx{9��o�©�u�s���.�<ÊÃº unify\�_�K� ½̈�&³�)a·ú��¦o�7£§s����Ér �̧��H
��\þt]	כ q�K� �8 {9�ìøÍ&h���� 1lx{9��o �©�u�, σ0\�¦ >�íß��<Ê�̀¦ �Ð{9� Ãº e����. #�l�"f �8
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{9�ìøÍ&h���� 1lx{9��o �©�u�����H ��Ér	כ s� :£¤&ñ
 1lx{9��o �©�u�ü< u�8̈��̀¦ ½+Ë$í
�<ÊÜ¼�Ð+�

���Ér �̧��H 1lx{9��o �©�u� - 7£¤, ���Ér �̧��H 1lx{9��o �©�u���H ρ o σ0_� +þAI�s��� - \�¦
ëß�[þt Ãº e������H �'a&h�\�"f {9�ìøÍ&h�s�����H �,¦��s	כ :£¤Z>�y� MGU, most general
unifier���¦ ÂÒ�Ér��.

1lx{9��o ·ú��¦o�7£§�Ér ���íß��<Æ_� ú́§�Ér ÂÒì�r\�"f Ä»6 x���. \V\�¦ [þt#Q nML\�"f
��{9��̀¦ Ä»ÆÒ���H �¦̀�	כ ��0px�>� ô�Ç��.
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6 �©�

ç�H+þAú̧��2³ ��Áº

s���� �©��Ér 	�H ß¼l�_� ��«Ñ |9�½+Ë�̀¦ ��ÀÒl� 0Aô�Ç {9�º��_� �<ÊÃº[þt�̀¦ &ñ
_�ô�Ç��. s�
�<ÊÃº[þt�Ér ��«Ñ ½̈�̧�Ð ��Áº ½̈�̧\�¦ ��6 x���HX<, s���Ér	כ ��«Ñ |9�½+Ë_� ß¼l��� >�
íß�õ�&ñ
 ×�æ\� 1lx&h�Ü¼�Ð &�t����� �����t���H �¦̀�	כ ³ð�&³���H X<\� ��Áº ½̈�̧�� B�

Äº &h�½+Ë�l� M:ë�Hs���.

Äºo��� ��6 x���H ��«Ñ ½̈�̧��H s��½Ó ��Áºs���. Äºo��� ]jîß����H ·ú��¦o�7£§�Ér
s�s��½Ó��Áº\�¦ç�H+þA ú̧�y��̧2�¤Ä»t���̧2�¤��¦,s�$í
|9��ÉrÃº'����¦�����H���
íß�_� ò́Ö�¦$í
�̀¦ a%~>� ô�Ç��.

��«Ñ |9�½+Ë�̀¦ ��ÀÒ��H ÅÒ¹כ ���íß��Ér ��6£§õ� °ú ��.

• ��«Ñ |9�½+Ë\�"f "é¶�è ���\�¦ Éó¡Èכ

• ��«Ñ |9�½+Ë\�"f "é¶�è ���\�¦ ¡Áכ ³́ ¡́È

• ��«Ñ |9�½+Ë\�"f "é¶�è ���\�¦ ¹¡ ³̧ ¡́È

��«Ñ |9�½+Ë\�"f "é¶�è\�¦ ¹1Ôl� 0AK�"f, éß�í�Hy� |9�½+Ë_� �̧��H "é¶�è\�¦ í�H	�&h�Ü¼�Ð
¶ú�(R�̂¦ Ãº e����. �t�ëß�, s���Ér	כ ��«Ñ |9�½+Ë_� ß¼l�ü< q�YV���H r�çß�s� ����2;��.
����"f s���_	כ 4�¤ú̧��̧��H O(n)s���. s� ~½Ód���Ér Äºo��� ��«Ñ |9�½+Ë_� :£¤$í
�̀¦ �̧ØÔ
l� M:ë�H\�, {9�ìøÍ&h���� ~½Ód��Ü¼�Ð ��«Ñ |9�½+Ë�̀¦ ��ÀÒ��H �â
Äº\� ��6 x½+É Ãº e����H Ä»
{9�ô�Ç ~½Ód��s���.
7á§�8 ò́Ö�¦&h�Ü¼�Ð ¹1Ôl� 0A�#�, ��«Ñ |9�½+Ë_� ½̈�̧\� @/K� ��&ñ
�̀¦ [j0>�� ô�Ç

��. \V\�¦ [þt#Q, ëß���� ��«Ñ�� &ñ
§>=÷&#Q e�����¦ ����, &ñ
§>=�)a o�Û¼àÔ�Ð |9�½+Ë�̀¦ ³ð
�&³�l�0AK� 4.3.1]X�\�"fÙþ¡1pws�s��½Ó�ÃÐÒ�o�̀¦s�6 x½+ÉÃºe����.¹1Ô��HX<���o���Hr�
çß��Ér ��«Ñ |9�½+Ë_� ß¼l�_� �ÐÕª\� q�YV� 9, ����"f 4�¤ú̧��̧��H O(log(n))s���.

ÕªXO�t�ëß� &ñ
§>=�)a o�Û¼àÔ\� "é¶�è\�¦ ÆÒ�����H ��Ér	כ q�øß� ���íß�s���. ëß���� Äºo�
��"é¶�è\�¦ÆÒ��½+ÉM:Dh�Ðo�Û¼àÔ\�¦½+É{©����H�¶é"¦̀�	כ�t�·ú§��H�����,Äºo�����
,X�� ���H ��«Ñ |9�½+Ë_� þj@/ ß¼l�ü< °ú �Ér ß¼l�\�¦ °ú���H o�Û¼àÔ\�¦ ½+É{©���¦ r����

���H Ä»<�Ê�̀¦ ~ÃÎ�̀¦ �,�s�t�ëß	כ s� Ä»<�Ê�Ér jþt�̧\O�s� Bj�̧o�\�¦ z©�q�ô�Ç��. >�����,
s��â
Äº\�"é¶�è\�¦ÆÒ�����H��Ér	כ ú́§�Ér"é¶�è[þt�̀¦|	��-��K�"f,ÆÒ�����HX<\����
o���H r�çß�s� o�Û¼àÔ_� ß¼l�\� q�YV�>� 7£x���>� ô�Ç��.
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ìøÍ@/�Ð ��«Ñ ½̈�̧�Ð ��Áº\�¦ ��6 xô�Ç�����, ��«Ñ |9�½+Ës� &ñ
§>=÷&#Q e����H �â
Äº\�
¹1Ôl�, ÆÒ��, ]j��_� [j��t� ���íß��Ér �̧¿º �ÐÕª �<ÊÃº_� r�çß�s� ����2;��. s�\�¦ 0AK�,
Äºo���H ç�H+þA ú̧��2³ s��½Ó �ÃÐÒ�o ��Áº\�¦ ��6 xô�Ç��.

\V\�¦[þt#Q����̧_�|9�½+Ë, 1819, 1824, 1830, 1834, 1839, 1840, 1841, 1848, 1863,
1867, 1868, 1869, 1880, 1882, 1892 \�¦ Òqty��K��Ð��. Äºo���H s� ��«Ñ |9�½+Ë�̀¦ ÕªaË>
6.1õ� °ú s� ��Áº�Ð ³ð�&³½+É �.���s	כ

s� ��Áº��H ��6£§õ� °ú �Ér <Éªp��Ðî�r $í
|9��̀¦ °ú���H��. y�� �̧×¼��H ¢,aAá¤ ÂÒ ��Áº_�
�̧��H����̧�Ð����H0py�¦, �̧�ÉrAá¤ÂÒ��Áº_� �̧��H����̧�Ð����H��ØÔ��.��Áº\�"f"é¶
���H ����̧\�¦ ¹1Ôl� 0AK� ��6£§�̀¦ Ãº'��ô�Ç��.
���$� Õª ��Áº_� ÍÒo�\� e����H ����̧ü< Äºo��� ¹1Ô��H ����̧\�¦ q��§ô�Ç��.

• ëß���� Õª[þts� °ú �����, Äºo���H ����̧\�¦ ¹1Ô�Ér �.���s	כ

• ëß���� Äºo��� ¹1Ô��H ����̧�� ÍÒo��Ð�� s�ØÔ�����, ¢,aAá¤ ÂÒ ��Áº\�¦ ¹1Ô��H��.

• ÕªXO�t� ·ú§�����, �̧�ÉrAá¤ ÂÒ ��Áº\�¦ ¹1Ô��H��.

Õª�QÙ¼�Ð ¹1Ô��H õ�&ñ
�Ér ��Áº_� ô�ÇAá¤ ��t�ëß��̀¦ ÆÒ&h�ô�Ç��. 7£¤, l�,כ	K��� 4���ëß�
q��§�>� �)a��.

s���� ~½Ód��Ü¼�Ð ½̈$í
�)a ��Áº\�¦ s��½Ó �ÃÐÒ�o ��Áº���¦ ÂÒ�Ér��. s��½Ó �ÃÐÒ�o ��Áº
×�æ\�"f, ÕªaË> 6.1õ� °ú �Ér ��Ér	כ �̧��H ��t��� °ú �Ér U�́s�\�¦ ��t���H ¢-a��� s��½Ó �ÃÐÒ�o
��Áº(s�ë�HÐ�o\�"f,¢-a���s�����Héß�#Q��H ú́�éß� �̧×¼������� �̧��H �̧×¼��H&ñ
SX�y�¿º
>h_� ��d�� �̧×¼\�¦ °ú���H����H �¦̀�	כ ú́�ô�Ç��.) ���¦ ���H :£¤Z>�ô�Ç �.���s	כ {9�ìøÍ&h�Ü¼
�Ð s���� �̧|	��̀¦ ëß�7á¤�|�� #Q§>���. ÕªXO�t�ëß�, ���©� |�� ��t�_� U�́s��� ��Áº_� ���
�̂ ß¼l�_� �ÐÕª �<ÊÃº�Ð ]jô�Ç�l� 0AK�"f, ·ú¡Ü¼�Ð �è>h���H ·ú��¦o�7£§�Ér Õª ·ú��¦
o�7£§Ü¼�Ð ëß�[þt#Q��� ��Áº�� “Ø�æì�ry� ç�H+þA ú̧�)�”e������H �¦̀�	כ �Ð�©�ô�Ç��.
s� �̧|	��Érþj���_� �â
Äº\��̧ �ÐÕª�<ÊÃº_��ÃÐÒ�o r�çß�s�����2;����H �¦̀�	כ SX�z�́y�

ô�Ç��.

ÅÒ3lq½+É ëß�ô�Ç ��z�́�Ér ÆÒ���� ]j�� ���íß�s� ���íß� ���õ��Ð ç�H+þA ú̧��2³ ��Áº\�¦ Ä»

t�K��� �<Ê\��̧ Ô�¦½̈��¦, þj���_� �â
Äº %i�r� �ÐÕª �<ÊÃº_� 4�¤ú̧��̧\�¦ °ú��̧2�¤ %�o�
½+É Ãº e������H �.���s	כ s�\�¦ 0AK�, Äºo���H Adelson-Velskiiü< Landis\� _�K� �è>h
�)a ú̧� ·ú��9��� ~½Ód��, AVL ��Áº\�¦ ��6 x½+É �.���s	כ 6.5.2]X�\�"f AVL ��Áº\� @/K�
�8 ��[jy� ·ú����̂¦ �.���s	כ

ç�H+þA ú̧��2³ ��Áº�Ð ��«Ñ |9�½+Ë�̀¦ �'ao����H ��Ér	כ ú́§�Ér ì�r��\�"f Ä»6 x���.
“v�(key)”\�¦ ����� &ñ
�Ð\�¦ {���Ér ������̀¦ ³ð�&³�l� 0AK� ç�H+þA ú̧��2³ ��Áº\�¦ ��6 x
½+É Ãº e����. \V\�¦ [þt#Q, ������Ér d���̂¦ ³ð�� Ä»ô�Çô�Ç &ñ
_�%i��̀¦ °ú���H �<ÊÃº\�¦ ½̈�&³�
l� 0AK� ��6 x|̈c t��̧ �̧�Ér��. Õª�QÙ¼�Ð ��Áº_� �̧×¼\� ��������H "é¶�è[þt�Ér v�ü<
K�{©����H &ñ
�Ð\�¦ °ú���H �©�s���. \V\�¦ [þt#Q, ÕªaË> 6.1_� ��Áº_� ����̧ü< Õª K�\� I�
#Qèß� Ä»"î
�����_� o�Û¼àÔ\�¦ ������ô�Ç �����Ü¼�Ð Òqty��½+É Ãº e����.

+þAd��&h�Ü¼�Ð �Ð���, v�\�¦ C�u����H X< ��6 xô�Ç í�H"f�'a>���H �©� ( °È, Íò̈¼) ��
s�_� ���í�H"f �'a>�(pre-order)\�¦ Ä»�̧K��·p��. :£¤y� ������̀¦ ½̈�&³½+É Ãº e���̧2�¤ ��
�©� {9�ìøÍ&h���� ~½Ód��Ü¼�Ð �ÃÐÒ�o, ÆÒ��, ]j�� ���íß��̀¦ ½̈�&³�l� 0A�#�, ���í�H"f �'a>�
�Ð Õª��þts]	כ ½̈$í
|̈c Ãº e���¦, =�G í�H"f �'a>��Ð ½̈$í
|̈c ¹��Hכ��9 \O�����H �¦̀�	כ ì�r"î

y� ½+É �.���s	כ (Ñüt ��s�_� 	�s�\�¦ ·ú�l� 0AK�, 6.3]X��̀¦ �ÃÐ�̧�r��̧.)
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6.1 s��½Ó ��Áº

s���� �©�\�"f l��:rs� ÷&��H ��«Ñ ½̈�̧��H s��½Ó ��Áºs���. ¬È³Éò £ §́Á��H )í
 q�#Q

e������, y������ s��½Ó ��Áº��� ¢,aAá¤õ� �̧�ÉrAá¤_� ¿º>h_� ��d���̧×¼ü< &ñ
�Ð\�¦ °ú�
��H ©Á¦È���¦ ÂÒØÔ��H l��:r �̧×¼�Ð ëß�[þt#Q �����. s��Qô�Ç ��Áº\�¦ nML\�"f ��{9�
btree���¦ &ñ
_�ô�Ç��.

# type ’a btree = Empty | Bin of ’a btree * ’a * ’a btree;;

��Áº ÍÒo�_� #��Q��t� �½Ó3lq[þt�̀¦ ]X���H���H �<ÊÃº�� e��Ü¼��� ¼#�o�½+É �.���s	כ s�
�<ÊÃº��H ��Áº�� q�#Qe��Ü¼��� \Vü@\�¦ µ1ÏÒqtô�Ç��.

# exception Btree exc of string;;

# val root = fn
Empty ⇒ raise (Btree exc "empty tree")

| (Bin( ,a, )) ⇒ a;;
val root: ’a btree -> ’a = <fun>

# val left son = fn
Empty ⇒ raise (Btree exc "left son: empty tree")
| (Bin(t, , )) ⇒ t;;
val left son: ’a btree -> ’a btree = <fun>

val right son = fn
Empty ⇒ raise (Btree exc "right son: empty tree")
| (Bin( , ,t)) ⇒ t;;
val right son: ’a btree -> ’a btree = <fun>

��{9� btree��H 5.1]X�\�"f &ñ
_�ô�Ç ��{9� gentree_� :£¤�o�)a +þAI��� ��m���. z�́
]j�Ð ��{9� btree��H ô�ÇAá¤ ��d�� �̧×¼��H q�#Qe���¦ ���Ér ô�ÇAá¤�Ér q�#Qe��t� ·ú§�Ér �
��_� �̧×¼��¢,aAá¤��d�� �̧×¼\�¦°ú���Ht�, �̧�ÉrAá¤��d�� �̧×¼\�¦°ú���Ht�\�¦ ½̈ì�rô�Ç��.
ÕªaË> 6.2��H ��{9� int btree_� Y>���t� çß�éß�ô�Ç \V]j\�¦ ÕªaË>Ü¼�Ð �Ð#�ï�r��.

s���� �©�_� s�Êê\�"f ��6 x÷&��H ��Áº��H ��{9� ’a btree_� >h�̂�Ð ³ð�&³|̈c ��s	כ
��. ����"f ��6£§ ]X�\�"f &ñ
_����H ��Áº\�¦ ÆÒ&h����H �<ÊÃº��H s�Êê\� �è>h÷&��H :£¤
�o�)a ��Áº\� &h�6 x�l� 0AK� Ãº&ñ
½+É ��¹כ��9 \O���.
��{9� btree\� "é¶�è\�¦ ~1�>� {9�§4��l� 0AK�, î̈
�èü< °ú s� ë�HZO��̀¦ ì�r$3����H �<Ê

Ãº\�¦ ¹�Ðכ��9 ô�Ç��. s���� �<ÊÃº btree of string\�¦ &ñ
_�Ùþ¡���¦ ��&ñ
ô�Ç��.

# btree of string;;
val it: (string -> ’a) -> string -> ’a btree = <fun>

s��½Ó ��Áº_� ½̈�̂&h� ë�HZO� (conctrete syntax)��H 5.1]X�\�"f {9�ìøÍ&h���� ��Áº\�¦
0AK� ��6 xô�Ç ��õ	כ �:r|9�&h�Ü¼�Ð °ú t�ëß�, y�� �̧×¼_� ��d��_� Õüw���� s�]j��H &ñ
SX�y�
Ñüts���.
\V]j\�¦ ¶ú�(R�Ð��.
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# btree of string int of string "2(3,4)";;
val it: int btree = Bin (Bin (Empty, 3, Empty), 2, Bin (Empty, 4, Empty))

s� \V]j\�"f, btree of string_� ������Ð �Å�|�� ì�r$3�l� int of string�Ér &ñ

Ãº\�¦ ���d����¦, ��{9� int_� °úכ_� +þAI��Ð ���d��ô�Ç &ñ
Ãº\�¦ ���õ��Ð+� ìøÍ8̈�ô�Ç��.
q�5pwô�Ç ~½Ód��Ü¼�Ð, Äºo���H Ø�¦§4� �<ÊÃº\�¦ &ñ
_�Ùþ¡���¦ ��&ñ
ô�Ç��.

# print btree;;
val it: (’a -> unit) -> ’a btree -> unit = <fun>

ÕªXO�t�ëß� ÕªaË> 6.1õ� 6.2%�!3� ÕªaË>Ü¼�Ð ³ð�&³���H ��s	כ ¼#�o��l� M:ë�H\�, s�
�<ÊÃº��H ��_� ��6 x�t� ·ú§�̀¦ �.���s	כ

6.2 ��ÁºÆÒ&h�õ����+þA$í
 (Tree Traversals and Mor-
phisms)

{9�ìøÍ&h���� ��Áº\� @/K� ¶ú�(R�:r 5.1]X�\�"f ëß���H ��õ	כ q�5pwô�Ç �<ÊÃº[þt�̀¦ s��½Ó ��Áº
\�@/K�"f�̧&ñ
_�½+ÉÃºe����.ÕªXO�t�ëß������Áº\�K�{©����HÒqt$í
����H:£¤Z>�ô�Ç�â

Äº�Ð ��ÀÒ#Q�� �l� M:ë�H\� 	�Ãº\�"f ��{9�s� �̧�FK ��ØÔ��.
\V\�¦ [þt#Q, s��½Ó ���íß�_� 1lx+þA$í
M:ë�H\� Òqt$í
�� Binõ� Empty\� K�{©����H ¿º

>h_� ����� fü< v�� ¹כ��9���.
ÅÒ#Q�����{9� ’b_��©�Ãº vü<��{9� (’b * ’a * ’b) -> ’b_�����½Ó���íß��� f\�

@/K�"f, ��6£§õ� °ú s� ��Áº_� ½̈�̧\� @/K� F�)&h�Ü¼�Ð Ãº'���<ÊÜ¼�Ð+� ��{9� ’b_�
°úכõ� ��{9� ’a btree_� �̧��H ��Áº[þt�̀¦ ����'ar�~�́ Ãº e����.

• val() = v

• val(a(t1,t2)) = f (val(t1),a,val(t2))

Äºo���Hs�������íß��̀¦ ¤Ñò³ÏòªÍò(homomorphism)s����¦ÂÒ�Ér��.�<ÊÃº btree hom�Ér
��0pxô�Ç �̧��H 1lx+þA$í
�̀¦ ëß���H��.

# val rec btree hom = fn f v t ⇒
case t of

(Bin (t1,a,t2)) ⇒ f (btree hom f v t1,a,btree hom f v t2)
| Empty ⇒ v;;

val btree hom: (’a * ’b * ’a -> ’a) -> ’a -> ’b btree -> ’a = <fun>

��Áº_� Z�}s���H ���©� |�� ��t�_� U�́s�s���. ��Áº_� ß¼l���H s��½Ó �̧×¼_� 8úx >h
Ãºs���.¿º�<ÊÃº, btree heightü< btree size��H&ñ
Ãº\�@/ô�Ç1lx+þA$í
Ü¼�Ð �̂¦Ãº
e����.

# fun btree height t = btree hom (fn (x1, ,x2) ⇒ 1 + max x1 x2) 0 t;;
val btree height: ’a btree -> int = <fun>

# fun btree size t = btree hom (fn (x1, ,x2) ⇒ 1 + x1 + x2) 0 t;;
val btree size: ’a btree -> int = <fun>
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�<ÊÃº map tree��H �<ÊÃº f\�¦ s��½Ó ��Áº_� y�� �̧×¼\� &h�6 x��¦ ���õ� ��Áº\�¦ ìøÍ
8̈�ô�Ç��. s� �<ÊÃº��H s��½Ó ��Áº_� 1lx+þA$í
s���.

# fun map btree f t =
btree hom (fn (t1,a,t2) ⇒ Bin(t1,f a,t2)) Empty t;;

val map btree: (’a -> ’b) -> ’a btree -> ’b btree = <fun>

�<ÊÃº mirror btree��H ��Áº_� ��Ö�¦�©��̀¦ ìøÍ8̈�ô�Ç��. 7£¤, y�� Z�}s�\�"f ¢,aAá¤õ�
�̧�ÉrAá¤ ��d���̀¦ ��7
"f ëß�[þt#Q t���H ��Áº\�¦ %3���H��. s� �<ÊÃº�̧ %i�r� s��½Ó ��Áº
_� 1lx+þA$í
s���.

# fun mirror tree t =
btree hom (fn (t1,a,t2) ⇒ Bin(t2,a,t1)) Empty t;;

val mirror tree: ’a btree -> ’a btree = <fun>

s� �©�\�"f, Äºo��� ��6 x���H s��½Ó ��Áº��H �̧¿º ���Ò�o ��Áº, 7£¤, ��î�rX< �̧×¼
ÂÒ'� ÆÒ&h����H(infix traversal)��s	כ "é¶�è ��s�_� í�H"f �'a>�\� K�{©����H $í
|9��̀¦
°ú���H ��Áº{9� �.���s	כ ����:r&h�Ü¼�Ð, ¢,aAá¤õ� �̧�ÉrAá¤_� ��î�rX< �̧×¼ÂÒ'� ÆÒ&h����H
�¦̀�	כ t��¾Ó���H �<ÊÃº\�¦ ��ÅÒ ��6 x½+É �.���s	כ �<ÊÃº btree itõ� it btree��H ��î�r
X< �̧×¼ÂÒ'� ÆÒ&h����H �¦̀�	כ ëß���H��. s���_þt]	כ ��{9��Ér list itõ� it list\�"f
%ò
y���̀¦ %3�%3���.

# fun btree it f t x =
case t of

Empty ⇒ x
| Bin (t1,a,t2) ⇒

btree it f t1 (f a (btree it f t2 x));;
val btree it: (’a -> ’b -> ’b) -> ’a btree -> ’b -> ’b = <fun>

# fun it btree f x t =
case t of

Empty ⇒ x
| Bin (t1,a,t2) ⇒

it btree f (f (it btree f x t1) a) t2;;
val it btree: (’a -> ’b -> ’a) -> ’a -> ’b btree -> ’a = <fun>

�<ÊÃº flat btree��H btree it�̀¦ s�6 x�#� ��Áº\� ��������H °úכ_� o�Û¼àÔ\�¦
ëß�[þt�¦, s���Ér	כ ¢,aAá¤_� ��î�rX< ÆÒ&h�Ü¼�Ð s�ÀÒ#Q�����.

# fun flat btree t = btree it (fn x l ⇒ x :: l) t [];;
val flat btree: ’a btree -> ’a list = <fun>

��t�}��Ü¼�Ð, Äºo���H s��½Ó ��Áº\� @/K�"f l�>� ×�æd��&h���� ÆÒ&h�(imperative
traversal)�̀¦ ½+É Ãº e����. �<ÊÃº do btree��H ¢,aAá¤_� ��î�rX< ÆÒ&h� í�H"f�Ð ��Áº_�
�̧��H °úכ\� @/K� �<ÊÃº f\�¦ &h�6 xô�Ç��.

# fun do btree (f:’a -> unit) = fn
Empty ⇒ ()

| (Bin (t1,a,t2)) ⇒
do btree f t1; f a; do btree f t2;;

val do btree: (’a -> unit) -> ’a btree -> unit = <fun>
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6.3 í�H"fõ� ���í�H"f �'a>�

í�H"f �'a>���H ��{9� comparison_� °ú̀�כ¦ s�6 xô�Ç �<ÊÃº[þt�Ð ³ð�&³�)a��.

# type comparison = Smaller | Equiv | Greater;;

s�XO�>� ���×þ��<ÊÜ¼�Ð+� °ú �Ér �<ÊÃº\�"f í�H"f�'a>�ü< 1lx1px�'a>�\�¦ Óü��̀¦ Ãº e����H

�©�&h�s� Òqt|����. ¢̧ô�Ç s���Ér	כ ���í�H"f\�¦ ³ð�&³½+É Ãº e��>� ô�Ç��.
��{9� bool_� °ú̀�כ¦ s�6 xô�Ç �<ÊÃº�Ð ÅÒ#Q��� í�H"f �'a>��ÐÂÒ'� s���� �<ÊÃº\�¦ ëß�

[þtl� 0AK�, Äºo���H �Ð�̧ �<ÊÃº mk order�̀¦ ��6 x½+É �.���s	כ

# val mk order = fn ord x y ⇒
if ord x y then Smaller else
if x = y then Equiv
else Greater;;

val mk order: (’a -> ’a -> bool) -> ’a -> ’a -> comparison = <fun>

#�l�\� &ñ
Ãº_� í�H"f\�¦ ��6 x���H Y>���t� \V]j�� e����.

# val int comp =
mk order (fn (a:int) (b:int) ⇒ if a > b then true else false);;

val int comp: int -> int -> comparison = <fun>

# int comp 2 3;;
val it: comparison = Greater

# int comp 2 2;;
val it: comparison = Equiv

ªÍáªÖáª¸��H F�)&h�s��¦ (reflexive), s�'��&h�s��� (transitive) ìøÍ×¼r� q�@/g�A&h�
(antisymmetric){9��9¹כ���H\O���H�'a>�s���. �̧��H���í�H"f ≤\���H�'aº��÷&#Qe����H1lx
1px �'a>� ≡�� �>rF�ô�Ç��. s� 1lx1px �'a>���H ��6£§õ� °ú s� &ñ
_��)a��.

x ≡ y ←→ x ≤ y and y ≤ x

#�l�"f ≡��H 1lx1px �'a>�s��¦ ≤��H í�H"f �'a>�s���.
���_� ���í�H"fü< s� ���í�H"fü< �'aº���)a 1lx1px�'a>��Ð ëß�[þt#Q��� �©��Ér %i�r� ��{9�

comparison_� °ú̀�כ¦ s�6 xô�Ç �<ÊÃº\� _�K� ³ð�&³�)a��. ��6£§�̀¦ s�6 xK�"f s��¦̀�	כ ëß�
[þt Ãº e����.

# val mk preorder = fn (lt,eq) x y ⇒
if lt x y then Smaller else
if eq x y then Equiv
else Greater;;

val mk preorder: (’a -> ’b -> bool) * (’a -> ’b -> bool) -> ’a -> ’b ->
comparison

= <fun>
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í�H"f�� ���í�H"f\�¦s�6 xô�Ç >�íß��̀¦ ���H1lxîß�\���Hþj�è��þj@/°úכs�e�����¦��

&ñ
���H ��s	כ ¼#�o����. Äºo���H ��6£§_� ��{9��̀¦ ��6 x½+É �.���s	כ

# type ’a minmax = Min | Plain of ’a | Max;;

Õªo��¦ í�H"f �'a>�\�¦ ��6£§õ� °ú s� SX��©�ô�Ç��.

# val extent order = fn ord x y ⇒
case (x,y) of

((Min,Min)|(Max,Max)) ⇒ Equiv
| ((Min, )|( ,Max)) ⇒ Smaller
| ((Max, )|( ,Min)) ⇒ Greater
| (Plain x, Plain y) ⇒ ord x y;;

val extent order: (’a -> ’b -> comparison) -> ’a minmax -> ’b minmax ->
comparison

= <fun>

6.4 s��½Ó �ÃÐÒ�o ��Áº

¬È³Éò ±ÉíªÊÞ £ §́Á��H°úכ[þts�&ñ
§>=�)a��«Ñ|9�½+Ë\�5ÅqK�e����Hs��½Ó��Áºs���.y�� �̧
×¼_� °úכ�Ér ¢,aAá¤ ��d��\� e����H °úכ�Ð����H ß¼�¦, �̧�Ér7á¤ ��d��\� e����H �̧��H ����Ð	כ
��H �����. s� $í
|9� M:ë�H\�, ��Áº\�"f °ú̀�כ¦ ¹1Ô�̀¦ M: �̧f�� Õª °úכs� 5Åqô�Ç ���_� ��
t�ëß��̀¦ �ÃÐÒ�o���H ��s	כ ��0px���. ��z�́�©�, ��Áº t=a(t1,t2)\� °úכ x�� e����Ht� ·ú�
l� 0AK�"f K���½+É �̧��H ��Ér	כ xü< a\�¦ q��§���H ��'fÂÒ"�\	כ r����ô�Ç��.

• ëß���� x=as������, x��H t\� �>rF�ô�Ç��.

• ëß���� x<as������, x�� t1\� �>rF����H �â
Äº\� x��H t\� �>rF�ô�Ç��.

• ëß���� x>as������, x�� t2\� �>rF����H �â
Äº\� x��H t\� �>rF�ô�Ç��.

��r� ú́�K� s��½Ó �ÃÐÒ�o ��Áº��H &ñ
§>=�)a ��«Ñ |9�½+Ë�̀¦ ³ð�&³½+É M:, þj���_� �â
Äº\�
#Q�"� "é¶�è�� ��Áº\� 5ÅqK� e����Ht� SX�������H X<\� ���o���H r�çß�s� ��Áº_� ���©� |��

��t�\� q�YV���H ~½Ód���̀¦ s�6 xô�Ç��.
ÅÒ#Q��� &ñ
§>=�)a ��«Ñ |9�½+Ë\� @/K�"f s��½Ó �ÃÐÒ�o ��Áº��H ú́§s� �>rF�½+É Ãº e����.

\V\�¦ [þt#Q, ��6£§õ� °ú �Ér &ñ
Ãº |9�½+Ë {1, 2, 4, 6, 8, 10, 12, 15, 17, 20,
21}�̀¦ ³ð�&³���H ¿º��t� ��Áº�� ÕªaË> 6.3\� ��ü<e����.

s��½Ó �ÃÐÒ�o ��Áº��H ��{9� btree_� Ì�o�̂�Ð"f ½̈�&³�)a��. s� ��{9��Ér e��_�_� s��½Ó
��Áºü< s��½Ó ±ÉíªÊÞ ��Áº\�¦ ½̈ì�r�t� ·ú§��H��. s��½Ó �ÃÐÒ�o ��Áº\�¦ ëß�[þt�¦, ÆÒ&h��
�¦, Ãº&ñ
���H �̧��H �<ÊÃº[þt�Ér ������Ð í�H"f �'a>�\�¦ ~ÃÎ��[þts��¦, Õª[þts� ���\O����H
��Áº�� ��z�́ s� í�H"f �'a>�\� @/ô�Ç s��½Ó �ÃÐÒ�o ��Áº���¦ ��&ñ
ô�Ç��.
s��½Ó �ÃÐÒ�o��Áº��&ñ
§>=�)a |9�½+Ës��� �����õ�°ú �Ér#��Q��t�:£¤�o�)a ��«Ñ ½̈�̧

\�¦ ½̈�&³���H �â
Äº, Äºo���H K�{©����H ��{9��̀¦ ��6 x���H í�H"f �'a>�\�¦ :�x½+Ë½+É ��s	כ
��.

\V\�¦ [þt#Q, s��½Ó ��Áº�� ÅÒ#Q��� �'a>�\� @/K� z�́]j�Ð s��½Ó �ÃÐÒ�o ��Áº���t� SX�
������H �<ÊÃº��H ��6£§õ� °ú s� &ñ
_�½+É Ãº e����.



126 6 �©� ç�H+þAú̧��2³ ��Áº

# val is bst = fn order ⇒
let val ext order = extend order order in

let val rec check bst = fn (a,b) t ⇒
case t of

Empty ⇒ true
| (Bin (t1,x,t2)) ⇒

let val x = Plain x
in not (ext order a x = Greater) &&

not (ext order x b = Greater) &&
check bst (a,x) t1 &&
check bst (x,b) t2

end
in check bst (Min,Max)
end

end;;
val is bst: (’a -> ’a -> comparison) -> ’a btree -> bool = <fun>

6.4.1 "é¶�è ¹1Ôl�

�<ÊÃº search bst��H���í�H"f order\�@/K� eü<>á¤°ú �Ér"é¶�è\�¦¹1Ôl�0AK�s��½Ó�ÃÐ
Ò�o ��Áº\�¦ ÆÒ&h�ô�Ç��. s��½Ó �ÃÐÒ�o ��Áº\�"f "é¶�è\�¦ ¹1Ôl� 0AK�"f, "é¶�è�� 0Au�ô�Ç
��Áº_���t�ëß��̀¦ÆÒ&h�K���ô�Ç��.s��<ÊÃº�ÐÂÒ'����õ�\�¦%3�l�0AK�,Äºo���H�����
answer�̀¦ ÍÒo�_� ÂÒ��Áº\� &h�6 xô�Ç��. #�l�"f ÂÒ��Áº��H Äºo��� ¹1Ô�¦ e����H "é¶�è
�� e����H ÂÒ��Áºs���.

# exception Bst search exc of string;;

# fun search bst order answer e =
let val rec search = fn

Empty ⇒ raise (Bst search exc "search bst")
| Bin(t1,x,t2) ⇒

case order e x of
Equiv ⇒ answer Bin(t1,x,t2)

| Smaller ⇒ search t1
| Greater ⇒ search t2

in search end;;
val search bst: (’a -> ’b -> comparison) -> (’b btree -> ’c) -> ’a -> ’b

btree -> ’c
= <fun>

�<ÊÃº find bst��H ���çß� ���+þA�#� (&ñ
�Ð�� ÍÒo���� ÂÒ��Áº @/���\�) &ñ
�Ð ���̂
\�¦ ìøÍ8̈�ô�Ç��.

# fun find bst order = search bst order root;;
val find bst: (’a -> ’b -> comparison) -> ’a -> ’b btree -> ’b = <fun>
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¢̧ô�Ç Äºo���H M:M:�Ð bool °ú̀�כ¦ ìøÍ8̈����H �<ÊÃº belongs to bst\�¦ ��6 x½+É �	כ
s���.

# fun belongs to bst order e t =
find bst order e t; true
handle Bst search exc ⇒ false;;

val belongs to bst: (’a -> ’b -> comparison) -> ’a -> ’b btree -> bool
= <fun>

Äºo��� ���í�H"f\�¦ ��6 x���H �â
Äº\�, ��Áº_� ô�Ç "é¶�è\�¦ ���í�H"f_� �'a&h�\�"f
�̂¦ M: 1lx{9�ô�Ç ���Ér "é¶�è�Ð ��Ë̈��H ��s	כ É+½¹כ��9 Ãº e����. �<ÊÃº change bst��H
find bst%�!3� ��Áº\�¦ �ÃÐÒ�o�t�ëß�, s���Ér	כ µ1Ï|
�ô�Ç "é¶�è\�¦ ìøÍ8̈��t� ·ú§��H��. @/
���\�, s���Ér	כ �<ÊÃº modify\� _�K� Ãº&ñ
�)a "é¶�è\�¦ ��t��¦ e����H Dh�Ðî�r ��Áº\�¦
ìøÍ8̈�ô�Ç��. s� �<ÊÃº�� ���í�H"f\� �'aº���)a 1lx{9�$í
�̀¦ Ä»t����H����H ���&h�Ü¼�Ð áÔ�Ð
ÕªA� Q_� Õþ�e��s���. s� ���íß��Ér µ1Ï|
�ô�Ç "é¶�è(Õªo��¦ �̧f�� s� "é¶�è[þt)ëß� ��Áº_�
ÍÒo�ü< Ãº&ñ
�)a "é¶�è ��s�\� 4�¤��ô�Ç��.

# fun change bst order modify e =
let val rec change = fn

Empty ⇒ raise (Bst search exc "change bst")
| Bin(t1,x,t2) ⇒

case (order e x) of
Equiv ⇒ Bin(t1,modify x,t2)

| Smaller ⇒ Bin(change t1,x,t2)
| Greater ⇒ Bin(t1,x,change t2)

in change end;;
val change bst: (’a -> ’b -> comparison) -> (’b -> ’b) -> ’a -> ’b btree ->

’b btree
= <fun>

6.4.2 "é¶�è ÆÒ���l�

s��½Ó �ÃÐÒ�o ��Áº\� "é¶�è e\�¦ ÆÒ�����H X<\���H 7áxéß� �̧×¼\� ÆÒ�����H ��õ	כ ÍÒo�
\� ÆÒ�����H ��_	כ ¿º��t� ~½ÓZO�s� �>rF�ô�Ç��. çß�éß�ô�Ç ��Ér	כ 7áxéß� �̧×¼\� ÆÒ�����H
�.���s	כ s�\�¦ 0AK� ÆÒ��½+É "é¶�èü< �§�̂|̈c Ãº e����H q�#Qe����H ÂÒ��Áº\�¦ ¹1Ô��H��.
s���� ÂÒ��Áº\�¦ ¹1Ôl� 0AK�"f, "é¶�è eü< ÍÒo�\�¦ q��§��¦ >�5Åq �ÃÐÒ�oK� ������� �)a
��. 7£¤, e�� ÍÒo��Ð�� ����Ér �â
Äº ¢,aAá¤ ÂÒ ��Áº\�¦ ¹1Ô�¦, e�� ÍÒo��Ð�� 	�H �â
Äº\�
��H �̧�ÉrAá¤ ÂÒ ��Áº\�¦ ¹1Ô��H��. ëß���� "é¶�è�� ��Áº_� ÍÒo�ü< °ú �����, Äºo��� K���
���H {9��Ér �̧A��)a ÍÒo�\�¦ Ä»t��l�\�¦ "é¶���Ht�, Dh�Ðî�r ÍÒo��Ð ��Ë̈U�́ "é¶���H
t�, ¢̧��H ���íß��̀¦ ��ÂÒ�l�\�¦ "é¶���H t�\� ²ú��9e����.

�<ÊÃº add bottom to bst��H Äºo��� ~½Ó�FK çß�|ÄÌy� ¶ú�(R�:r ·ú��¦o�7£§�̀¦ ½̈�&³ô�Ç
��. Äºo��� �8��¦�� ���H ��õ	כ 1lx{9�ô�Ç "é¶�è�� e����H �â
Äº, Äºo���H �̧A��)a ��õ	כ
Dh�Ðî�r ��æ\�"f×	כ ���\�¦ ���×þ��l� 0AK� option �����\�¦ ��6 x½+É �.���s	כ

• Dh�Ðî�r �Ü¼�Ð	כ �̧A��)a �¦̀�	כ ��Ë̈U�́ "é¶ô�Ç�����, Äºo���H �̀v���Ü¼�Ð �<ÊÃº fun
x y ⇒ y\�¦ ��6 xô�Ç��.
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• ëß���� �̧A��)a �¦̀�	כ Ä»t���¦ z�·�����, fun x y ⇒ y\�¦ ��6 xô�Ç��.

• ëß���� s���� 7áxÀÓ_� Ø�æ[�ts� µ1ÏÒqt���H �â
Äº\�, \V\�¦ [þt#Q �<ÊÃº fun x y ⇒
raise (Bst search exc "clash")\�¦ ��6 x½+É Ãº e����.

# fun add bottom to bst option order t e =
let val rec add = fn

Empty ⇒ Bin(Empty,e,Empty)
| Bin(t1,x,t2) ⇒

case (order e x) of
Equiv ⇒ Bin(t1,option e x,t2)

| Smaller ⇒ Bin(add t1,x,t2)
| Greater ⇒ Bin(t1,x,add t2)

in add t end;;
val add bottom to bst: (’a -> ’a -> ’a) -> (’a -> ’a -> comparison) -> ’a

btree -> ’a -> ’a btree
= <fun>

�<ÊÃº add list bottom to bst��H "é¶�è o�Û¼àÔ\�¦ s��½Ó �ÃÐÒ�o ��Áº\� ÆÒ��ô�Ç
��.

# fun add list bottom to bst option order =
fold left (add bottom to bst option order);;

val add list bottom to bst: (’a -> ’a -> ’a) -> (’a -> ’a -> comparison) ->
’a btree -> ’a list -> ’a btree

= <fun>

�<ÊÃº mk bst��H "é¶�è o�Û¼àÔ�ÐÂÒ'� s��½Ó �ÃÐÒ�o ��Áº\�¦ ëß���H��.

# val mk bst = fn option order ⇒
add list bottom to bst option order Empty;;

val mk bst: (’a -> ’a -> ’a) -> (’a -> ’a -> comparison) -> ’a list -> ’a
btree

= <fun>

ÕªaË> 6.4�Ér³ð�&³d�� mk bst (fun x y ⇒ x) int comp [10,15,12,4,6,21,8,1,17,2])\�¦
°úכB��̂� Ùþ¡�̀¦ M: í�H"f@/�Ð ��Áº�� ëß�[þt#Qt���H �¦̀�	כ �Ð#�ï�r��.

6.4.3 ÍÒo�\� "é¶�è ÆÒ���l�

s��½Ó�ÃÐÒ�o��Áº_�ÍÒo�\�"é¶�è\�¦ÆÒ�����H�Óüt�:r��0px̧�	כ���.s�l�ZO��ÉrÄºo�
�� 7áx7áx þj��H\� ÆÒ���)a "é¶�è\�¦ ¹1Ô�̀¦ ��¹כ��9 e���̀¦ M: Ä»6 x���. ëß���� Õª�Qô�Ç "é¶
�è[þts� ÍÒo� ��H%�\� e�������, 7á§�8 ��ØÔ>� ¹1Ô�̀¦ Ãº e����.
s�\�¦ 0AK�, ÅÒ#Q��� ��Áº tü< ÆÒ��½+É "é¶�è e\� @/K�"f "é¶A� ��Áº\�¦ ¿º>h_� s�

�½Ó �ÃÐÒ�o ��Áº t1õ� t2�Ð “���Ér��”. #�l�"f t1�Ér e�Ð�� ����Ér "é¶�è�Ð ½̈$í
÷&#Q e��
�¦ t2��H e�Ð�� 	�H "é¶�è[þt�Ð ½̈$í
÷&#Q e����. "é¶A� ��Áº t�� eü< 1lx{9�ô�Ç "é¶�è\�¦
�í�<Ê�t� ·ú§���� e�Ð Õª�¦̀�	כ ��Ë̈l� "é¶½+É �â
Äº\���H, "é¶�è\�¦ ÆÒ���l� 0AK� ��
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Áº Bin(t1,e,t2)\�¦ ëß�[þt#Q�� ô�Ç��. ëß���� \V���_� 1lx{9�ô�Ç "é¶�è\�¦ Ä»t���¦ z�·�̀¦
M:\���H, ��ØÔ��H õ�&ñ
\�"f "é¶�èü< �<Êa� ¿º>h_� ÂÒ ��Áº�̧ ìøÍ8̈�K��� ô�Ç��. ��6£§
·ú��¦o�7£§�Ér s� ��0px$í
�̀¦ �¦�9ô�Ç��.

Empty��Áº\�¦"é¶�è e\�@/K���ØÔl�0AK�"f,���×�æ�½Ó (Empty,e,Empty)\�¦ ìøÍ
8̈����.
��Áº t=a(t1,t2)\�¦°úכ e\�¦¿º�¦¿ºÂÒì�rÜ¼�Ð��ØÔl�0AK�"f,Äºo���H eü< a\�¦

q��§ô�Ç��.

• ëß���� e=a�����, ���×�æ�½Ó (t1,a,t2)\�¦ ìøÍ8̈����.

• ëß���� e<a�����, ��Áº t1\�¦ "é¶�è e\� @/K�"f ���Ér��. s�\�¦ :�xK� ���×�æ�½Ó

(t′1,e′,t′2)\�¦ %3���H��. ���×�æ�½Ó (t′1,e′,a(t′2,t2))\�¦ ìøÍ8̈����.

• ëß���� e>a�����, @/g�A&h�Ü¼�Ð 0A_� ���íß��̀¦ Ãº'�����.

�<ÊÃº cut bst��H s� ·ú��¦o�7£§�̀¦ ½̈�&³ô�Ç��.

# val rec cut bst = fn order e ⇒
let val rec cut = fn

Empty ⇒ (Empty,e,Empty)
| Bin(t1,a,t2) ⇒

case (order e a) of
Smaller ⇒ let val (t,e’,t’) = cut t1

in (t,e’,Bin(t’,a,t2)) end
| Equiv ⇒ (t1,a,t2)
| Greater ⇒ let val (t,e’,t’) = cut t2

in (Bin(t1,a,t),e’,t’) end
in cut end;;

val cut bst: (’a -> ’a -> comparison) -> ’a -> ’a btree -> ’a btree * ’a * ’a
btree

= <fun>

ÕªaË> 6.5��H ��ØÔl�_� \V\�¦ �Ð#�ï�r��.
"é¶�è e\�¦s��½Ó�ÃÐÒ�o��Áº t\�ÆÒ���l�0AK�"f, t\�¦ ú̧������×�æ�½Ó (t1,e′,t2)\�¦

%3���H��. Õªo��¦��"f ëß���� Dh�Ðî�r "é¶�è\�¦ "é¶���� ��Áº t=e(t1,t2)\�¦ ëß�[þt�¦, Õª
XO�t� ·ú§����� t=e′(t1,t2)�̀¦ ëß���H��. ��Áº t�� eü< 1lx{9�ô�Ç "é¶�è\�¦ °ú�t� ·ú§��H �â

Äº\���H, ÂÒ��Áº Empty\�"f ��ØÔl��� =åQ��>� ÷&�¦ ����"f e′=ee���̀¦ ÅÒ3lq���.
�<ÊÃº add root to bst��H s� ·ú��¦o�7£§�̀¦ ½̈�&³ô�Ç��.

# val add root to bst = fn option order e t ⇒
let val (t1,e’,t2) = cut bst order e t
in Bin(t1,option e e’,t2) end;;

val add root to bst: (’a -> ’a -> ’a) -> (’a -> ’a -> comparison) -> ’a -> ’a
btree -> ’a btree

= <fun>

�<ÊÃº mk bst2��H "é¶�è o�Û¼àÔ�ÐÂÒ'� ÍÒo�\� ������ �8K�����H ~½Ód��Ü¼�Ð s�
�½Ó �ÃÐÒ�o ��Áº\�¦ ëß���H��.
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# val mk bst2 = fn option order l ⇒
fold right (add root to bst option order) l Empty;;

val mk bst2: (’a -> ’a -> ’a) -> (’a -> ’a -> comparison) -> ’a list -> ’a
btree

= <fun>

ÕªaË> 6.6�Ér³ð�&³d�� mk bst2 (fun x y ⇒ x) int comp [10,15,12,4,6,21,8,1,17,2]\�¦
°úכB��̂� ½+ÉM: ���5Åq&h�Ü¼�Ð ��Áº�� ëß�[þt#Qt���H �¦̀�	כ �Ð#�ï�r��.

6.4.4 "é¶�è ]j���l�

Äºo��� s��½Ó �ÃÐÒ�o ��Áº_� ÍÒo�\� 0Au�ô�Ç "é¶�è\�¦ ]j��½+É M:, ëß���� &h�#Q�̧ Ñüt×�æ
\� ���_� ��d��s� ��� ��Áº�����, ÍÒo�\�¦ ]j�����H ��Ér	כ í�Hçß�&h�Ü¼�Ð K�èq Ãº e��
��. (ëß���� ���_� q�t� ·ú§�Ér ��d�� ��Áº�� �>rF�����) s� q�#Qe��t� ·ú§��H ��d�� ��
Áº�Ð "é¶A� ��Áº\�¦ ��Ë̈����, ÕªXO�t� ·ú§�Ér �â
Äº\���H ��� ��Áº�Ð "é¶A� ��Áº\�¦ ��
Ë̈��H �Ü¼�Ð	כ Ø�æì�r���.
s�\� ìøÍK�, �¦�9@/�©���� ��Áº_� ��d�� ��Áº�� Ñüt�� q�#Qe��t� ·ú§�����, ÍÒo�\�

e����H"é¶�è[þt�Ér�§�̂÷&#Q��ô�Ç��.Óüt�:r#�l�\�¿º��t�@/îß�s�e����.¢,aAá¤��d��[þt
×�æ\�"f ���©� 	�H "é¶�è�� �̧�ÉrAá¤ ��d��[þt ×�æ\�"f ���©� ����Ér "é¶�ès���.
#�l�"f Äºo��� ]j��½+É "é¶�è\�¦ @/����l� 0AK� ¢,aAá¤ ��d�� ×�æ\�"f ���©� 	�H "é¶

�è\�¦ ��6 x½+É �.���s	כ ��r� ú́�K� ¢,aAá¤ ��d��_� ���©� �̧�ÉrAá¤ ��t� =åQ\� e����H "é¶�è
\�¦ ���×þ�ô�Ç��. s�\�¦ %3�l� 0AK�, �Ð�̧ �<ÊÃº remove biggest\�¦ s�6 x½+É �.���s	כ s�
�<ÊÃº�� s��½Ó �ÃÐÒ�o ��Áº\� &h�6 x÷&���, ���©� 	�H "é¶�èü< ���©� 	�H "é¶�è�� \O�#Q��� "é¶
A� ��Áº_� �©��̀¦ ìøÍ8̈�ô�Ç��.

# exception Bst exc of string;;
exception Bst exc of string

# val rec remove biggest = fn
(Bin(t1,a,Empty)) ⇒ (a,t1)

| (Bin(t1,a,t2)) ⇒
let val (a’,t’) = remove biggest t2 in (a’,Bin(t1,a,t’)) end

| Empty ⇒ raise (Bst exc "remove biggest: tree is empty");;
val remove biggest: ’a btree -> ’a * ’a btree = <fun>

�<ÊÃº rem root from bst��H remove biggest\�¦ s�6 x�#� ÍÒo�\�¦ ¢,aAá¤ ��d��
×�æ ���©� 	�H "é¶�è�Ð ��õ�H��. �<ÊÃº rem from bst��H ]j��½+É "é¶�è\�¦ ¹1Ôl� 0AK� ��
Áº\�¦ �ÃÐÒ�o��¦ �<ÊÃº rem root from bst\�¦ ÂÒ�Ér��.

# val rec rem root from bst = fn
Empty ⇒ raise (Bst exc "rem root from bst: tree is empty")

| (Bin(Empty,a,t2)) ⇒ t2
| (Bin(t1, ,t2)) ⇒

let val (a’,t’) = remove biggest t1
in Bin(t’,a’,t2) end;;

val rem root from bst: ’a btree -> ’a btree = <fun>
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# val rec rem from bst = fn order e ⇒
let val rec rem = fn

Empty ⇒ raise (Bst search exc "rem from bst")
| (Bin(t1,a,t2)) ⇒

case (order e a) of
Equiv ⇒ rem root from bst (Bin(t1,a,t2))

| Smaller ⇒ Bin(rem t1,a,t2)
| Greater ⇒ Bin(t1,a,rem t2)

in rem end;;
val rem from bst: (’a -> ’b -> comparison) -> ’a -> ’b btree -> ’b btree

= <fun>

�<ÊÃº rem list from bst��H s��½Ó ��Áº\�"f "é¶�è_� o�Û¼àÔ\�¦ ]j��ô�Ç��.

# val rem list from bst = fn order ⇒
fold right (rem from bst order);;

val rem list from bst: (’a -> ’b -> comparison) -> ’a list -> ’b btree -> ’b
btree

= <fun>

ÕªaË> 6.7�Ér s��½Ó �ÃÐÒ�o ��Áº\�"f "é¶�è 10, 15, Õªo��¦ 6�̀¦ 	�YV@/�Ð ]j�����H
�¦̀�	כ �Ð#�ï�r��.

6.5 ç�H+þA ú̧��2³ ��Áº

s��½Ó �ÃÐÒ�o ��Áº\�"f "é¶�è\�¦ ¹1Ô��H X<\� ���o���H q�6 x�Ér ��Áº_� ÍÒo��ÐÂÒ'� Äºo�

�� ¹1Ô��H "é¶�è ��s�_� ��o�\� q�YVô�Ç��. ����"f �ÃÐÒ�o½+É M: ���o���H þj@/ q�6 x�Ér
���©� |�� ��t�_� U�́s�\� q�YV��¦ î̈
ç�H q�6 x�Ér ÍÒo�ü< �̧×¼ ��s�_� î̈
ç�H ��o�\�

q�YVô�Ç��.

Õª�QÙ¼�Ðß¼l� n���s��½Ó��Áº\�"f, î̈
ç�Hs���þj���_��â
Äº\�¦Òqty��K� �̂¦M:��
�©�a%~�Ér$í
0px�̀¦�Ðs���H��Ér	כ ¬ÒáÍá³È ¡Úá³Ïò Éî³Ýá £ §́Á,7£¤Z�}s��� log2(n)����	כ
s���. î̈
ç�H �ÃÐÒ�o r�çß��̀¦ þj�è�o �l� 0AK� s��©�&h���� ��Ér	כ ¢-a���y� ç�H+þA ú̧��2³ ��
Áº\�¦ ��6 x���H ��÷	כrs���.

s�\�¦ 0AK�, Äºo���H "é¶�è\�¦ ÆÒ������� ]j��½+É M: ¢-a���y� ç�H+þAú̧��2³ :£¤$í
�̀¦
Ä»t�½+É Ãº e��#Q��ëß� � 9, s��¦̀�	כ �©�d��&h���� q�6 x ô�Ç�̧ ?/\�"f K�?/�� ô�Ç��. ��
6£§_� \V]j\�"f �FK~½Ó ·ú� Ãº e��1pws�, s���Ér	כ ��0px�t� ·ú§��. ÕªaË> 6.8_� ¢,aAá¤ ��Áº
��H ¢-a���y� ç�H+þA ú̧��2³ s��½Ó �ÃÐÒ�o ��Áºs���. ëß���� #�l�\� °úכ 1�̀¦ ÆÒ��ô�Ç�����, ��
0pxô�Ç ¢-a���y� ç�H+þAú̧��2³ s��½Ó �ÃÐÒ�o ��Áº_� +þA�©��Ér °ú �Ér ÕªaË>_� �̧�Ér7á¤ ��Áºü< °ú 

�̀¦ �.���s	כ #�l�"f ¿º ��Áº��H �̧��H �̧×¼�� ��ØÔ����H &h�\� ÅÒ3lq���. >����� ¿º
��Áº ½̈�̧��HÂÒ�̧ ��d����s�_��'a>���¢-a���y���ØÔ��.¹כ���K�"f ú́�����, �̧�ÉrAá¤
\� e����H ��Áº\�¦ ëß�[þtl� 0AK�"f��H "é¶A� ��Áº\�¦ ¢-a���y� F�½̈$í
K��� ô�Ç��.

e��_�_� 	�H ß¼l�_� ��Áº ½̈�̧\� @/K� s���� 7áxÀÓ_� \V\�¦ [þt Ãº e����. ����"f
ëß���� ��Áº ½̈�̧\�¦ ¢-a���y� ç�H+þAú̧�y��̧2�¤ Ä»t��>� ëß�[þt�¦�� ô�Ç�����, "é¶�è\�¦ ÆÒ
����¦ ��"f s��½Ó �ÃÐÒ�o ��Áº\�¦ F� ½̈$í
���H q�6 x�Ér þj���_� �â
Äº\� ��Áº_� ß¼l�

\� q�YVô�Ç��.
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ÆÒ��ü< ]j�� õ�&ñ
\�"f þj���_� �â
Äº\� �ÐÕª\� q�YV���H q�6 x�̀¦ ��6 x��̧2�¤

��9���, “ç�H+þAú̧��2³” ��Áº½̈�̧_� >h¥Æ��̀¦ �̧�FK ����or�&��� ô�Ç��. 6.5.2]X�\�"f �è
>h÷&��H AVL ��Áº½̈�̧��H s� ë�H]j\� @/K� ���_� K����~½ÓZO��̀¦ ]jr�ô�Ç��. s���� ��
Áº ½̈�̧[þt\�"f��H ³¿Íás��� ·ú��9��� ���íß��̀¦ s�6 xK� ��Áº_� ç�H+þA�̀¦ ú̧���H��.

6.5.1 �r���

³¿Íá�Ér s��½Ó �ÃÐÒ�o ��Áº_� ½̈�̧\�¦ Ä»t��l� 0AK� ��Áº\�¦ F�½̈$í
���H ~½ÓZO�s���.
Õª�Q�� s���Ér	כ ��Áº_� ç�H+þA�̀¦ �¦}9� Ãº e���̧2�¤ ô�Ç��. ¿º��t� 7áxÀÓ_� �r���s� �>r
F�ô�Ç��. ÕªaË> 6.10\� e����H ��s	כ ¬¼¦Ûá®ÑÞ ³¿Íás��¦, ÕªaË> 6.10\� e����H ��s	כ ¬Ôá®ÑÞ
³¿Íás���.
s� ���íß��̀¦ ��6£§õ� °ú s� áÔ�ÐÕªÏþ�ô�Ç��.

# val rot right = fn
Bin(Bin(u,p,v),q,w) ⇒ Bin(u,p,Bin(v,q,w))

| ⇒ raise (Btree exc "rot right");;
val rot right: ’a btree -> ’a btree = <fun>

# val rot left = fn
Bin(u,p,Bin(v,q,w)) ⇒ Bin(Bin(u,p,v),q,w)

| ⇒ raise (Btree exc "rot left");;
val rot left: ’a btree -> ’a btree = <fun>

Äºo���H s� ���íß�_� �̧½+Ë�̀¦ ��6 x�#� ÕªaË> 6.11õ� °ú �Ér ¬Ôá®ÑÞ- ¬¼¦Ûá®ÑÞ ³¿Íás�

��, ÕªaË> 6.12ü< °ú �Ér ¬¼¦Ûá®ÑÞ-¬Ôá®ÑÞ ³¿Íá�̀¦ ��6 x½+É �.���s	כ s�[þt�̀¦ ��6£§õ� °ú s�
áÔ�ÐÕªÏþ�½+É Ãº e����.

# val rot left right = fn
Bin(Bin(t,p,Bin(u,q,v)),r,w) ⇒ Bin(Bin(t,p,u),q,Bin(v,r,w))

| ⇒ raise (Btree exc "rot left right");;
val rot left right: ’a btree -> ’a btree = <fun>

# val rot right left = fn
Bin(t,r,Bin(Bin(u,q,v),p,w)) ⇒ Bin(Bin(t,r,u),q,Bin(v,p,w))

| ⇒ raise (Btree exc "rot right left");;
val rot right left: ’a btree -> ’a btree = <fun>

s��Qô�Ç �r��� ���íß�s�s��½Ó�ÃÐÒ�o ��Áº_� ½̈�̧\�¦ Ä»t�ô�Ç����H�¦̀�	כ �Ðs���H ��Ér	כ

çß�éß����.

6.5.2 AVL ��Áº

s�]j �<ÊÃº δ\�¦ &ñ
_�ô�Ç��. s���Ér	כ �̧��H ��Áº_� ÍÒo�\� @/ô�Ç ”Ô�¦ç�H+þA” &ñ
�̧\�¦ ú́�
ô�Ç��.

δ(a(t1, t2)) = height(t1)-height(t2)
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ëß���� y��y��_� ÂÒ ��Áº[þt\� @/K�"f �<ÊÃº δ_� ]X�@/°úכs� l�,כ	K��� 1s������, s�
�½Ó ��Áº\�¦ H- ¡Úá³Ïòs����¦ ú́�ô�Ç��. AVL £ §́Á��H H-ç�H+þA s��½Ó �ÃÐÒ�o ��Áºs���.
ÕªaË> 6.13�Ér¢,aAá¤Ü¼�Ðl�Ö�¦#Q4Re����H �̧×¼\���H¢,aAá¤\�����Ér&h�s�n��)�e���¦,

�̧�ÉrAá¤Ü¼�Ð l�Ö�¦#Q4R e����H �̧×¼\���H �̧�ÉrAá¤\� ����Ér &h�s� n��)� e����H AVL ��Áº
s���.
ß¼l��� n��� H-ç�H+þA ��Áº��H Z�}s��� n_� �ÐÕª�<ÊÃº�Ð ]jô�Ç�)a��. s� $í
|9��̀¦ çß�

éß��>� z�́+«>½+É Ãº e����. s�\�¦ 0AK�, �̧��H Z�}s� h\� @/K�"f Äºo���H þj�èô�Ç_� &ñ

&h��̀¦ °ú���H K�{©����H Z�}s�_� ��Áº\�¦ ëß���H��.

• Z�}s��� 1s����, ß¼l� 1��� ��Áº\�¦ ëß���H��.

• Z�}s� h��� ��Áº\�¦ ëß�[þtl� 0AK�"f, ÍÒo�_� ��d��×�æ �����H �9�Ãº&h�Ü¼�Ð Z�}s�
�� h-1s�#Q�� ô�Ç��. ÕªXO�t� ·ú§�����, 7£¤ Õª��� ��d��s� \O������ ��Áº��H Z�}s���
h�� |̈c Ãº \O���. ÆÒ���Ð, ¢̧���Ér ��d��×�æ �����H h-2_� Z�}s�#��� ô�Ç��. ëß�
��� Z�}s��� h-2�Ð�� ��������, ÍÒo�\� @/K�"f ��Áº��H H-ç�H+þAs� ��u�́ �.���s	כ
ëß���� Z�}s��� h-1s������, ��Áº��H þj�è_� ß¼l��� ��u�́ �.���s	כ

ëß���� Äºo��� Z�}s� h_� H-ç�H+þA ��Áº_� þj�è ß¼l�\�¦ N(h)���¦ ô�Ç�����, Äºo�
��H ��6£§õ� °ú s� s� �<ÊÃº_� F�)&h���� &ñ
_�\�¦ %3���H��.

• N(0)=0

• N(1)=1

• N(h)=N(h-1)+N(h-2)+1

N ′(h) = N(h) + 1�Ð ����, ��6£§õ� °ú �Ér Ãºd���̀¦ %3���H��.

N ′(h) = N ′(h− 1) + N ′(h− 2)

_�d��½+É #�t� \O�s� {©�����Ér s� Ãºd��s� Äºo�_� �2;½̈, x��Ð��u� Ãº\P�e���̀¦ µ1Ï|
�
½+É �.���s	כ s� Õüw��[þt�Ér t�Ãº�<ÊÃº&h�Ü¼�Ð 7£x���l� M:ë�H\�, %i��<ÊÃº��H �ÐÕª �<ÊÃº
�Ð 7£x��ô�Ç��. ��z�́, ß¼l��� n��� H-ç�H+þAú̧��2³ ��Áº_� Z�}s��� 1.44 log2(n+2)�Ð ]j
ô�Ç�)a����H �¦̀�	כ �Ð{9� Ãº e����.

AVL ��Áº½̈�̧\�¦ ½̈�&³�l� 0AK�"f, [j��t�_� �â
Äº��� δ = −1, δ = 0, δ =
+1\� K�{©����H [j>h_� Òqt$í
 ��{9��̀¦ ëß�×¼��H ��s	כ ���©� ò́Ö�¦&h�s���. ÕªXO�t�ëß�
s� ��{9��Ér ��{9� btreeü<��H ��\�¦ �.���s	כ Õªo��¦ s� 	�s� M:ë�H\� btree\� @/K�
"f &ñ
_�ô�Ç �<ÊÃº\�¦ F���6 x½+É Ãº \O��̀¦ �.���s	כ ����:r&h�Ü¼�Ð, y��y��_� �̧×¼\� ��{9�
balance_� &ñ
�Ð\�¦ ��t��¦ e����H s��½Ó ��Áº�Ð AVL ��Áº ½̈�̧\�¦ ½̈�&³½+É �.���s	כ
��{9� balance��H Õª �̧×¼\�"f ��Áº�� ç�H+þA ú̧�)� e����Ht� (δ = 0), ¢,aAá¤Ü¼�Ð l�Ö�¦
%3���Ht� (δ = 1), ��m���� �̧�ÉrAá¤Ü¼�Ð l�Ö�¦#Q &����Ht� (δ = −1)\�¦ ³ðr����H [j>h
_� °ú̀�כ¦ °ú���H��.

# type balance = Left | Balanced | Right;;

��6 x÷&��H ��{9��Ér ��6£§õ� °ú s� Âúª>� jþt Ãº e����.

# type ’a avltree = (’a * balance) btree;;
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s��½Ó �ÃÐÒ�o ��Áº\�"f ÕªÏþ¡~�� �,�3!�%	כ AVL ��Áº½̈�̧\� @/K� :£¤Z>�ô�Ç \Vü@\�¦
��6 x½+É �.���s	כ

# exception Avl exc of string;;
exception Avl exc of string

# exception Avl search exc of string;;
exception Avl search exc of string

AVL ��Áº_� ú́§�Ér �<ÊÃº[þt�Ér s��½Ó �ÃÐÒ�o ��Áº�ÐÂÒ'� f��]X� �©�5Åq~ÃÎ��H��. Õª�Q��
q��§ �<ÊÃº��H y�� �̧×¼_� Ä»6 xô�Ç &ñ
�Ð\� %ò
�¾Ó�̀¦ p�5g�� ��¦ ç�H+þA\� �'aô�Ç ��[jô�Ç

���½Ó�Ér ?/!Q�9 ¿º#Q�� ô�Ç��.
\V\�¦ [þt#Q �<ÊÃº belongs to avl�Ér °úכs� AVL ��Áº ½̈�̧\� 5Åq���Ht� �����ô�Ç

��. s���Ér	כ q��§ �<ÊÃº\�¦ &h�]X�y� Ãº&ñ
ô�Ç belongs to bst\�¦ s�6 xô�Ç��.

# val belongs to avl = fn order ⇒
belongs to bst (fn x y ⇒ order x (fst y));;

val belongs to avl: (’a -> ’b -> comparison) -> ’a -> (’b * ’c) btree -> bool
= <fun>

s�ü< q�5pw�>�, ��6£§_� �<ÊÃº[þts� &ñ
_�÷&%3����¦ ��&ñ
ô�Ç��.

flat avl : (’a * balace) btree -> ’a list
map avl : (’a -> ’b) -> (’a * balance) btree -> (’b * balance) btree
do avl : (’a -> unit) -> (’a * balace) btree -> unit

ÆÒ���Ð, AVL��Áº½̈�̧\�@/ô�Ç�<ÊÃº[þts�1lx���×�æ\�\Vü@\�¦µ1ÏÒqtr�~�́M:, AVL
��Áº ½̈�̧\� :£¤�o÷&#Qe����H \Vü@\�¦ ��6 xô�Ç����H �¦̀�	כ SX����K��� ô�Ç��.

# val find avl = fn order e (t:(’a*alance) btree) ⇒
fst(find bst (fn x y ⇒ order x (fst y)) e t)
handle Bst search exc ⇒ raise(Avl search exc "find avl");;

val find avl: (’a -> ’b -> comparison) -> ’a -> (’b * balance) btree -> ’b
= <fun>

ìøÍ@/�Ð, ç�H+þA &ñ
�Ð\� _��>rô�Ç �̧��H �<ÊÃº[þt�Ér :£¤Z>�y� &ñ
_�÷&#Q�� ô�Ç��. \V\�¦
[þt#Q, AVL ��Áº�� &ñ
SX�y� ç�H+þAú̧�)� e����Ht� SX�������H �<ÊÃº��H ��6£§õ� °ú ��.

# val h balanced = fn (t:(’a*balance) btree) ⇒
let val rec correct balance = fn

Empty ⇒ 0
| (Bin(t1,(x,b),t2))

⇒ let val n1 = correct balance t1
and n2 = correct balance t2

in
if (b=Balanced && n1=n2) then n1+1 else
if (b=Left && n1=n2+1) then n1+1 else
if (b=Right && n2=n1+1) then n2+1
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else raise (Avl exc "not avl")
end

in
correct balance t; true
handle Avl exc ⇒ false

end;;
val h balanced: (’a * balance) btree -> bool = <fun>

# val is avl = fn order (t:(’a*balance) btree) ⇒
h balanced t && is bst (fn x y ⇒ order (fst x) (fst y)) t;;

val is avl: (’a -> ’a -> comparison) -> (’a * balance) btree -> bool = <fun>

��6£§�Ér AVL ��Áº_� ��Ö�¦ �©��̀¦ ëß�[þt#Q ?/��H �<ÊÃºs���.

# val mirror avl = fn t ⇒
btree hom

(fn (t1,(x,b),t2)
⇒ let val b’ = case b of

Left ⇒ Right
| Balanced ⇒ Balanced
| Right ⇒ Left
in Bin(t2,(x,b’),t1)
end)

Empty t;;
val mirror avl: (’a * balance) btree -> (’a * balance) btree = <fun>

AVL ��Áº\� "é¶�è\�¦ ÆÒ�����H ����s	כ ]j�����H ��Ér	כ ç�H+þA\� %ò
�¾Ó�̀¦ p��2;��.
\V\�¦ [þt#Q, ÕªaË> 6.13\� �Ðs���H AVL ��Áº_� 7áxéß� �̧×¼\� °úכ 10�̀¦ ÆÒ���l� 0A
�#� s��½Ó �ÃÐÒ�o ��Áº_� 7áxéß� �̧×¼\� °ú̀�כ¦ ÆÒ�����H ·ú��¦o�7£§�̀¦ ��6 xô�Ç�����, ���
õ���H �8s��©� AVL ��Áº�� ��u�́ �.���s	כ �̧×¼ 11, 4, 6�Ér y��y�� δ °úכs� 2, -2, -2s�
��. ¢̧ô�Ç ÍÒo�\� 10�̀¦ �8���H �â
Äº\��̧ ç�H+þA\� %ò
�¾Ó�̀¦ p��2;��. ����:r&h�Ü¼�Ð, s�
�½Ó �ÃÐÒ�o ��Áº\�¦ 0AK� &ñ
_�ô�Ç "é¶�è\�¦ ÆÒ�����H �<ÊÃº��H �8s��©� ��6 x½+É Ãº \O���.
"é¶�è\�¦ ]j�����H �̧�	כ %i�r� AVL ��Áº_� ç�H+þA�̀¦ Áº�-ä¼o���H ���6 x�̀¦ ô�Ç��.

ëß���� ÕªaË> 6.13_� ��Áº\�"f "é¶�è 12ü< 17�̀¦ ]j��ô�Ç�����, ÍÒo���H ç�H+þAú̧�t� 3lw�
>� |̈c �.���s	כ
����:r&h�Ü¼�Ð, s��½Ó �ÃÐÒ�o ��Áº\�"f ��6 xô�Ç "é¶�è ÆÒ�� x9� ]j�� �<ÊÃº��H �8s��©�

��6 x½+É Ãº \O���.
��'��y�, “�r���” �<ÊÃº\�¦ ��6 x�#� s� ���íß�\� _�K� µ1ÏÒqtô�Ç ë�H]j&h��̀¦ Ãº&ñ
½+É

Ãº e����.

6.5.3 AVL ��Áº\� "é¶�è ÆÒ���l�

Äº��� 6.4.2]X�\�"f ¶ú�(R�:r ·ú��¦o�7£§�̀¦ ��t��¦ r�������. t=a(t1,t2)��� AVL ��
Áº�� e���¦, #�l�\� "é¶�è e\�¦ ÆÒ����9�¦ ô�Ç��. eü< a\�¦ q��§����"f r�������.
ëß���� e=as����,���×þ�ô�Ç �̀v����̀¦Òqty��K��Ð�¦,��Áº tÕª���̂����Áº e(t1,t2)\�¦

ìøÍ8̈�ô�Ç��.
ëß���� e<as����, ÂÒ ��Áº t1\� "é¶�è\�¦ ÆÒ��ô�Ç��. s���Ér	כ ��Áº t’1�̀¦ ìøÍ8̈�ô�Ç��.

s�]j Y>���t� �â
Äº\�¦ Òqty��K� �Ð��.
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• ëß���� height(t’1)=height(t1)+1s��¦ δ(t)=0 ¢̧��H δ(t)=-1s������, "é¶�è
\�¦ ÆÒ��ô�Ç ���õ���H #����y� a(t’1,t2)s���. ÕªXO�t�ëß�, ���õ��Ð %3���H ��Áº_�
ÍÒo�_� ç�H+þA&ñ
�Ð\�¦ &ñ
SX�y� Ãº&ñ
K��� ô�Ç��.

• ëß���� height(t’1)=height(t1)+1s��¦ δ(t)=1s����,��Áº t’=a(t’1,t2)��H
δ(t’)=2s�l� ë�H\� AVL��Áº�� ��m���. ����"f �r����̀¦ s�6 xK� ��r� ç�H+þA�̀¦
ú́�ÆÒ#Q�� ô�Ç��. s�\�¦ 0AK�, ��Áº t’1_� ç�H+þA�̀¦ Òqty��K��� ô�Ç��. s� ��Áº��H
ç�H+þAs� ú́��̀¦o��� \O���. ëß���� ÕªXO������ s���Ér	כ t1õ� °ú �Ér Z�}s�\�¦ ��&���̀¦

�.���s	כ ����"f ��6£§_� ¿º��t� �â
Äºëß�s� �>rF�ô�Ç��.

- δ(t1)=1. t’�Ér �̧�ÉrAá¤ �r���Ü¼�Ð ��r� ç�H+þA�̀¦ ú́�Ø�¦ Ãº e����. ����"f
"é¶�è\�¦ ÆÒ��ô�Ç ���õ���H rot right(a(t’1,t2))s���.

- δ(t1)=-1. t’=a(t’1,t2)��H ����̂ ��Áº\�¦ �̧�ÉrAá¤ �r���ô�Ç Êê\� t’1�̀¦

¢,aAá¤ �r����<ÊÜ¼�Ð+� ��r� ç�H+þA�̀¦ ú́�Ø�¦ Ãº e����. "é¶�è\�¦ ÆÒ��ô�Ç ���õ�
��H rot right(a(rot left(t’1),t2))s���.

• ���Ér �â
Äº��H s��©�_� ��õ	כ q�5pw�>� ½+É Ãº e����.

ëß���� "é¶�è\�¦ ÆÒ��ô�Ç Êê\� ÂÒ ��Áº�� ��r� ç�H+þA�̀¦ ú́�ÆÒ#Q�� ô�Ç�����, ��r� ç�H
+þA ú̧��Ér Êê_� Z�}s���H "é¶�è\�¦ ÆÒ���l� s����õ� °ú ��. s���Ér	כ s�\�¦ �í�<Ê���H #Q
�"� ÂÒ ��Áº�̧ ��r� ç�H+þA ú̧��̀¦ ��¹כ��9 \O�����H �'a¹1Ï\� ��H��\�¦ ¿º�¦ e����. Õª�QÙ¼
�Ð ÆÒ����H l�,כ	K��� ô�Ç���_� �r���({9�éß�s��� s�éß��r���)�̀¦ �>� �)a��.
"é¶�è\�¦ ÆÒ��ô�Ç Êê\� AVL ��Áº\�¦ ��r� ç�H+þA ú́�ÆÒ��H 1lxîß�\� Áº��H {9�s� ZO�#Q

t���Ht�, \V]j\�¦ :�xK� ¶ú�(R�Ð��� s�K��l� /'Ö�¦ �.���s	כ ÕªaË> 6.15ü< 6.16�Ér "é¶�è
10, 7, 2, 5, 4�̀¦ 	�YV@/�Ð ÆÒ������"f ëß�[þt#Qt���H AVL ��Áº\�"f ZO�#Qt���H �r���
�̀¦ �Ð#�ï�r��. ëß���� 6.4.2]X�\� e����H ·ú��¦o�7£§Ü¼�Ð s��½Ó �ÃÐÒ�o ��Áº%�!3� "é¶�è\�¦ ÆÒ
��Ùþ¡����� ���õ���H ÕªaË> 6.15\� e����H ���+þA�)a ��Áº{9� �.���s	כ
"é¶�è 10, 7, 2\�¦ ÆÒ������ ÕªaË> 6.15\�"fü< °ú s� ¢,aAá¤�Ér ç�H+þAs� ú́�t� ·ú§�Ér ��

Áºs���. s���Ér	כ �̧�ÉrAá¤ �r����̀¦ :�xK� �̧&ñ
½+É Ãº e����.
"é¶�è 5ü< 3 	�YV�Ð ÆÒ��½+É M:, ÕªaË> 6.16_� ¢,aAá¤\� e����H ��õ	כ °ú s� ç�H+þAs� ú́�

t� ·ú§��H ��Áº\�¦ ��r� ëß���>� �)a��. s���Ér	כ s�éß� �r���(�̧�ÉrAá¤-¢,aAá¤)Ü¼�Ð �̧&ñ
½+É
Ãº e����.

s���� >h¥Æ��̀¦ %i�¿º\� ¿º�¦, s�]j "é¶�è\�¦ ÆÒ�����H �<ÊÃº\�¦ ���$í
K� �Ð��. Äº���,
ç�H+þA\� @/ô�Ç &ñ
�Ð\�¦ Ãº&ñ
���H �¦̀�	כ ÆÒ��ô�Ç Dh�Ðî�r �r��� ���íß��̀¦ ¶ú�(R�:r��. #�l�
"f��H �̧�ÉrAá¤ �r���_� &ñ
_�\�¦ /BNÂÒô�Ç��. ���Ér �þt�̧]	כ q�5pwô�Ç ~½Ód��Ü¼�Ð F�&ñ
_� �)a
��.

# exception Avl rotation exc of string;;

# val rot right = fn
(Bin(Bin(u,(p,b),v),(q, ),w)) ⇒

(case b of
Balanced ⇒ Bin(u,(p,Right),Bin(v,(q,Left),w))

| Left ⇒ Bin(u,(p,Balanced),Bin(v,(q,Balanced),w))
| Right ⇒ raise (Avl rotation exc "rot right"))

| ⇒ raise (Avl rotation exc "rot right");;
val rot right: (’a * balance) btree -> (’a * balance) btree = <fun>
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#Q�"� ��Áº_� ç�H+þA�̀¦ ��r� ú́�2XÅÒ#Q�� ���Ht� ���&ñ
�l� 0AK�"f, Õªo��¦ ÍÒ
o��ÐÂÒ'� �̧×¼ ÆÒ�� t�&h���s�_� ��t�[þt(Õª ü@_� �þt�Ér]	כ �©��'a\O���.)_� ç�H+þA &ñ

�Ð\�¦ Ìqt����l� 0AK�"f, "é¶�è\�¦ ÆÒ��½+É M:, F�)&h���� 6 xZO��̀¦ :�xK� "é¶�è\�¦ ÆÒ��
ô�Ç ���õ���H Óüt�:rs��¦ ��Áº_� Z�}s��� ����â
÷&%3���Ht�\� @/ô�Ç &ñ
�Ðü< ëß���� ����â
÷&

%3������ #Q�"� ��d��s� ����â
Ùþ¡��Ht�\� @/ô�Ç &ñ
�Ð�̧ %3�#Q�� ô�Ç��. s� &ñ
�Ð��H ��{9�
avl add info_� °úכs���.

# type avl add info = No inc | Incleft | Incright;;

Incleft��H Z�}s��� ¢,aAá¤\�"f 7£x��÷&%3��̀¦ M: ��6 x÷&�¦, Incright��H Z�}s���
�̧�ÉrAá¤\�"f 7£x��÷&%3��̀¦ M: ��6 xô�Ç��. ëß���� "é¶A� ��Áº�� q�#Qe��%3������ ��ÁºAá¤
s��� ìøÍ8̈�K��̧ �©��'a\O���HX<, s���H s�Êê_� >�íß�õ�&ñ
\� #Q�"� %ò
�¾Ó�̧ p�u�t� 3lw�
l� M:ë�Hs���. No inc��H Z�}s��� ����â
÷&t� ·ú§�Ér �â
Äº\� ��6 xô�Ç��.

# val rec add to avl = fn option order t e ⇒
let val rec add = fn

Empty ⇒
(Bin(Empty,(e,Balanced),Empty),Incleft)

| (Bin(t1,(x,b),t2)) ⇒
(case (order e x, b) of

(Equiv, ) ⇒ (Bin(t1,(option e x,b),t2),No inc)
| (Smaller,Balanced) ⇒

let val (t,m) = add t1
in if m=No inc then (Bin(t,(x,Balanced),t2),No inc)

else (Bin(t,(x,Left),t2),Incleft)
end

| (Greater,Balanced) ⇒
let val (t,m) = add t2
in if m=No inc then (Bin(t1,(x,Balanced),t),No inc)

else (Bin(t1,(x,Right),t),Incright)
end

| (Greater,Left) ⇒
let val (t,m) = add t2
in if m=No inc then (Bin(t1,(x,Left),t),No inc)

else (Bin(t1,(x,Balanced),t),No inc)
end

| (Smaller,Left) ⇒
let val (t,m) = add t1
in case m of

No inc ⇒ (Bin(t,(x,Left),t2),No inc)
| Incleft ⇒ (rot right(Bin(t,(x,Balanced),t2)),No inc)
| Incright ⇒ (rot left right(Bin(t,(x,Balanced),t2)),No inc)

end
| (Smaller,Right) ⇒

let val (t,m) = add t1
in if m=No inc then (Bin(t,(x,Right),t2),No inc)

else (Bin(t,(x,Balanced),t2),No inc)
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end
| (Greater,Right) ⇒

let val (t,m) = add t2
in (case m of

No inc ⇒ (Bin(t1,(x,Right),t),No inc)
| Incleft ⇒ (rot right left(Bin(t1,(x,Balanced),t)),No inc)
| Incright ⇒ (rot left(Bin(t1,(x,Balanced),t)),No inc))

end)
in fst(add t)
end;;

val add to avl: (’a -> ’a -> ’a) -> (’a -> ’a -> comparison) -> (’a
* balance) btree -> ’a -> (’a * balance) btree

= <fun>

add to avl�<ÊÃº\�¦ ìøÍ4�¤�<ÊÜ¼�Ð+�, ��6£§_� �<ÊÃº\�¦ %3��̀¦ Ãº e����.

# val add list to avl = fn option order ⇒ fold left (add to avl option order);;
val add list to avl: (’a -> ’a -> ’a) -> (’a -> ’a -> comparison) -> (’a

* balance) btree -> ’a list -> (’a * balance) btree
= <fun>

# val mk avl = fn option order ⇒ add list to avl option order Empty;;
val mk avl: (’a -> ’a -> ’a) -> (’a -> ’a -> comparison) -> ’a list -> (’a

* balance) btree
= <fun>

# val merge avl = fn option order ⇒
it btree (fn t x ⇒ add to avl option order t (fst x));;

val merge avl: (’a -> ’a -> ’a) -> (’a -> ’a -> comparison) -> (’a * balance)
btree -> (’a * ’b) btree -> (’a * balance) btree

= <fun>

ÕªaË> 6.17�Ér ��6£§_� °úכB��̂��̀¦ Ùþ¡�̀¦ M: í�H"f@/�Ð ëß�[þt#Qt���H ��Áº\�¦ �Ð#�ï�r
��.

mk avl (fn x y ⇒ x) int comp [10,15,12,4,6,21,8,1,17,2]

Õªo��¦ AVL ��Áº\�¦ ëß�×¼��H �<ÊÃº�ÐÂÒ'� &ñ
§>= �<ÊÃº\�¦ ëß�[þt Ãº�̧ e����. s�\�¦
0AK� ��6£§õ� °ú s� éß�í�Hy� ���+þA�o �<ÊÃºü< ½+Ë$í
���� �)a��.

# val avl sort = fn order ⇒
flat avl o (mk avl (fn x y ⇒ x) order);;

val avl sort: (’a -> ’a -> comparison) -> ’a list -> ’a list = <fun>

s�&ñ
§>=�<ÊÃº_�4�¤ú̧��̧��Hþj���_��â
Äº O(n log(n))s���.�ÃÐ�¦�Ð quicksort��H
þj���_� �â
Äº\� n2_� 4�¤ú̧��̧\�¦ �������.
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6.5.4 AVL ��Áº\�"f "é¶�è ]j���l�

s��½Ó �ÃÐÒ�o ��Áº\�"f "é¶�è\�¦ ]j�����H ���íß�õ� q�5pw�>�, AVL ��Áº\�"f "é¶�è\�¦
]j�����H ��Ér	כ "é¶�è�� µ1Ï|
��)a �̧×¼_� ¢,aAá¤ ��d��×�æ\�"f ���©� 	�H �̧×¼\�¦ ]j���

l� 0AK� "é¶�è\�¦ ��Ë̈��H ��\	כ _��>rô�Ç��.
��Áº\�"f ���©� 	�H "é¶�è\�¦ ]j�����H ��Ér	כ "é¶A� ��Áº_� �̧�ÉrAá¤ ÂÒ ��Áº_� Z�}

s�\�¦ ×�¦{9� Ãº e��l� @/ë�H\� ����̂ ��Áº_� ç�H+þA\� %ò
�¾Ó�̀¦ ×�¦ Ãº e����.
���©� 	�H "é¶�è\�¦ ]j�����H �<ÊÃº��H 6.4.4]X�\� e����H ��õ	כ q�5pwô�Ç ½̈�̧\�¦ °ú���H

��. s� �<ÊÃº��H ��Áº_� Z�}s��� ×�¦#Q[þt%3���Ht�\� @/ô�Ç ÆÒ�� &ñ
�Ð\�¦ �<Êa� ìøÍ8̈�K���
ëß� ô�Ç��. s�\�¦ 0AK� Äºo���H ��6£§_� ��{9��̀¦ ��6 xô�Ç��.

# type avl rem info = No dec | Dec;;

# val balance = fn
(Bin( ,( ,b), )) ⇒ b

| Empty ⇒ Balanced;;
val balance: (’a * balance) btree -> balance = <fun>

# val balance right = fn (t,x,t’) ⇒
case balance t of

(Left | Balanced) ⇒ rot right (Bin(t,(x,Balanced),t’))
| Right ⇒ rot left right (Bin(t,(x,Balanced),t’));;

val balance right: (’a * balance) btree * ’a * (’a * balance) btree -> (’a
* balance) btree

= <fun>

# val balance left = fn (t,x,t’) ⇒
case balance t’ of

(Right | Balanced) ⇒ rot left (Bin(t,(x,Balanced),t’))
| Left ⇒ rot right left (Bin(t,(x,Balanced),t’));;

val balance left: (’a * balance) btree * ’a * (’a * balance) btree -> (’a
* balance) btree

= <fun>

# val rec avl remove biggest = fn
(Bin(t1,(a, ),Empty)) ⇒ (a,t1,Dec)

| (Bin(t1,(a,Balanced),t2)) ⇒
let val (a’,t’,b) = avl remove biggest t2
in case b of

Dec ⇒ (a’,Bin(t1,(a,Left),t’),No dec)
| No dec ⇒ (a’,Bin(t1,(a,Balanced),t’),No dec)

end
| (Bin(t1,(a,Right),t2)) ⇒

let val (a’,t’,b) = avl remove biggest t2
in case b of

Dec ⇒ (a’,Bin(t1,(a,Balanced),t’),Dec)
| No dec ⇒ (a’,Bin(t1,(a,Right),t’),No dec)



140 6 �©� ç�H+þAú̧��2³ ��Áº

end
| (Bin(t1,(a,Left),t2)) ⇒

let val (a’,t’,b) = avl remove biggest t2
in case b of

Dec ⇒ (a’, balance right(t1,a,t’),
case snd(root t1) of

(Left|Right) ⇒ Dec
| Balanced ⇒ No dec)

| No dec ⇒ (a’, Bin(t1,(a,Left),t’),No dec)
end

| Empty ⇒ raise (Avl exc "avl remove biggest: empty avl");;
val avl remove biggest: (’a * balance) btree -> ’a * (’a * balance) btree

* avl rem info
= <fun>

ÅÒ¹כô�Ç ]j�� �<ÊÃº��H %i�r� 6.4.4]X�\� �è>h�)a ��õ	כ °ú �Ér ½̈�̧\�¦ ìøÍ4�¤ô�Ç��. s�
��Ér	כ ��Áº\�"f ]j��½+É "é¶�è\�¦ ¹1Ô��H��. s� "é¶�è\�¦ ¹1ÔÜ¼���, 7£¤, e�� ]j��½+É "é¶
�è���¦ ½+É M: e(t1,t2)+þAI�_� ����Ér ��Áº\�¦ ¹1ÔÜ¼���, t1�̀¦ ������Ð �Å���"f �<ÊÃº

remove biggest\�¦  ñØ�¦ô�Ç��. s� �<ÊÃº��H t1\�"f ���©� 	�H "é¶�è a, Dh�Ðî�r ��Áº
t’1ü<, t1õ� t’1��s�_� Z�}s� 	�\� @/ô�Ç &ñ
�Ð, s�XO�>� [j��t�\�¦ ìøÍ8̈�ô�Ç��. s� &ñ

�Ð��H ¹כ��9������ ��Áº a(t’1,t2)_� ç�H+þA�̀¦ ú́�ÆÒl� 0AK� ��×�æ\� ��6 x�)a��.
>�����, ��Áº a(t’1,t2)\�¦ ��r� ç�H+þA ú́�ÆÒ��H ��Ér	כ (s���s	כ �§�̂�)a) ��Áº

e(t1,t2)�Ð�� Z�}s��� ����Ér ��Áº\�¦ ëß�[þt Ãº e����. Õª�QÙ¼�Ð ÍÒo�\�¦ �¾ÓK� [�t����
���"f ���Ér /BM\��̧ ��r� ç�H+þA�̀¦ ú́�ÆÒl� 0AK� Õª &ñ
�Ð\�¦ ���²ú�K��� ô�Ç��.
Õª�QÙ¼�Ð "é¶�è\�¦ ÆÒ��Ùþ¡�̀¦ M: Ùþ¡~�� ��õ	כ ìøÍ@/�Ð "é¶�è\�¦ ]j��½+É M:\���H, #�

�Q>h_� �̧×¼\�¦ ��r� ç�H+þA ú́�ÆÒ#Q�� ½+Ét��̧ �̧�Ér��. ]j��õ�&ñ
\�"f µ1ÏÒqt���H î̈

ç�H �r��� Ãº\� @/ô�Ç s��:r&h���� ���õ���H \O���. Õª�Q�� z�́+«> ���õ� 5���_� ]j�� õ�&ñ
\�
î̈
ç�H ô�Ç���_� �r���s� ¹כ��9����¦ ô�Ç��. s�\� q�K� ÆÒ�� õ�&ñ
_� �â
Äº 2��� ÆÒ��\�
î̈
ç�H ô�Ç��� �r����>� �)a��.

ÕªaË> 6.18�ÉrÕªaË> 6.17\�"fëß�[þt%3�~�� AVL��Áº\�"f"é¶�è 21, 17, 2, 4, 15, 12,
8, 10, 6�̀¦ 	�YV@/�Ð ]j��Ùþ¡�̀¦ M: ëß�[þt#Qt���H ��Áº[þt�̀¦ �Ð#�ï�r��.
s�]j ��t�}��Ü¼�Ð "é¶�è\�¦ ]j�����H �<ÊÃº\�¦ ¶ú�(R�Ð��.

# val rec remove from avl = fn order t e ⇒
let val rec remove = fn

Empty ⇒ raise (Avl search exc "remove from avl")
| (Bin(t1,(a,b),t2)) ⇒

case (order e a) of
Equiv ⇒

if t1=Empty then (t2,Dec)
else if t2=Empty then (t1,Dec)
else

let val (a’,t’,m) = avl remove biggest t1
in (case m of

No dec ⇒ (Bin(t’,(a’,b),t2),No dec)
| Dec ⇒ (case b of
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Balanced ⇒ (Bin(t’,(a’,Right),t2),No dec)
| Left ⇒ (Bin(t’,(a’,Balanced),t2),Dec)
| Right ⇒ (balance left(t’,a’,t2),

if balance t2=Balanced
then No dec
else Dec)))

end
| Smaller ⇒

let val (t’,m) = remove t1
in (case m of

No dec ⇒ (Bin(t’,(a,b),t2),No dec)
| Dec ⇒ (case b of

Balanced ⇒ (Bin(t’,(a,Right),t2),No dec)
| Left ⇒ (Bin(t’,(a,Balanced),t2),Dec)
| Right ⇒ (balance left(t’,a,t2),

if balance t2=Balanced
then No dec
else Dec)))

end
| Greater ⇒

let val(t’,m) = remove t2
in (case m of

No dec ⇒ (Bin(t1,(a,b),t’),No dec)
| Dec ⇒ (case b of

Balanced ⇒ (Bin(t1,(a,Left),t’),No dec)
| Right ⇒ (Bin(t1,(a,Balanced),t’),Dec)
| Left ⇒ (balance right(t1,a,t’),

if balance t1=Balanced
then No dec
else Dec)))

end
in fst (remove t)
end;;

val remove from avl: (’a -> ’b -> comparison) -> (’b * balance) btree -> ’a
-> (’b * balance) btree

= <fun>

6.6 �����

#�l�"f �����s�����H ��Ér	כ &ñ
§>= |9�½+Ë��� v�\�¦ s�6 xK� s�ü< ����'a÷&#Q e����H &ñ
�Ð\�¦

$�&ñ
���H ½̈�̧s���. �Ð:�x ������Ér l��:r&h���� \V]js�t�ëß�, 7á§�8 {9�ìøÍ&h�Ü¼�Ð ô�Ç&ñ

÷&#Q e����H &ñ
§>=�)a %ò
%i�\�"f &ñ
_��)a �<ÊÃº\�¦ �����Ü¼�Ð çß�ÅÒ|̈c Ãº e����.
s�]j ç�H+þAú̧��2³ AVL ��Áº\� l�ìøÍK�"f ������̀¦ ½̈�&³���H �¦̀�	כ �Ð{9� �.���s	כ

ò́Ö�¦$í
_�8£¤���\�"f,s� ½̈�&³~½Ód���Érëß�����¦�9@/�©���������s�ß¼l�����_��¦&ñ

÷&#Q e������ \V�©�½+É Ãº e����H ��{©�ô�Ç #3�0A?/\�"f ������H �,������s	כ K�/'\�¦ s�6 x
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ô�Ç ½̈�&³õ� q��§�� ÷&t� ·ú§��H��. ÕªXO�t�ëß� �����_� ß¼l��� \V�©�½+É Ãº \O����� B�
Äº d���>� ���ô�Ç�����, ç�H+þAú̧��2³ àÔo��Ð ½̈�&³���H ��Ér	כ �t ½+Ë{©�ô�Ç ���×þ�s���.
��{9� dictionary��H ��6 x½+É í�H"f �'a>�\�¦ ��o�v���H �½Ó3lq dict relõ� $��©�½+É

��«Ñ\�¦ $��©����H ¢̧���Ér �½Ó3lq dict data�Ð s�ÀÒ#Q��� YU�ï×¼s���. &ñ
�Ð��H �����
αü< �'aº��÷&#Q e���¦, v���H ����� βü< ����'a÷&#Q e����.

# type (’a,’b) dictionary =
{dict rel: ’b -> ’b -> ’comparison,
dict data: (’a * ’b) avltree};;

"é¶�è\�¦ �ÃÐÒ�o, ÆÒ��, ]j�����H �<ÊÃº��H AVL ��Áº\�"f ��6 xô�Ç �<ÊÃº[þt�̀¦ f��]X�
s�6 xô�Ç��. éß�t� #�l�\�"f �<ÊÃº�� v�\� ]X���H�l� 0AK�"f q��§ �<ÊÃº\�¦ �¦5g�� ô�Ç
��.�ÃÐÒ�o�<ÊÃº��Ho�Û¼àÔ\�"f assoc�<ÊÃº\�¦æ¼��H���«õ�Ä	כ�>� dict assocs���.

# val dict assoc = fn e d ⇒
fst(fst(find avl(fn x y ⇒ d.dict rel x (snd y)) e d.dict data));;

val dict assoc: ’a -> {dict data: (((’b * ’c) * ’d) * ’e) btree,
dict rel: ’a -> ’d
-> comparison}

-> ’b
= <fun>

{9�ìøÍ&h�Ü¼�Ð �����\� "é¶�è\�¦ ÆÒ�����H ��Ér	כ �>rF����H "é¶�è\�¦ �§�̂���H �¦̀�	כ

ÃºìøÍô�Ç��.

# val dict add or replace = fn {dict rec=c,dict data=t} e ⇒
{dict rel=c,
dict data=add to avl (fn x y ⇒ y) (fn x y ⇒ c (snd x) (snd y)) t e};;

val dict add or replace: {dict data: ((’a * ’b) * balance) btree,
dict rec: ’b -> ’b -> comparison}

-> ’a * ’b ->
{dict data: ((’a * ’b) * balance) btree,
dict rel: ’b -> ’b -> comparison}

= <fun>

ÕªXO�t�ëß� ëß���� �<ÊÃº add to avl\�"f �̀v����̀¦ ��ØÔ>� ï�r�����, ¢̧���Ér ÆÒ�� �<Ê
Ãº\�¦ ëß�[þt Ãº�̧ e����.
]j�� �<ÊÃº��H ��6£§õ� °ú ��

# val dict remove = fn {dict rel=c,dict data=t} key ⇒
{dict rel=c,
dict data=remove from avl (fn x y ⇒ c x (snd y)) t key};;

val dict remove: {dict data: ((’a * ’b) * balance) btree, dict rel: ’c -> ’bc
-> comparison}

-> ’c ->
{dict data: ((’a * ’b) * balance) btree, dict rel: ’c -> ’b
-> comparison}

= <fun>
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M:M:�Ð ��6£§õ� °ú s� ¿º>h_� ������̀¦ ½+Ëu���H ��s	כ É+½¹כ��9 Ãº e����.

# val dict merge = opt d1 d2 ⇒
if not (d1.dict rel = d2.dict rel)
then failwith "dict merge: dictionaries have different orders"
else {dict rel=d1.dict rel,

dict data=merge avl opt (fn x y ⇒ d1.dict rel (snd x) (snd y))
d1.dict data d2.dict data};;

val dict merge: (’a * ’b -> ’a * ’b -> ’a * ’b) ->
{dict data: ((’a * ’b) * balance) btree, dict rel: ’b -> ’b
-> comparison}

->
{dict data: ((’a * ’b) * ’c) btree, dict rel: ’b -> ’b ->
comparison}

->
{dict data: ((’a * ’b) * balance) btree, dict rel: ’b -> ’b
-> comparison}

= <fun>

6.7 &ñ
§>= |9�½+Ë

ç�H+þAú̧��2³ ��Áº½̈�̧��H &ñ
§>= |9�½+Ë�̀¦ ½̈�&³���H X<\� ¼#�o����. s� |9�½+Ë�Ér ç�H+þAú̧�
�2³ ��Áº�Ð ½̈$í
�)a |9�½+Ë "é¶�è[þt�̀¦ $��©����H �½Ó3lq set elementsü< ��Áº\�"f ��
6 x���H í�H"f �'a>�\�¦ �Ð#�ÅÒ��H �½Ó3lq set order�Ð ½̈$í
�)a YU�ï×¼�Ð ³ð�&³7̈���.

# type ’a set =
{set elements: ’a avltree,
set order: ’a -> ’a -> comparison};;

|9�½+Ë�̀¦ ëß�×¼��H ���íß��Ér ¿º>h_� �����\�¦ ~ÃÎ��H��. �����H í�H"f �'a>�s��¦, ���Ér
�����H |9�½+Ë\� [þt#Q°ú� "é¶�è_� o�Û¼àÔs���.

# val make set = fn c l ⇒
{set elements=mk avl (fn x y ⇒ x) c l,
set order=c};;

val make set: (’a -> ’a -> comparison) -> ’a list ->
{set elements: (’a * balance) btree, set order: ’a -> ’a ->
comparison}

= <fun>

���Ér ���íß�[þt�Ér�8s��©� "é¶�è[þt��s�_� í�H"f �'a>�\�¦ ��t��¦��u�́ ��¹כ��9 \O���H

X<, s���Ér	כ í�H"f �'a>��� s�p� |9�½+Ë_� ?/ÂÒ ³ð�&³\� [þt#Q�� e��l� M:ë�Hs���. s� ���
íß�[þt�Ér AVL ��Áº½̈�̧\�"f s�p� &ñ
_�ô�Ç ���íß�[þt�̀¦ ��6 xô�Ç��.

q�#Qe����Ht� SX����
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# val set isempty = fn s ⇒
(s.set elements=Empty);;

val set isempty: {set elements: ’a btree} -> bool = <fun>

"é¶�è���t� SX����

# val set member = fn x s ⇒
belongs to avl s.set order x s.set elements;;

val set member: ’a ->
{set elements: (’b * ’c) btree, set order: ’a -> ’b ->
comparison}

-> bool
= <fun>

|9�½+Ë"é¶�è[þt\� @/ô�Ç ìøÍ4�¤l�

��6£§ ¿º��t� ìøÍ4�¤ �<ÊÃº[þt�Ér |9�½+Ë_� "é¶�è[þt�̀¦ ú́§s� ��6 x���H �¦̀�	כ áÔ�ÐÕªÏþ�

��̧2�¤ K�ï�r��. Õª!3�\��̧ Ô�¦½̈��¦ s��Qô�Ç ìøÍ4�¤l�[þts� ��«Ñ |9�½+Ë_� ³ð�&³ ~½Ód��
õ� ����'a÷&#Q e������H ��z�́\� ÅÒ_�\�¦ l�Ö�¦#��� ô�Ç��.

# val set it = fn f s ⇒
btree it (fn x y ⇒ f (fst x) y) s.set elements;;

val set it: (’a -> ’b -> ’b) -> {set elements: (’a * ’c) btree} -> ’b -> ’b
= <fun>

# val it set = fn f x s ⇒
it btree (fn x y ⇒ f x (fst y)) x s.set elements;;

val it set: (’a -> ’b -> ’a) -> ’a -> {set elements: (’b * ’c) btree} -> ’a= <fun>

# val do set = fn f s ⇒ do avl f s.set elements;;
val do set: (’a -> unit) -> {set elements: ’a} -> unit = <fun>

r�+«>

# exception Set exc of string;;

# val set forall = fn p s ⇒
do set (fn x ⇒ if not (p x) then raise (Set exc "")) s; true
handle Set exc ⇒ false;;

val set forall: (’a -> bool) -> ’a set -> bool = <fun>

# val set exists = fn p s ⇒
do set (fn x ⇒ if (p x) then raise (Set exc "")) s; false
handle Set exc ⇒ true;;

val set exists: (’a -> bool) -> ’a set -> bool = <fun>
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�í�<Êõ� 1lx1px�'a>�

# val sub set = fn s1 s2 ⇒
set forall (fn e ⇒ set member e s2) s1;;

val sub set: ’a set -> ’a set -> bool = <fun>

# val set equiv s1 s2 =
sub set s1 s2 && sub set s2 s1;;

val set equiv: ’a set -> ’a set -> bool = <fun>

"é¶�è[þt_� &ñ
§>= o�Û¼àÔ

# val list of set = fn s ⇒
flat avl s.set elements;;

val list of set: ’a set -> ’a list = <fun>

e��_�_� "é¶�è ���×þ�

��Áº_� ÍÒo�\� e����H �¦̀�	כ %3���H��.

# val set random element = fn s⇒
fst (root s.set elements);;

val set random element: ’a set -> ’a = <fun>

ÆÒ��

# val add to set = fn s x ⇒
set elements=add to avl (fn x y ⇒ x) s.set order s.set elements x, ;;

val add to set: ’a set -> ’a -> ’a set = <fun>

# val add list to set = fn s l ⇒
fold left add to set s l;;

val add list to set: ’a set -> ’a list -> ’a set = <fun>

]j��

# val remove from set = fn s x ⇒
set elements=remove from avl s.set order s.set elements x,
handle ⇒ raise (Set exc "remove from set");;

val remove from set: ’a set -> ’a -> ’a set = <fun>

# val remove list from set = fn s ⇒ fold left remove from set s;;
val remove list from set: ’a set -> ’a list -> ’a set = <fun>

���íß� remove from set�Ér ]j��½+É "é¶�è�� |9�½+Ë\� �>rF��t� ·ú§Ü¼��� z�́J�ô�Ç��.
¢̧ô�Çs��Qô�Ç�â
Äº\�z�́J��t�·ú§��H�<ÊÃº�̧e��Ü¼���Ä»6 x���.:£¤y�s��<ÊÃº��H|9�
½+Ë��s�_� 	�|9�½+Ës��� �§|9�½+Ë ���íß�\� �̧¹¡§s� �)a��.
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# val subtract from set = fn s x ⇒
remove from set s x
handle ⇒ s;;

val subtract from set: ’a set -> ’a -> ’a set = <fun>

|9�½+Ë���íß�

# val set union = fn s1 s2 ⇒
if not(s1.set order=s2.set order)
then raise (Set exc "set union: different set orders")
else it set add to set s1 s2;;

val set union: ’a set -> ’a set -> ’a set = <fun>

# val set diff = fn s1 s2 ⇒
if not(s1.set order=s2.set order)
then raise (Set exc "set diff: different set orders")
else it set subtract from set s1 s2;;

val set diff: ’a set -> ’a set -> ’a set = <fun>

# val set intersection = fn s1 s2 ⇒ set diff s1 (set diff s1 s2);;
val set intersection: ’a set -> ’a set -> ’a set = <fun>

6.8 �<ÊÃº+þA Ç©(Functional Queues)

Ç©��H "é¶�è_� Ø�¦§4� í�H"f�� {9�§4� í�H"fü< °ú �Ér e��r��Ð ��«Ñ\�¦ $��©����H ½̈�̧s���.
·ú¡\�"f "é¶+þA o�Û¼àÔõ� ��õ�&h� ���íß��̀¦ ��6 x���H ½̈�&³�̀¦ ¶ú�(R�Ð��¤��. ��z�́, Ç©��H
í�HÃº �<ÊÃº+þA ���#Q\�"f ½̈�&³�l� jËµ��H ��«Ñ ½̈�̧_� ���+þA&h���� \Vs���. \V\�¦ [þt#Q
Ç©\�¦ o�Û¼àÔ�Ð ½̈�&³����, Dh�Ðî�r "é¶�è\�¦ ÆÒ��½+É M:���� ¢-a���y� o�Û¼àÔ\�¦ Dh�Ð
4�¤��K��� ô�Ç��.
#�l�"f ]j/BN���H ½̈�&³ ~½Ód���Ér 	�Ãº\� @/K� �'ad���̀¦ ×�¦s�l��Ð ô�Ç��. ÕªA�"f

��õ�&h���� ���íß��̀¦ s�6 xK� ½̈�&³�̀¦ ���� ÆÒ��, ]j�� ���íß��̀¦ ���H X<\� �©�Ãº r�çß�
s� ���o�t�ëß�, s���� ��Ér	כ �ÐÕª �<ÊÃº\� q�YV���H r�çß�s� ����2;��. ÕªXO��� ��8��
�̧, s� ½̈�&³ ~½Ód���Ér í�HÃº �<ÊÃº+þA ���#Q\�"f Ç©\�¦ áÔ�ÐÕªÏþ����H ��s	כ ¢-a���y� Ô�¦
��0px �t� ·ú§����H �¦̀�	כ �Ð#�×�¦ �.���s	כ
Ç©��H "é¶�è�� [þt#Q�:r í�H"f\� _�K� &ñ
§>=÷&#Q e����H AVL ��Áºs���. ���©� 0py>�

[þt#Q�:r"é¶�è�����©�ß¼���¦çß�ÅÒ÷&�¦,����"f���©� �̧�ÉrAá¤��t�=åQ\�0Au�ô�Ç��.
���©� %�6£§ [þt#Q�:r "é¶�è��H ���©� ������¦ çß�ÅÒ÷& 9, ����"f ���©� ¢,aAá¤ ��t�_� =åQ
\� 0Au�ô�Ç��. ¢,aAá¤ �r��� ���íß��̀¦ s�6 xK� AVL ��Áº\�¦ >�5Åq ç�H+þA ú̧�y�>� ëß���H��.

# type queue mod1 = Inc | No Inc;;
type queue mod1 = Inc | No Inc

# val rec enqueue = fn t e ⇒
let val rec add = fn

Empty ⇒ (Bin(Empty,(e,Balanced),Empty),Inc)
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| (Bin(t1,(x,b),t2)) ⇒
let val (t,m) = add t2
in case (b,m) of

(Balanced,No Inc) ⇒ (Bin(t1,(x,Balanced),t),No Inc)
| (Balanced, ) ⇒ (Bin(t1,(x,Right),t),Inc)
| (Left,No Inc) ⇒ (Bin(t1,(x,Left),t),No Inc)
| (Left, ) ⇒ (Bin(t1,(x,Balanced),t),No Inc)
| (Right,No Inc) ⇒ (Bin(t1,(x,Right),t),No Inc)
| (Right,Inc) ⇒ (rot left (Bin(t1,(x,Balanced),t)),No Inc)

end
in fst (add t)
end;;

val enqueue: (’a * balance) btree -> ’a -> (’a * balance) btree = <fun>

# type queue mod2 = Dec | No Dec;;
type queue mod2 = Dec | No Dec

# val dequeue = fn t ⇒
let val rec sub = fn

Empty ⇒ failwith "dequeue: empty queue"
| (Bin(Empty,(a,b),t2)) ⇒ ((a,t2),Dec)
| (Bin(t1,(a,b),t2)) ⇒

let val ((a’,t’),m) = sub t1
in case m of

No Dec ⇒ ((a’,Bin(t’,(a,b),t2)),No Dec)
| Dec ⇒ (case b of

Balanced ⇒ ((a’,Bin(t’,(a,Right),t2)),No Dec)
| Left ⇒ ((a’,Bin(t’,(a,Balanced),t2)),Dec)
| Right ⇒ ((a’,balance left(t’,a,t2)),

if balance t2=Balanced
then No Dec
else Dec))

end
in fst (sub t)
end;;

val dequeue: (’a * balance) btree -> ’a * (’a * balance) btree = <fun>

Ç©\�¦ ��6 xK�"f ��Áº\�¦ ;�¤ Äº��� ~½Ód��Ü¼�Ð ÆÒ&h�½+É Ãº e����.

# val breadth it btree = fn orient f e t ⇒
let val rec trav = fn x xx ⇒ case xx of

Empty ⇒ x
| q ⇒ let val (t,q’) = dequeue q

in case t of
Empty ⇒ trav x q’

| Bin(t1,a,t2) ⇒
trav (f x a) (enqueue (enqueue q’ t1) t2)
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end
in trav e (enqueue Empty t)
end;;

val breadth it btree: ’a -> (’b -> ’c -> ’b) -> ’b -> ’c btree -> ’b = <fun>

# val breadth btree it = fn f t e ⇒
let val rec trav = fn

Empty ⇒ e
| q ⇒ let val (t,q’) = dequeue q

in case t of
Empty ⇒ trav q’

| Bin(t1,a,t2) ⇒
f a (trav (enqueue (enqueue q’ t1) t2))

end
in trav (enqueue Empty t)
end;;

val breadth btree it: (’a -> ’b -> ’b) -> ’a btree -> ’b -> ’b = <fun>

# val breadth flat bree = fn f t ⇒
breadth btree it (fn x l ⇒ f x::l) t [];;

val breadth flat bree: (’a -> ’b) -> ’a btree -> ’b list = <fun>

6.9 ���¹כ

s���� �©�\�"f��H ¬È³Éò ±ÉíªÊÞ £ §́Á_� >h¥Æ��̀¦ ·ú����Ð��¤��. s���Ér	כ &ñ
§>= |9�½+Ë�̀¦ ò́
Ö�¦&h�Ü¼�Ð�ÃÐÒ�o���HX< �̧¹¡§s��)a��.Õªo��¦��"f AVL £ §́Áü<ÆÒ��,]j�����íß��̀¦
ô�ÇÊê\��̧ ¡Úá³Ïò�̀¦Ä»t����H�'aº���)a·ú��¦o�7£§�̀¦/BNÂÒ�%i���.ÕªÊê\�, AVL��Áº
\�¦ ��6 x�#� |9�½+Ëõ� ³ð\�¦ ò́Ö�¦&h�Ü¼�Ð ��Ò�¦ Ãº e����H ��{9� setõ� dictionary\�¦
&ñ
_��%i���.

6.10 �8 C�Ö�¦ ?/6 x[þt

AVL ��Áº��H &���êøÍ &ñ
�Ð_� ��«Ñ|9�½+Ë�̀¦ ��ÀÒ��H ú́§�Ér l�ZO� ×�æ\� ���{9� ÷�rs���.
K�/'ü< °ú �Ér ���Ér l�ZO�[þts� ú́§s� �>rF�ô�Ç��. s���� l�ZO�\� @/ô�Ç ú́§�Ér Õþ�, \V\�¦ [þt
#Q [35], s� e����.

nML�Ér�����õ�³ð\�¦��ÀÒ��H��s�ÚÔ�Qo� (Set, Map)s�e���¦ ¢̧ô�ÇK�/'_�s�
�̂¦�̀¦ ��ÀÒ��H (Hashtbl)s� e����.
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10 �©�

&ñ
SX�ô�Ç íß�Õüt ���íß�

155



156 10 �©� &ñ
SX�ô�Ç íß�Õüt ���íß�



III ¼#�

½̈�&³
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s���� ¼#�\�"f��H nMLõ� °ú �Ér ���#Q\�¦ ½̈�&³���H ~½ÓZO�\� @/K�"f ¶ú�(R�:r��. Äº
o���H nML_� ½̈�&³~½ÓZO��̀¦ ¢-a#4��>� ��ÀÒt���H ·ú§�¦, @/��� Õª�Qô�Ç ½̈�&³s� z�́�&³ ��
0px�����H &h��̀¦ ·ú����Ð�9�¦ ô�Ç��. ÕªA�"f (����{9�õ� ��{9� Ä»ÆÒ(type synthesis)\�¦
½̈�&³½+É M: �����H ÅÒ¹כô�Ç #Q�9î�r ë�H]j\�¦ ¶ú�(R�Ðl� 0AK� nML_� ÂÒì�r |9�½+Ë��� ����Ér
���#Q\�¦ ��Ò�¦ �.���s	כ

11�©�\�"f��H nML�Ð nML °úכB��̂� �©�u�(evaluator)\�¦ &ñ
_�ô�Ç��. s�\�¦ :�xK� (��
��{9��Q\�¦ ëß�×¼��H ��s	כ ��0px�<Ê�̀¦ y©��̧ô�Ç��. 8̈��â
(environment)s�����H ��s�n�#Q
�Ð ���Ãº\�¦ ��ÀÒ�¦, �<ÊÃº°ú̀�כ¦ ³ð�&³�l� 0Aô�Ç �<ÊÃº Óü�6£§(closure)\� �'aô�Ç ��s�n�
#Q\�¦ ��6 x½+É �.���s	כ

12�©�\�"f��H ¿º��t� ÅÒ]j\� @/K� 1lxr�\� ¶ú�(R�:r��. Õª��Ér	כ �<ÊÃº+þA ���#Q\�¦ ½̈
�&³���H X<\� ¹ô�Çכ��9 (����{9� >h¹כ(schema)ü< Bj�̧o� �'ao� ~½Ód��\� �'aô�Ç �.���s	כ
Bj�̧o� �'ao�\� @/K�"f��H Bj�̧o� /BNçß��̀¦ ú̧���H �¦ëß��̀	כ ��[jy� ��ê�r��. Bj�̧o� F�
�Ö̧6 x(garbage collection)�Ér >h|ÄÌ&h�Ü¼�Ðëß� ·ú����:r��.
Äºo��� ��6 x���H l�>�#Q��H #Q!lr�̂¦o� ���#Q_� "î
§î
#Q\� q����� �©�@/&h�Ü¼�Ð

ÆÒ�©�&h���� éß�>�_� �.���s	כ Õª!3�\��̧ Ô�¦½̈��¦ s� l�>�#Q�̧ z�́]j l�>�#Q�Ð f��]X�
���8̈�|̈c Ãº e����.

13�©�\�"f��H ��{9� Ä»ÆÒl�(type synthesizer)\�¦ ��ê�r��. #�l�"f��H í�HÃº �<ÊÃº+þA
~½Ód��Ü¼�Ð ½̈�&³ô�Ç e��r� !Q����̀¦ ·ú����:r��. Õªo��¦ ��"f ��õ�&h� 1lx{9��o ·ú��¦o�7£§
�̀¦ ��6 xô�Ç, 7á§�8 ò́Ö�¦&h���� !Q���Ü¼�Ð �'ad���̀¦ �̀�|����. s� !Q����Ér nML_� z�́]j ��
{9� Ä»ÆÒl�ü< �t Ä»�����.
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11 �©�

°úכB��̂�

3�©�\�"f³ð�&³d��_�°ú̀�כ¦B�l���H~½ÓZO��̀¦·ú����Ð��¤��.Õª��\�Ér��r�æ¼l�(rewrite)	כ
l�ìøÍ�̀¦ ¿º�¦ e����. s� ~½Ód���Ér y��y��_� ½̈�&³s� �ÃÐ�̧���H _�p� ½̈�̧\�¦ &ñ
_�ô�Ç��.
Õª�Q�� z�́]j�Ð ��r� æ¼l�\�¦ ��6 x���H ½̈�&³ ~½Ód���Ér B�Äº q�ò́Ö�¦&h�s���. 7á§�8 ò́
Ö�¦&h�Ü¼�Ð ëß�[þtl� 0AK�"f��H, ��r� æ¼l� @/���\� s��¦̀�	כ ¿9ª?/èq Ãº e����H ���Ér ~½Ó
d��Ü¼�Ð @/�̂K��� ô�Ç��. ô�Ç��t� ~½ÓZO��Ér ³Òá¡Ïò(environment)\�¦ s�6 x���H ��s�n�
#Q��.
s�����©�\�"f 8̈��â
\�l�ìøÍô�Ç°úכB��̂��̀¦·ú����:r��. 8̈��â
õ� nML³ð�&³d���̀¦�����

�Ð ~ÃÎ�� ³ð�&³d��_� °ú̀�כ¦ ���õ��Ð ìøÍ8̈����H °úכB��̂� �<ÊÃº\�¦ ëß�[þt �.���s	כ s���� °úכ
B��̂� �<ÊÃº\�¦ ½̈�&³���H ��Ér	כ 12�©�\�"f (����{9��Q\�¦ ëß�[þtl� 0AK� �8 �¦���K� �̂¦ �	כ
s���.

11.1]X�\�"f 8̈��â
�̀¦ s�6 xK� ³ð�&³d���̀¦ °úכB��̂� ���H �¦̀�	כ ¶ú�(R�:r��. 3�©�\�"fü<
°ú s� ���#Q\�"f ³ð�&³d���̀¦ ëß�[þt#Q?/��H y��y��_� ~½ÓZO�\� @/ô�Ç ÆÒ�:r ½©gË:(inference
rule)�̀¦ s�6 xô�Ç��. s� ÆÒ�:r ½©gË:�Ér nML\� &h�6 x�)a °úכB��̂� ~½ÓZO����, °úכ\� _�ô�Ç °úכ
B��̂��̀¦ &ñ
_�ô�Ç��. Õªo��¦ ��"f 11.2]X�\�"f��H s��Qô�Ç ½©gË:�̀¦ nML�Ð æ¼#���� °úכ
B��̂� �©�u��Ð #Qb�G>� ½̈�&³���Ht�\�¦ /BNÂÒô�Ç��. ��t�}��Ü¼�Ð 11.3]X�\�"f °úכ\� _�ô�Ç
°úכB��̂�@/���\�p�ÀÒ#Q���°úכB��̂�(delayed evaluation)�̀¦�¦�9��̧2�¤°úכB��̂��©�u�
\�¦ Ãº&ñ
���H ��\	כ @/K� ·ú����:r��.

11.1 8̈��â
�̀¦ s�6 xô�Ç °úכB��̂�

8̈��â
s�êøÍ :£¤&ñ
 ���Ãº�� #Q�"� °úכ\� B�#�4R e����Ht�\�¦ &h�#QZ�~�Ér ³ð�Ð Òqty��½+É Ãº e��

��. \V\�¦ [þt#Q nML @/�od�� �̧×¼\�"f ���Ãº x1,· · ·,xn�̀¦ &ñ
_�½+É M:, s� ���Ãºü< �'a
º���)a °úכ v1,· · ·,vn�Ér toplevelõ� ����'a�)a 8̈��â
\� $��©��)a��. s� 8̈��â
�Ér ���Ãº x1õ�

°úכ v1�̀¦, ���Ãº x2ü< °úכ v2\�¦, s���� d��Ü¼�Ð �'a>�\�¦ ë�B#QÅÒ��H ³ðs���.
>�íß�õ�&ñ
 �̧×�æ\� fns��� let val · · ·in· · ·end, let val rec· · ·in· · ·endÜ¼

�Ð B�#�t���H(bounded) áÔ�ÐÕªÏþ�_� ���Ãº[þt_� °úכ[þt�̀¦ $��©��l� 0AK�, s��Qô�Ç ³ð
\�¦ ��6 x���H �¦̀�	כ {9�ìøÍ&h�Ü¼�Ð &h�6 x½+É Ãº e����. (fn x ⇒ e) v +þAI�_� ³ð�&³d��
_� °ú̀�כ¦ B��������H�â
Äº\� e\�"f x@/��� v�Ðu�8̈����H@/���\�, x�� v�ÐB�#�4R
e����H 8̈��â
\�"f e\�¦ °úכB��̂� ���H �.���s	כ
8̈��â
�̀¦ s�6 xK� >�íß����H ~½Ód��\�"f �<ÊÃº ³ð�&³d���Ér ë�H]j�� |̈c Ãº e����HX<, s�
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��Ér	כ �<ÊÃº ³ð�&³d�� îß�\� 8̈��â
 îß�\�"f�� ��m���� ��Áº _�p��̧ \O���H ��Ä»���Ãº(free
variable)�� �>rF�½+É Ãº e��l� M:ë�Hs���. ����"f 8̈��â
\�"f �<ÊÃº ³ð�&³d��_� °úכ�Ér ³ð
�&³d��ü< 8̈��â
_� �©�s�#Q�� ô�Ç��. s� �©��̀¦ ³ÉíªÁ §Öß¬Ûí(closure)���¦ ô�Ç��.
\V\�¦ [þt#Q (fn x ⇒ fn y ⇒ x * y) 3s�����H ³ð�&³d���̀¦ Òqty��K��Ð��. u�8̈�

�̀¦ s�6 x���H >�íß��̀¦ ���� s� ³ð�&³d��_� °úכ�Ér (fn y ⇒ 3 * y)s���. ìøÍ���\� 8̈�
�â
�̀¦ s�6 xK� >�íß��̀¦ ���� °úכ�Ér <[x:3],(fn y ⇒ x*y)>�� |̈c �.���s	כ
8̈��â
�̀¦ s�6 xô�Ç ³ð�&³d��_� °úכB��̂��Ér ��6£§õ� °ú �Ér ����½Ó ���íß���\�¦ s�6 xK� &ñ
d��

Ü¼�Ð &ñ
_�½+É Ãº e����.

E ` e⇒ V

s���Ér	כ ��6£§�̀¦ �����·p��.

”³ð�&³d�� e��H 8̈��â
 E\�"f v����H °ú̀�כ¦ °ú���H��.”

s�]j ���#Q\�¦ ëß�[þt#Q?/��H Òqt$í
��\� @/K�"f ÆÒ�:r ½©gË:�̀¦ ëß�[þt#Q�Ð��. ��6£§_�
½©gË:[þt�Ér °úכ\� _�ô�Ç °úכB��̂�\� K�{©�ô�Ç��. (s� ÅÒ]j\� @/K�"f��H 69Aá¤�̀¦ �ÃÐ�¦ô�Ç
��.)

E(x) = v

E ` x⇒ v
(���Ãº)

8̈��â
 E\�"f ���Ãº x�� B�#���� °úכs� v�����, ³ð�&³d�� x��H s� 8̈��â
\�"f °úכ v\�¦ °ú�
��H��.

E ` e1 ⇒ v1 · · · E ` en ⇒ vn
E ` (e1, · · · , en) ⇒ (v1, · · · , vn) (N-ÈÓe�¦)

y��y��_� ³ð�&³d�� ei�� 8̈��â
 E\�"f °úכ vi\�¦ °ú���H�����, ³ð�&³d�� (e1,· · ·,en)�Ér s�
8̈��â
\�"f °úכ (v1,· · ·,vn)�̀¦ °ú���H��.

E ` e1 ⇒ true E ` e2 ⇒ v

E ` if e1 then e2 else e3 ⇒ v
(�̧|	�1)

ëß���� 8̈��â
 E\�"f ³ð�&³d�� e1s� °úכ trues��¦ ³ð�&³d�� e2�� °úכ v\�¦ °ú���H�����, ³ð
�&³d�� if e1 then e2 else e3��H s� 8̈��â
\�"f °úכ v\�¦ °ú���H��.

E ` e1 ⇒ false E ` e3 ⇒ v

E ` if e1 then e2 else e3 ⇒ v
(�̧|	�2)

ëß���� 8̈��â
 E\�"f ³ð�&³d�� e1s� °úכ falses��¦ ³ð�&³d�� e3�� °úכ v\�¦ °ú���H�����,
³ð�&³d�� if e1 then e2 else e3��H s� 8̈��â
\�"f °úכ v\�¦ °ú���H��.

E ` (fn x⇒ e) ⇒ < E, (fn x⇒ e) >
(�<ÊÃº1)

³ð�&³d�� (fn x ⇒ e)��H 8̈��â
 E\�"f �<ÊÃº Óü�6£§ <E,(fn x ⇒ e)>\�¦ °úכÜ¼�Ð
ô�Ç��.

E ` (fn(x1, · · · , xn) ⇒ e) ⇒ < E, (fn(x1, · · · , xn) ⇒ e) >
(�<ÊÃº2)
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³ð�&³d�� (fn (x1,· · ·,xn) ⇒ e)��H 8̈��â
 E\�"f�<ÊÃºÓü�6£§ <E,(fn (x1,· · ·,xn)
⇒ e)> \�¦ °úכÜ¼�Ð ô�Ç��.

E ` e1 ⇒ < E′, (fn x⇒ e) > E ` e2 ⇒ v2 (x : v2) :: E′ ` e⇒ v

E ` (e1 e2) ⇒ v
(&h�6 x1)

ëß���� 8̈��â
 E\�"f ³ð�&³d�� e1s� °úכÜ¼�Ð �<ÊÃº Óü�6£§ <E′,(fn x ⇒ e)>\�¦ °ú��¦,
³ð�&³d�� e2�� °úכ v2\�¦ ��t� 9, v2ü< x_� Óü�6£§�̀¦ ÆÒ��ô�Ç 8̈��â
 E′\�"f ³ð�&³d�� e��
°úכ v\�¦ °ú���H�����, ³ð�&³d�� (e1 e2)��H 8̈��â
 E\�"f °úכ v\�¦ °ú���H��.

Dh�Ðî�r °úכÓü�6£§�̀¦ 8̈��â
\�ÆÒ���l� 0AK� ��6 xô�Ç ³ðl�~½Ód���Ér 8̈��â
s� �'a>� o�

Û¼àÔ�Ð ³ð�&³÷&%3����¦ ��&ñ
��¦ e����. s��Qô�Ç o�Û¼àÔ\�"f °ú �Ér ���Ãº�� ô�Ç��� s�
�©� ����±ú� Ãº e��t�ëß�, z�́]j�Ð %ò
�¾Ó�̀¦ p�u���H °úכ Óü�6£§�Ér s� ���Ãº\�¦ &ñ
_�ô�Ç ���©�
¢,aAá¤_�°úכÓü�6£§s���.7£¤,o�Û¼àÔ_� Qo�ÂÒì�r\����©�����î�r����s	כ 8̈��â
\����©�
þj��H\� ÆÒ���)a °úכ Óü�6£§s� |̈c �.���s	כ

E ` e1 ⇒ < E′, (fn(x1, · · · , xn) ⇒ e) > E ` e2 ⇒ (v1, · · · , vn) (x1 : v1) :: · · · :: (xn : vn) :: E′ ` e⇒ v

E ` (e1 e2) ⇒ v
(&h�6 x2)

ëß���� 8̈��â
 E\�"f ³ð�&³d�� e1s� �<ÊÃº Óü�6£§ <E′,(fn (x1,· · ·,xn) ⇒ e)>\�¦ °ú�
�¦,³ð�&³d�� e2��°úכ (v1,· · ·,vn)\�¦��t� 9, viü< xi��s�_�Óü�6£§[þt�̀¦ÆÒ��ô�Ç 8̈��â


E′\�"f ³ð�&³d�� e�� °úכ v\�¦ °ú���H�����, ³ð�&³d�� (e1 e2)��H 8̈��â
 E\�"f °úכ v\�¦ °ú���H
��.

E ` e1 ⇒ v1 (x : v1) :: E ` e2 ⇒ v

E ` let val x = e1 in e2 end⇒ v
(Let)

ëß���� 8̈��â
 E\�"f ³ð�&³d�� e1s� °úכ v1�̀¦ °ú��¦, v1õ� x_� °úכ Óü�6£§�̀¦ ÆÒ��ô�Ç 8̈�
�â
 E\�"f ³ð�&³d�� e1�� °úכ v\�¦ °ú���H�����, ³ð�&³d�� let val x=e1 in e2 end��H 8̈�
�â
 E\�"f °úכ v\�¦ °ú���H��.

F�)&h�³ð�&³�̀¦�¦�9��9�����6£§õ�°ú �Ér~½Ód���̀¦&h�6 xK���ô�Ç��. let val rec
f x = eü< °ú s� &ñ
_��)a F�)�<ÊÃº f��H �<ÊÃº Óü�6£§ <E,(fn x ⇒ e)>Ü¼�Ð ³ð�&³|̈c
Ãº e��Ü¼ 9 s�M: 8̈��â
 E��H Áºô�Çy� f:<E,(fn x ⇒ e)> _� �©��̀¦ �í�<ÊK��� ô�Ç��.
ÅÒ#Q��� 8̈��â
 E, �<ÊÃº s�2£§ f, Õªo��¦ (fn x ⇒ e) (#�l�"f e��H f\�¦ �í�<Ê½+É

Ãº e����.)����H �<ÊÃº ³ð�&³d��\� @/K�"f, E′=(f:<E′,(fn x ⇒ e)>)::E ü< $í
|9��̀¦
°ú���H 8̈��â
 E′�̀¦ ëß�[þt Ãº e�����¦ ��&ñ
ô�Ç��. s�XO�>� ���� F�)&h� ³ð�&³�̀¦ �¦�9ô�Ç
½©gË:�Ér ��6£§õ� °ú ��.

E′ = (f :< E′, (fn x⇒ e) >) :: E ` e2 ⇒ v

E ` let val rec f x = e1 in e2 end⇒ v
(Letrec)

ëß���� ���Ãº f�� �<ÊÃº Óü�6£§ <E′, (fn x ⇒ e)>\�¦ °úכÜ¼�Ð °ú��¦ E′=(f:<E′,(fn
x ⇒ e)>)::E \�¦ ëß�7á¤���H 8̈��â
 E′ \�"f ³ð�&³d�� e2�� °úכ v\�¦ °ú���H�����, ³ð�&³d��
let val rec f x =e1 in e2 end ��H 8̈��â
 E\�"f °úכ v\�¦ °ú���H��.

ëß����s�½©gË:�̀¦ìøÍ@/~½Ó�¾ÓÜ¼�Ð7£¤,��A�\�"f0A~½Ó�¾ÓÜ¼�Ð{9���H�����,#Q*�ô�Ç³ð
�&³d��s����̧°ú̀�כ¦B�U�́Ãºe����H ò́õ�&h����Ãºéß��̀¦]j/BNô�Ç����H�	כ�¦ú�Ãºe���̀·¦̀�	כ

s���. Äºo���H nML�Ð nML °úכB��̂� �©�u�\�¦ ëß�[þt M: s��Qô�Ç �'a¹1Ï ���õ�\�¦ s�6 x½+É
�.���s	כ
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11.2 nML�Ð °úכB��̂� �©�u� ëß�[þtl�

nML�Ð æ¼#���� °úכB��̂� �<ÊÃº�Ð nML °úכB��̂� �©�u�\�¦ &ñ
_����H ��Ér	כ Y>���t� �§¬¹
ô�Ç ÃºZO��̀¦ ¹�Ðכ��9 ô�Ç��. �=������ s�p� °úכB��̂� �©�u�, ���̂\�¦ °úכB��̂�½+É Ãº e����H
~½ÓZO��̀¦ ·ú��¦ e��#Q�� �<Ê�̀¦ ��&ñ
��¦ e��l� M:ë�Hs���. Õª!3�\��̧ Ô�¦½̈��¦ s� õ�&ñ

\�"f ���#Q_� �̧��H ³ð�&³d��_� °úכB��̂��̀¦ B�Äº ����Ér Ãº_� çß�éß�ô�Ç �<ÊÃº[þt�̀¦ °úכB��̂�

���H �Ü¼�Ð	כ çß��è�o �l� M:ë�H\�, �̧¹¡§s� |̈c �.���s	כ :£¤y� °úכB��̂� �<ÊÃº��H �¦	�
:£¤$í
�̀¦ s�6 x�t� ·ú§��H��. ����"f ���#Q_� ½̈�&³�̀¦ &ñ
SX�y� &ñ
_��l� 0AK�"f, #Qb�G
>� °úכB��̂� �<ÊÃº Õª ���̂�� l�>�#Q�Ð °úכB��̂�÷&���� (����{9�|̈c Ãº e����Ht� �Ðs����

�)a��.
s�]j nML&�V,�_�ÆÒ�©�&h�ë�HZO� ½̈�̧(abstract syntax)\�¦&ñ
_����H��{9� ml expü<

>�íß�_� ���õ�°ú̀�כ¦ &ñ
_����H ��{9� val�̀¦ �è>h����"f r����K��Ð��. �<ÊÃº Óü�6£§îß�_�
8̈��â
�Ér ��{9�s� (string * val) list��� �'a>� o�Û¼àÔ�Ð ³ð�&³ô�Ç��.
Äºo�����6 x½+É nML&�V,��Ér n-ÈÓe�¦\�@/ô�Ç³ðl�ZO��Ér\O��¦ �̧f���©�(pair)ëß���

t��¦ e����. �̧��H �<ÊÃº��H ������Ð ���Ãº_� n-ÈÓe�¦s� �����, Ä»{9�ô�Ç ���Ãº\�¦ �������.
�©��̀¦ ]X���H���H �<ÊÃº(fstü< snd)[þt�Ér íß�Õüt���íß���(+, -, *)ü< q��§���íß���(=, <)1px
õ� ��ðøÍ��t��Ð p�o� &ñ
_�÷&#Qe����.
p�o� &ñ
_��)a ���íß���[þt�Ér ÆÒ�©�&h� ë�HZO�½̈�̧\�"f ��{9� ml unopü< ml binop\�

K�{©�ô�Ç��.

# type ml unop = Ml fst | Ml snd;;

# type ml binop = Ml add | Ml sub | Ml mult | Ml eq | Ml less;;

# type ml exp =
Ml int const of int (* ÍòªÁ ªÉòªÁ*)

| Ml bool const of bool (* ¨Öå ªÉòªÁ*)
| Ml pair of ml exp * ml exp (* «Éò *)
| Ml unop of ml unop * ml exp (* ¤Éá³Éò ¬ÏáªÉá´ *)
| Ml binop of ml binop * ml exp * ml exp (* ¬È³Éò ¬ÏáªÉá´ *)
| Ml var of string (* ¨ÏáªÁ *)
| Ml if of ml exp * ml exp * ml exp (* ¼¡Íá§Öá *)
| Ml fun of string * ml exp (* ³ÉíªÁ *)
| Ml app of ml exp * ml exp (* ÍÞ¬Õò *)
| Ml let of string * ml exp * ml exp (* ªÍá¬Íá *)
| Ml letrec of string * ml exp * ml exp (* µ¡Ä ªÍá¬Íá *)

;;

³ð�&³d��_� °úכ�Ér ��{9� val�Ð ³ðr��)a��. Õª��Ér	כ &ñ
Ãº �©�Ãº, Ô�¦(bool) �©�Ãº, �©�,
�<ÊÃº Óü�6£§s���.

# type value =
Int Const of int

| Bool Const of bool
| Pair of value * value
| Clo of (string * value) list * ml exp;;



11.2 NML�Ð °ú̄B��̂� �©�u� ëß�[þtl� 165

s����õ� °ú s� s�[þt ��{9�\� K�{©����H ë�HZO�½̈�̧\�¦ ì�r$3����H �<ÊÃº\�¦ s�p� ��t�

�¦ e�����¦ ��&ñ
ô�Ç��.

# ml exp of string;;
val ml exp of string: string -> ml exp = <fun>

# ml exp of string "let val x=1 in x+2 end";;
val it: ml exp = Ml let ("x", Ml int const 1,

Ml-binop (Ml add, Ml var "x", Ml int const2))

�<ÊÃº ml eval�Ér 8̈��â
\�"f³ð�&³d��_�°ú̀�כ¦>�íß�ô�Ç��.s�\�¦0AK���{9�s� value
-> value -> value��� �<ÊÃºü< l��:r ���íß��� ��s�_� �'a>�\�¦ ë�B#QÅÒ��H �Ð�̧ �<ÊÃº
ml eval binop\�¦ ��6 xô�Ç��.

# val ml eval binop = fn
Ml add (Int Const m) (Int Const n) ⇒ Int Const (m + n)

| Ml sub (Int Const m) (Int Const n) ⇒ Int Const (m - n)
| Ml mult (Int Const m) (Int Const n) ⇒ Int Const (m * n)
| Ml eq(Int Const m) (Int Const n) ⇒ Bool Const (m = n)
| Ml less (Int Const m) (Int Const n) ⇒ Bool Const (m < n)
| ⇒ failwith "ml eval binop: wrong types";;

val ml eval binop: ml binop -> value -> value -> value = <fun>

# fun ml eval env exp = case exp of
(Ml int const n) ⇒ Int Const n

| (Ml bool const b) ⇒ Bool Const b
| (Ml pair (e1,e2)) ⇒ Pair(ml eval env e1, ml eval env e2)
| (Ml unop (op,e)) ⇒ (case (op, ml eval env e) of

(Ml fst, Pair(v1,v2)) ⇒ v1
| (Ml snd, Pair(v1,v2)) ⇒ v2
| ⇒ failwith "ml eval: wrong types")

| (Ml binop (op, e1, e2)) ⇒
let val v2 = ml eval env e2

val v1 = ml eval env e1
in ml eval binop op v1 v2
end

| (Ml var x) ⇒ (List.assoc x env
handle Not found ⇒ failwith "unbound variable")

| (Ml if (c,e1,e2)) ⇒
(case ml eval env c of

(Bool Const true) ⇒ ml eval env e1
| (Bool Const false) ⇒ ml eval env e2
| ⇒ failwith "ml eval: wrong types")

| (Ml fun (x,e)) ⇒ Clo(env,(x,e))
| (Ml app (e1,e2)) ⇒

(case (ml eval env e1, ml eval env e2) of
(Clo(env’,Ml fun (x,e)),v)
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⇒ ml eval ((x,v)::env’) e
| ⇒ failwith "ml eval: wrong types")

| (Ml let (x,e1,e2)) ⇒
let val v = ml eval env e1
in ml eval ((x,v)::env) e2
end

| (Ml letrec (f,e1,e2)) ⇒
(case e1 of

Ml fun ⇒ let val rec env’ = (f,Clo(env’,e1))::env
in ml eval env’ e2
end

| ⇒ failwith "illegal recursive definition");;
val ml eval: (string * value) list -> ml exp -> val = <fun>

F�)&h���� &ñ
_���H 8̈��â
�̀¦ F�)&h���� &ñ
_�ô�Ç����H &h��̀¦ ÅÒ3lq���. s��Qô�Ç 7áxÀÓ
_� (�<ÊÃº�� ����� Ì�o�̂\� %ò
�¾Ó�̀¦ p�u���H) F�)&h� &ñ
_���H ~½Ó�FK ëß���H °úכB��̂� �©�u�
�Ð��H ��Ò�¦ Ãº \O���. ÕªXO�t�ëß� °úכ_� F�)&h���� &ñ
_�[þt�Ér 12�©�\�"f �̂¦ (����{9��Q\�
_�K� ú̧� ��ÀÒ#Q |9� �.���s	כ
#�l�\� °úכB��̂�\� @/ô�Ç ¿º��t� \V�� e����.

# ml eval []
(ml exp of string

("let val double = fn f ⇒ fn x ⇒ f(f x) in " ^
"let val sq = fn x ⇒ x*x in " ^
"(double sq) 5" end end));;

val it: value = Int Const 625

# ml eval []
(ml exp of string

("let val rec fact=" ^
" fn n ⇒ if n=0 then 1 else n*(fact(n-1)) in " ^
"fact 10" end));;

val it: value = Int Const 3628800

a:@�:@ 'Ö<<K

11.1 ÈÓe�¦õ� n>h_� ÈÓe�¦�̀¦ ������Ð °ú���H �<ÊÃº\�¦ ��ÀÒ�̧2�¤ ��{9� ml expü< �<ÊÃº
ml eval�̀¦ ¢-a$í
���.

11.3 ��¹כ��9 e���̀¦ M: °úכB��̂� = 0py>� °úכB��̂� = p�ÀÒ
#Q��� °úכB��̂�

s�]j ��¹כ��9 e���̀¦ M: °úכB��̂��̀¦ ��̧2�¤ °úכB��̂� �©�u�\�¦ Ãº&ñ
ô�Ç��. ÕªA�"f >�íß�
�̀¦ Ãº'���l� 0AK� ²Ýå¬À¦¼½+É M:��t�, #Q�"� ³ð�&³d��_� °ú̀�כ¦ °úכB��̂����H õ�&ñ
�̀¦
§È¦Á¡È�Ð ô�Ç��.
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��6£§õ� °ú �Ér "é¶o�\�¦ s�6 x½+É �.���s	כ 8̈��â
�̀¦ s�6 xô�Ç °úכB��̂� �©�u�\�"f��H, ³ð
�&³d���̀¦ °úכB��̂� ���H ��s	כ ³ð�&³d��\� e����H ��Ä» ���Ãº[þt_� °ú̀�כ¦ ��t��¦ e����H 8̈��â


\� _��>r��¦ e����. ����"f ³ð�&³d��_� °úכB��̂��̀¦ p�ÀÒl� 0AK�"f Äºo���H Õª 8̈��â
�̀¦
$��©�K��� ô�Ç��.
³ð�&³d��õ� °úכB��̂� �©�u�_� 8̈��â
�̀¦ ë�B#Qº¡§Ü¼�Ð+�, ³ð�&³d���̀¦ °úכB��̂����H X<\�

¹ô�Çכ��9 �̧��H &ñ
�Ð\�¦ �Ð�>r½+É Ãº e���¦, ����"f °úכB��̂��̀¦ 0py>� Ãº'��½+É Ãº e����.
Õª ���õ� °úכB��̂��̀¦ p�ÀÒ�¦�� ���H ³ð�&³d���̀¦ ��ÀÒl� 0AK�"f��H, ³ð�&³d��õ� 8̈��â


�̀¦�í�<Ê���H�©��̀¦ëß�×¼��H�Ü¼�Ð��0px	כ���.s�õ�&ñ
�̀¦°úכB��̂��̀¦1lx���(freezing)ô�Ç
���¦ ú́���¦ Äºo��� ëß���H ½̈�̧\�¦ ¡Éï§µ¡Ýí §Öß¬Ûí(thunk or promise)s����¦ ÂÒ
\�¦ �.���s	כ
1lx���÷&#Q e����H °úכB��̂� Óü�6£§_� z�́]j °ú̀�כ¦ ·ú� ��¹כ��9 e���̀¦ M:, s��¦̀�	כ “0lq#�

��(thaw)”ô�Ç��. 7£¤, p�ÀÒ#Q��� °úכB��̂��̀¦ Ãº'��K��� ô�Ç��. Õª�Ql� 0AK�"f��H °úכB�
�̂� �©�u�\�¦ ��r� Ô�¦�Q"f, Õª �©�u�\�>� 8̈��â
õ� ³ð�&³d���̀¦ �Å���ÅÒ#Q�� ô�Ç��.
#Q*�ô�Ç 7áxÀÓ_� °úכB��̂�s� p�ÀÒ#Q4R�� ���H��?

• áÔ�ÐÕªÏþ�_� �����
• ÅÒ#Q��� ��«Ñ ½̈�̧_� ½̈$í
 ¹�èכ

���]jp�ÀÒ#Q���°úכB��̂��̀¦Ãº'��K������H��?K�{©����H°úכ\�]X���H��9�¦½+ÉM:
°úכB��̂��̀¦ Ãº'������ �)a��. ��«Ñ ½̈�̧_� ½̈$í
 ��¹�èכ �<ÊÃº_� �����\� ]X���H��9��H
r��̧(7£¤, �&³F� 8̈��â
\� e����H ���Ãº_� °úכ\� ]X���H��9��H r��̧)\�¦, K�{©����H °ú̀�כ¦ �9�
¹�Ðכ ���H �¦����s	כ çß�ÅÒ½+É Ãº e����.

t�èß����\� ���/åLÙþ¡~�� °úכB��̂� �<ÊÃº_� ��H�:r "é¶o���H ��6£§õ� °ú ��. ³ð�&³d��Ü¼�Ð Ô�¦
�9t����,s��¹�Ðכ�s��9כ�Ér³ð�&³d��_�°ú	כ�����H������B��̂��̀¦½+Éכ�p�ô�Ç��.°ú_¦̀�	כ
�� �<ÊÃº\�¦ &h�6 x���H �	כ (e1 e2)s������, e1s� ¹כ��9�>� ÷&%3�l� M:ë�H\� e1�̀¦ °úכ

B��̂��l� r����ô�Ç��. s� °úכB��̂��̀¦ :�xK� �<ÊÃº Óü�6£§�̀¦ %3�Ü¼���, ³ð�&³d�� e2_� °úכB��̂�

Óü�6£§s� ÆÒ���)a 8̈��â
\�"f s� �<ÊÃº Óü�6£§_� 3lu�̂�� °úכB��̂��)a��. �<ÊÃº Óü�6£§_� 3lu�̂
�� °úכB��̂� ÷&��H 1lxîß�\� e2_� °úכ�Ér ¹כ��9�>� |̈ct��̧ (��u�́t��̧) �̧�Ér��. �̧f�� �9�
¹כ�>� |̈c M:\�ëß� p�,XZ�~��¤~�� e2_� °úכB��̂��̀¦ ½+É �.���s	כ
Õª�QÙ¼�Ð s� °úכB��̂� �<ÊÃº��H ]X�@/�Ð \O��9��� °ú̀�כ¦ ìøÍ8̈��t� ·ú§��H��. Óüt�:r, \O�

�9��� ½̈$í
¦�\¹�èכ °ú���H °úכ�Ér ìøÍ8̈�½+É Ãº e����. (\V\�¦ [þt#Q ��«Ñ ½̈�̧�� e����.)

ëß���� ��«Ñ ½̈�̧\�¦ ��6 x�t� ·ú§��H����� p�ÀÒ#Q��� °úכB��̂��Ér Õªo� Ä»6 x�t���H

·ú§��. s��¦̀�	כ s�6 x�l� r����ô�Ç�����, Äºo���H Áºô�Ç_� ��«Ñ ½̈�̧\�¦ ��6 x½+É ��0px$í

�̀¦ %3�>� �)a��. Õª &h��̀¦ %i�¿º\� ¿º�¦ Äºo���H o�Û¼àÔ�Ð >�íß�½+É Ãº e���̧2�¤ ���#Q\�¦
SX��©�K� ��°ú� �.���s	כ
Äº��� Òqt$í
��\� K�{©����H ��{9� ml constructor\�¦ �è>hô�Ç��. t��FK�Ér o�Û¼àÔ

_� Òqt$í
��\�¦ ��ÀÒ��H ��\	כ ëß�7á¤�t�ëß�, ��×�æ\� �è>h½+É °úכB��̂� �<ÊÃº��H #Q*�ô�Ç Òqt
$í
���̧ ~ÃÎ��[þt{9� �.���s	כ

# type ml constructor = NilList | Cons;;

��6£§Ü¼�Ð J����B�g�A\� _�K� &ñ
_��)a �<ÊÃº(Òqt$í
�� Ml func)ü< Òqt$í
��_� &h�6 x
\� _�K� &ñ
_��)a �<ÊÃº(Òqt$í
�� Ml capp)\�¦ ��Ò�¦ Ãº e���̧2�¤ ��{9� ml exp\�¦ SX��©�½+É
�.���s	כ ¢̧ô�Ç °úכ\� Òqt$í
��\�¦ &h�6 x���H �
Òqt$í)	כ�� Constr)õ� :£¤y� #Q�"� ³ð�&³d��
�Ér \O��9|9�Ãºe������H��z�́�̀¦ ��Ò�¦Ãºe���̧2�¤��{9� value\�¦ SX��©�½+É�.���s	כ s�\�¦
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0AK� Cloü< q�5pwô�Ç Òqt$í
�� Fre\�¦ &ñ
_�ô�Ç��. s���Ér	כ °úכB��̂� 8̈��â
�̀¦ ���� °úכB��̂�
s� p�ÀÒ#Q��� ³ð�&³d���̀¦ $��©�ô�Ç��.

# type ml exp =
Ml int const of int (* ÍòªÁ ªÉòªÁ *)

| Ml bool const of bool (* ¨Öå ªÉòªÁ *)
| Ml pair of ml exp * ml exp (* «Éò *)
| Ml unop of ml unop * ml exp (* ¤Éá³Éò ¬ÏáªÉá *)
| Ml binop of ml binop * ml exp * ml exp (* ¬È³Éò ¬ÏáªÉá *)
| Ml var of string (* ¨ÏáªÁ *)
| Ml constr0 of ml constructor (* ¬Ïò ªÊòªÍò´*)
| Ml if of ml exp * ml exp * ml exp (* ¼¡Íá§Öá *)
| Ml fun of string * ml exp (* ³ÉíªÁ *)
| Ml func of (ml constructor * string list * ml exp) list (* ²µ±Íá§µכÝò ³ÉíªÁ *)
| Ml app of ml exp * ml exp (* ÍÞ¬Õò *)
| Ml capp of ml constructor * ml exp list (* ªÊòªÍò´ ÍÞ¬Õò *)
| Ml let of string * ml exp * ml exp (* ªÍá¬Íá *)
| Ml letrec of string * ml exp * ml exp (* µ¡Ä ªÍá¬Íá*)

;;

# type value =
Int Const of int

| Bool Const of bool
| Pair of value * value
| Clo of (string * value) list * ml exp (* ³ÉíªÁ §Öß¬Ûí *)
| Fre of (string * value) list * ml exp (* ¡Éï§µ¡Ýí §Öß¬Ûí *)
| Constr0 of ml constructor
| Constr n of ml constructor * value list (*  ¦́À ¡Á¼ *)

;;

s� ë�HZO�\�"f ��6 x�)a J�����Ér C(x1,· · ·,xn)_� +þAI��Ð ]jô�Ç ÷&#Q e����. #�l�"f
n�Ér Òqt$í
�� C_� 	�Ãºs��¦ xi��H ���Ãº[þts���. #�l� s� ë�HZO��̀¦ s�6 xô�Ç Y>���t� \V
�� e����.

# exp of string "Cons(x,l)";;
val it: Ml exp = Ml capp (Cons, [Ml var "x", Ml var "l"])

# exp of string "fn NilList ⇒ NilList | (Cons(x,l)) ⇒ x";;
val it: Ml exp = Ml func [(Nil, [], Ml constr0 Nil),

(Cons, ["x", "l"], Ml var "x")]

select����H ÆÒ�� �<ÊÃº��H B�g�A½+É J����\�"f �̀��Ér �¦̀�	כ ���×þ�ô�Ç��. combines�
����H ÆÒ�� �<ÊÃº��H J���� B�g�A\� _�K� Òqt$í
�)a Óü�6£§[þt �̧¿º\�¦ 8̈��â
\� ÆÒ��½+É ��s	כ

��.

# val rec select = fn p x ⇒ case x of
(a::l) ⇒ if p a then a else select p l

| ⇒ failwith "select";;
val select: (’a -> bool) -> ’a list -> ’a = <fun>
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# val rec combine = fn x ⇒ case x of
([],[]) ⇒ []

| (a::l,a’::l’) ⇒ (a,a’)::combine(l,l’)
| ⇒ failwith "combine";;

val combine: ’a list * ’b list -> (’a * ’b) list = <fun>

Dh�Ðî�r °úכB��̂� �<ÊÃº��H \O��9��� °ú̀�כ¦ 0lq#�ÅÒ��H �<ÊÃº unfreezeü< �<Êa� Ãº'���)a
��.

# val rec ml eval = fn env x ⇒ case x of
(Ml int const n) ⇒ Int Const n

| (Ml bool const b) ⇒ Bool Const b
| (Ml pair (e1,e2)) ⇒ Pair(Fre(env,e1), Fre(env,e2))
| (Ml unop (op,e)) ⇒(case (op, ml eval env e) of

(Ml fst, Pair(v1,v2)) ⇒ unfreeze v1
| (Ml snd, Pair(v1,v2)) ⇒ unfreeze v2
| ⇒ failwith "ml eval: wrong types")

| (Ml binop (op, e1, e2)) ⇒ let val v1 = ml eval env e1
val v2 = ml eval env e2 in
(ml eval binop op) v1 v2 end

| (Ml var x) ⇒ unfreeze(assoc x env)
| (Ml constr0 c) ⇒ Constr0 c
| (Ml if (c,e1,e2)) ⇒ (case ml eval env c of

(Bool Const true) ⇒ ml eval env e1
| (Bool Const false) ⇒ ml eval env e2
| ⇒ failwith "ml eval: wrong types")

| (Ml fun body) ⇒ Clo(env,Ml fun body)
| (Ml func body) ⇒ Clo(env,Ml func body)
| (Ml app (e1,e2))
⇒ (case ml eval env e1 of

(Clo(env’,Ml fun (x,e)))
⇒ ml eval ((x,Fre(env,e2))::env’) e

| (Clo(env’,Ml func case list))
⇒ let val (c,vl) = case ml eval env e2 of

(Constr n(c,vl)) ⇒ (c,vl)
| (Constr0 c) ⇒ (c,[])
| ⇒ failwith "ml eval: wrong types" in

let val (c’,sl,e) =
select (fn (c’,sl,e) ⇒ (c’=c)) case list

in ml eval (combine(sl,vl)@env’) e end end
| ⇒ failwith "ml eval: wrong types")

| (Ml capp (c,el)) ⇒ Constr n(c, map (fn e ⇒ Fre(env,e)) el)
| (Ml let (x,e1,e2)) ⇒ ml eval ((x,Fre(env,e1))::env) e2
| (Ml letrec (f,e1,e2)) ⇒ let val rec env’ = (f,Fre(env’,e1))::env in

ml eval env’ e2 end
and unfreeze = fn
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(Fre(env’,e)) ⇒ ml eval env’ e
| v ⇒ v

val ml eval: (string * value) list -> ml exp -> value = <fun>
val unfreeze: value -> value = <fun>

s�]j t��FK��t� K��:r �¦þt�̀]	כ [O�"î
½+É Y>���t� \V\�¦ ·ú����Ð��. 'Í	���P: \V��H çß�
éß�ô�Ç >�5px_� >�íß�s���. s� Êê_� 3>h_� \V��H Äºo��� ~½Ó�FK &ñ
_�ô�Ç °úכB��̂� �©�u���
�O\¹כ��9��H >�íß��̀¦ �t� ·ú§��H����H ��z�́�̀¦ �Ð#�ï�r��. :£¤y� ��t�}�� \V��H °úכ\� _�ô�Ç
 ñØ�¦ ~½Ód��Ü¼�Ð��H =åQ��t� ·ú§�¦ Áºô�Ç ÀÒáÔ\� ��|9� �.���s	כ

¢̧ô�Ç Dh�Ðî�r °úכB��̂� �©�u���H Áºô�Ç U�́s�_� C�\P�\�¦ ��Ò�¦ Ãº e����. ��6£§_� \V��H
3õ� 7_� Y�L!lr\O�s� Áºô�Çô�Ç U�́s�_� í�H"f C�\P�\�¦ ëß���H��. s� C�\P�_� r�����̀¦ �Ðs�
l� 0AK�, nML�Ð ÆÒ���<ÊÃº��� nfirst\�¦ &ñ
_�½+É �.���s	כ s���Ér	כ value +þAd��_� o�
Û¼àÔ_� %�6£§ n>h_� "é¶�è\�¦ nML_� ~½Ód��Ü¼�Ð ëß���H��.

p�ÀÒ#Q��� °úכB��̂��̀¦ ò́Ö�¦&h�Ü¼�Ð ½̈�&³�l� 0AK�"f, ���Ãº�� ô�Ç��� s��©� ����±ú�
Ãº e��Ü¼Ù¼�Ð °ú �Ér °ú̀�כ¦ #��Q��� >�íß����H ë�H]j\�¦ x��l� 0AK� °úכB��̂� �©�u�\�¦ Ãº

&ñ
½+É ��¹כ��9 e����. ��z�́�©� 8̈��â
\�"f ���Ãº\�¦ ]X���H½+É M:���� °úכB��̂� Óü�6£§�̀¦ 0lqs�
��� °ú �Ér °úכB��̂� Óü�6£§\� #��Q��� ]X���H�̀¦ r��̧½+É M:���� >á¤°ú �Ér °úכB��̂��̀¦ Ãº'��K�

�� ô�Ç��.
Äºo���K������H��Ér	כ �̧��H\O��9���°úכ[þts��9¹כ�½+ÉM:F���6 x|̈cÃºe���̧2�¤(��

r� >�íß�÷&��H ��s	כ ��m���), \O��9��� °úכ[þts� ô�Ç��� >�íß�÷&��� s� >�íß��)a °úכÜ¼�Ð �̂
>�&h�Ü¼�Ð u�8̈�÷&�̧2�¤ ���H �.���s	כ t��FK��t� ¶ú�(R�:r °úכB��̂� �©�u�\� s�&h��̀¦ �¦
�9��̧2�¤ Ãº&ñ
���H çß�éß�ô�Ç ~½ÓZO��Ér, 8̈��â
õ� °ú̀�כ¦ z�́]j�Ð Ãº&ñ
|̈c Ãº e����H ½̈�̧�Ð
³ð�&³���H �.���s	כ s���� ~½Ód��Ü¼�Ð ½̈�&³���H ��Ér	כ ���_þvë�H]j�Ð z����é�H��.
ìøÍ4�¤ >�íß��̀¦ x��l� 0AK� s���� ~½ÓZO�Ü¼�Ð p�ÀÒ#Q��� °úכB��̂��̀¦ ½̈�&³½+É M:, s�

�¦̀�	כ £Ûó¬Ûá °úכB��̂�(lazy evaluation)s����¦ ÂÒ�Ér��.

11.4 ���¹כ

Äºo���H nML�Ð æ¼#���� 2>h_� nML °úכB��̂� �©�u�\�¦ &ñ
_��%i���. s� °úכB��̂� �©�u�
[þt�Ér ³Òá¡Ïòs�����H ��s�n�#Q\�¦ s�6 xô�Ç��. �<ÊÃº\�¦ ÂÒØÔ��H 1lxîß�s��� let_� °úכB��̂�
�̀¦ ���H 1lxîß�\� �<ÊÃº_� +þAd�� ������� let\� _�K� &ñ
_��)a ���Ãº��H /åJ�� Õª@/�Ð ��
7t���H ·ú§t�ëß� K�{©����H Óü�6£§s� 8̈��â
s����¦ Ô�¦o���H ³ð\� $��©��)a��.
�<ÊÃº °úכ�Ér �<ÊÃº Óü�6£§_� +þAI�, 7£¤, �<ÊÃº_� ?/6 xõ� 8̈��â
Ü¼�Ð s�ÀÒ#Q��� �©�Ü¼�Ð

³ð�&³�)a��.

11.5 �8 C�Ö�¦ ?/6 x[þt

1965�̧� Landin�Ér 8̈��â
õ��<ÊÃºÓü�6£§s�����H��s�n�#Q\�¦s�6 xK��<ÊÃº+þA���#Q\�¦°úכ
B��̂� ���H Òqty���̀¦ �è>h�%i���. s� l�ZO��Ér :£¤y� Äºo��� ��6£§ �©�\�"f ��Ò�¦ (����
{9��Q\�¦ ëß�×¼��H X<\� Ä»6 x���. ��6£§ �©�_� ��t�}��\�"f Äºo���H �<ÊÃº+þA ���#Q\�¦ ½̈
�&³���H ���ª�ô�Ç l�ZO�\� @/K�"f ¶ú�(R�̂¦ �.���s	כ

(����{9��Qü< q��§����, Äºo��� s����\� &ñ
_�ô�Ç °úכB��̂� �©�u���H �:r|9�&h���� q�ò́
Ö�¦$í
 M:ë�H\� �¦����>� �)a��. ��z�́ s��Qô�Ç °úכB��̂� �©�u���H #Q�"� '��1lx�̀¦ ½+Ét� ���
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&ñ
�l� 0AK� °úכB��̂� @/�©� áÔ�ÐÕªÏþ�_� ½̈�̧\�¦ ìøÍ4�¤&h�Ü¼�Ð ì�r$3�ô�Ç��. ìøÍ���\� (��
��{9��Q\�"f��H s���� ì�r$3�s� z�́'�� ���\� éß� ô�Ç��� s�ÀÒ#Q�����. Õª!3�\��̧ Ô�¦½̈��¦
°úכB��̂� �©�u�\�¦ ��6 x���H ��Ér	כ M:M:�Ð Ä»e�����. s���Ér	כ (����{9��Q�� E�B�ô�Ç ~½Ó
d��Ü¼�Ð s�6 x���H °úכB��̂� õ�&ñ
�̀¦ s�K����H X<\� �̧¹¡§�̀¦ ï�r��.
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(����{9�

s���� �©�\�"f nMLõ� °ú �Ér �<ÊÃº+þA ���#Q\�¦ l�>�#Q�Ð (����{9����H ~½Ód��\� @/K� ¶ú�
(R�:r��. s� (����{9� ~½Ód���Ér s���� �©�\�"f /BNÂÒô�Ç °úכB��̂� l�ZO�õ� U�·�Ér �'a>��� e��
��.:£¤y�, 8̈��â
s�êøÍ��s�n�#Q��s����\��̧×�æ¹כô�Ç%i�½+É�̀¦Ãº'����¦,�<ÊÃº°ú³¦̀�כð
�&³�l� 0AK� �<ÊÃº Óü�6£§_� ��s�n�#Q\�¦ >�5Åq ��6 xô�Ç��. ÕªXO�t�ëß� s� ¿º��t� ��s�
n�#Q�� (����{9��Q\�"f��H ���çß� ��ØÔ>� @/6£xô�Ç����H �¦̀�	כ ·ú�>� |̈c �.���s	כ
(����{9��Q\�¦ Ø�æì�ry� >h¥Æ�&h���� Ãºï�rÜ¼�Ð Ä»t��l� 0AK�"f, Äºo�_� (����{9� >�

S\�\� ú̧� ú́���H "î
§î
#Q�Ð s�ÀÒ#Q��� l�>�#Q\�¦ ��6 x½+É �.���s	כ s� "î
§î
#Q[þt�Ér z�́]j
#Q!lr�̂¦o� ���#Q_� "î
§î
#Q[þt�Ð�� 7á§�8 4�¤ú̧�ô�Ç 1lx����̀¦ ô�Ç��. ÕªXO����¦ ��8���̧
s� "î
§î
#Q[þts� °ú �Ér ò́õ�\�¦ °ú���H l�>�#Q[þt�Ð SX��©�|̈c Ãº e������H ��Ér	כ ì�r"î
���.
Õª�QÙ¼�Ð Äºo��� ·ú¡Ü¼�Ð �Ð{9� (����{9� >�S\��Ér z�́]j (����{9��Q�Ð Äºo�\�¦ s�=åJ#Q

×�¦ �.���s	כ
Äºo�_� (����{9��Q�Ð ëß�[þt#Q��� �ï×¼\�¦ Ãº'���l� 0AK� >�íß�\� ¹ô�Çכ��9 ×�æçß�°úכ

[þt�̀¦ $��©����H Û¼×þ��̀¦ ��6 xô�Ç��. ¢̧ô�Ç ���:�x&h���� ~½Ód��@/�Ð Û¼×þ�\� ÂÒ áÔ�ÐÕª
Ïþ�(subprograms)_� ÅÒ�è\�¦ $��©�ô�Ç��. �<ÊÃº+þA���#Q\�¦ (����{9�½+É M: :£¤s�ô�Ç ��Ér	כ
½̈�̧�o�)a °úכ, 8̈��â
, Õªo��¦ �<ÊÃº Óü�6£§�̀¦ ëß�×¼��H X< ¹ô�Çכ��9 Bj�̧o�\�¦ ½+É{©����H
"î
§î
#Q[þts���. s� "î
§î
#Q[þtõ� �<ÊÃº+þA���#Q\�¦ (����{9�½+É M: s���_þt]	כ %i�½+É�̀¦ [O�
"î
�l� 0AK�"f, Äº��� #Qb�G>� Äºo��� 4�¤ú̧�ô�Ç Ì�o�̂\�¦ ³ð�&³�l� 0AK� (��ÉÓ'� Bj�̧
o�\�¦ ��6 x���Ht��̀¦ [O�"î
K��� ô�Ç��. s���� s�Ä»�Ð s���� �©��Ér �±p %�6£§ ]X�\�"f ��
«Ñ ½̈�̧\�¦ ³ð�&³���H ~½ÓZO�\� @/K�"f ��ê�r��. Õªo��¦ ��"f 12.3]X�\�"f l�>�#Qü<
�ï×¼Òqt$í
�̀¦/BNÂÒô�Ç��. 12.4]X�\�"f��H�ï×¼r�ÓýtYUs�'��Ð nML_�(����{9��Q\�¦ëß�
×¼��H �Ü¼�Ð	כ ��Áºo� f±	��H��.

12.1 çß�éß�ô�Ç (��ÉÓ'� Bj�̧o� �̧4Sq

(��ÉÓ'� Bj�̧o���H �:r|9�&h�Ü¼�Ð l�%3� �è���Ð s�ÀÒ#Q��� 	�H í�H	� C�\P�s���. s� l�
%3� �è��[þt�Ér 0ÂÒ'� r�����#� 	�YV�Ð Õüw���� B���4R e����. s� Õüw��[þts� Áª¼s�
��.y��y��_� l�%3� �è����H {9�ìøÍ&h�Ü¼�Ð 32q�àÔ_� &ñ
�Ð\�¦ �Ð�'aô�Ç��. s� �̧4Sqs� ÕªaË>
12.1\� ������e����.
y��y��_� Bj�̧o� l�%3��è��\�$��©��)a &ñ
�Ð��H #��Q��t�~½Ód��Ü¼�ÐK�1lq½+É Ãº e��

��. &ñ
Ãº, ÂÒ1lx�èÃº&h� Ãº, 4>h_� ë�H�� |9�½+Ë, ¢̧��H d��t�#Q ÅÒ�è�� l�>�#Q�Ð {9��̀¦
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Ãº e����.
{9�ìøÍ&h�Ü¼�Ð ��6 x����H (��ÉÓ'�_� Óüto�&h� Bj�̧o�\� f��]X� ]X���H�t� ·ú§�¦, r�Û¼

%7�\� ]j/BN���H l��:r&h���� "î
§î
#Q\�¦ :�xK� Bj�̧o�\�¦ ��6 xô�Ç��. :£¤y� (����{9��)a áÔ
�ÐÕªÏþ��̀¦ z�́'�����H ��Ér	כ (��ÉÓ'��� ���©� Bj�̧o� /BNçß��̀¦ °ú���H áÔ�Ð[jÛ¼\�¦ ëß�[þt

�̧2�¤ ô�Ç��. ô�Ç í�Hçß�\� s� ���©� Bj�̧o���H ÅÒ Bj�̧o�ü< n�Û¼ß¼\� ��¾º#Q4R e����.
�t�ëß� z�́'�� áÔ�ÐÕªÏþ��Ér ÅÒ Bj�̧o�\� f��]X� ]X���H�<Ê\��̧ Ô�¦½̈��¦ �̧��H��Ér	כ ú̧�

1lx���ô�Ç��.
áÔ�Ð[jÛ¼\� ½+É{©��)a Bj�̧o���H >h¥Æ�&h�Ü¼�Ð %ò
%i�Ü¼�Ð ��¾º#Q�����. #�l�\� Äº

o��� �'ad���̀¦ °ú���H [j>h_� %ò
%i�s� e����. °¼¤Æ ¬Ïò¬ÏÞ�Ér "î
§î
#Q[þt�̀¦ ��t��¦ e���¦,
§¹§¼¦È¬Ïò¬ÏÞ�Ér (%3�x9�y� ú́��#�) áÔ�ÐÕªÏþ�\� _�K� ��ÀÒ#Qt���H X<s�'�\�¦ ��t��¦
e��Ü¼ 9(s� %ò
%i��Ér M:M:�Ð �n?s��� Ô�¦�2;��), ªÆ±ÊÞ ¬Ïò¬ÏÞ�Ér #Qb�G>� >�íß�s� {9�#Q��

��H t�\� @/ô�Ç &ñ
�Ð\�¦ °ú���H��. ÆÒ���Ð Äºo���H ¦¹ÈªÆ±¸�� ·ú��9��� :£¤Z>�ô�Ç [j>h_�
Bj�̧o� �è���� e�����¦ ��&ñ
ô�Ç��. �ï×¼ YUt�Û¼'�(CR)�Ér �ï×¼ %ò
%i�_� ô�Ç>h_� ÅÒ
�è(�&³F�"î
§î
#Q)\�¦��t��¦e����.Bj�̧o�YUt�Û¼'�(MR)�ÉrBj�̧o�%ò
%i�_�ÅÒ�è(q�
#Qe����H 'Í	���P: Bj�̧o� l�%3��è��)\�¦ $��©�ô�Ç��. Û¼×þ� YUt�Û¼'�(SR)�Ér Û¼×þ�_� ÅÒ
�è(Û¼×þ�_� =�G@/l�)\�¦ $��©�ô�Ç��. s���� 7áxÀÓ_� ½̈$í
�̀¦ ÕªaË> 12.2\�"f �̂¦ Ãº e����.
l��:r 1lx���\� K�{©����H "î
§î
#Q[þt�Ér Û¼×þ�Ü¼�ÐÂÒ'� �����\�¦ ~ÃÎ�¦, %i�r� Û¼×þ��̀¦

:�xK� ���õ�\�¦ ìøÍ8̈�ô�Ç��.

12.2 ��«Ñ½̈�̧_� ½̈�&³

[O�"î
�̀¦ çß�éß�y� �l� 0AK�, ��6£§õ� °ú �Ér 7áxÀÓ_� ��«Ñ�Ð ]jô�Ç�l��Ð ô�Ç��.

• éß�{9� Bj�̧o� l�%3� �è���Ð ³ð�&³|̈c Ãº e����H °úכ(&ñ
Ãº, ÂÒ1lx�èÃº&h� Ãº, Ô�¦)

• �©�
• o�Û¼àÔ

12.2.1 ��«Ñ ³ð�&³�l�

s���� Ì�o�̂\�¦ ³ð�&³���H l��:r Òqt$í
����H ¬ÈÖò³Éò(doublet) 7£¤, ¿º>h_� ���5Åq�)a Bj
�̧o� �è��s���. s�×�æ�½Ó�Ér �½Ó�©� Bj�̧o�%ò
%i�\� 0Au���¦, s���Ér	כ z�́]j °úכs��� ÅÒ
�è\�¦ �í�<Êô�Ç��. ÅÒ�è��H s�×�æ�½Ó\�¦ ��������̧2�¤ �#� 4�¤ú̧�ô�Ç ��«Ñ ½̈�̧\�¦ ëß�[þt Ãº
e���̧2�¤ ô�Ç��.
s���� �7H_�\�"f Äºo���H Bj�̧o�_� ?/6 x�̀¦ 0AK� ��6£§õ� °ú �Ér ³ðl�ZO��̀¦ ��6 x½+É

�.���s	כ

• n f��]X�&h�Ü¼�Ð ³ð�&³|̈c Ãº e����H °úכ

• #n ÅÒ�è

• / ��� o�Û¼àÔ\�¦ ����?/��H :£¤Z>�ô�Ç °úכ

ÕªaË> 12.3�Ér o�Û¼àÔ[1,2,3](1::2::3::[]�Ð ³ð�&³½+É Ãº�̧ e����.)\�¦ Bj�̧o�\� ����
?/��H ¿º��t� ~½Ód���̀¦ �Ð#�ï�r��.
Bj�̧o�\� ��������H o�Û¼àÔ "é¶�è[þt_� í�H"f��H z�́]j o�Û¼àÔ\�"f Õª[þt_� í�H"f

ü< Áº�'a���. �í���'�(ÅÒ�è)�� ª ¦̧¼ ¬Ïá¡Ïå¤Ôá ~½Ód��s� o�Û¼àÔ\�¦ &ñ
_�ô�Ç��.
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Äºo��� Ì�o�̂\�¦ Bj�̧o�\� ³ð�&³���H �¦̀�	כ s���_	כ Bj�̧o� l�%3��è��\� Õüw��\�¦

B�l���H ~½Ód��õ���H 1lqwn�&h���� �©�(image)Ü¼�Ð �Ðl�\�¦ "é¶½+É M:, ÕªaË> 12.4\� e����H �	כ
õ� °ú �Ér ~½Ód���̀¦ s�6 x½+É �.���s	כ

12.2.2 ���íß��� CONS

nMLáÔ�ÐÕªÏþ�s� (e1,e2)�� (e1::e2)_� +þAI�\�¦ °ú���H ³ð�&³d���̀¦ �í�<Ê��¦ e����H
�â
Äº, K�{©����H l�>�#Q �ï×¼��H ìøÍ×¼r� ³ð�&³d�� e1õ� e2_� °ú̀�כ¦ >�íß��#��� �

�¦, %�6£§ l�%3��è����H e1_� °úכ(_� ÅÒ�è)\�¦, ¿º���P: l�%3��è����H e2_� °úכ(_� ÅÒ�è)
\�¦ $��©����H s�×�æ�½Ó�̀¦ ½+É{©�K��� ô�Ç��. s���� ���íß��̀¦ CONS���¦ ÂÒ�Ér��. Äºo���H
e1_� °úכs� Û¼×þ�_� =�G@/l�(STACK[SR])\�"f ¹1Ô�̀¦ Ãº e���¦, e2_� °úכ�Ér Õª ���Ð ��

A�(STACK[SR-1])\�"f ¹1Ô�̀¦ Ãº e�����¦ ��&ñ
ô�Ç��. ���íß�Ü¼�Ð+� CONS_� ò́õ���H ��
6£§õ� °ú �Ér ���5Åq�)a "î
§î
#Q�Ð &ñ
_�|̈c Ãº e����.

MEM[MR] ← STACK[SR];
MEM[MR+1] ← STACK[SR-1];
STACK[SR-1] ← MR;
MR ← MR+2;
SR ← SR-1

(Äºo���H �̧��H ��Ä» s�×�æ�½Ós� ÅÒ�è MRs�Êê\� 0Au�K� e�����¦ ��&ñ
ô�Ç��. Õª�Q
Ù¼�ÐÅÒ�è MR_�s�×�æ�½Ós���6 x÷&%3��̀¦M:,Dh�Ðî�r'Í	��Ä»s�×�æ�½Ó��HÅÒ�è MR+2s�
��.)
ÕªaË> 12.5��H \V�Ð"f s� ���íß���\�¦ [O�"î
ô�Ç��.

12.2.3 ��«Ñ /BNÄ»�l�

nML³ð�&³d��\�"f ½̈�̧�o÷&#Q e����H °úכs� �ÃÐ�̧|̈c M:, s���_	כ ÅÒ�è��H ³ð�&³d��_� (��
��{9��)a �ï×¼\�"f s� °ú̀�כ¦ ��o�v�l� 0AK� ��6 x�)a��. ����"f °úכ�Ér �½Ó�©� Bj�̧o�\�
"f ���_� éß�{9�ô�Ç 0>×¼_� ?/6 x\� _�K� �ÃÐ�̧�)a��.

4�¤ú̧�ô�Ç °ú̀�כ¦ s�6 xK� Dh�Ðî�r °ú̀�כ¦ ëß�[þtM:, �̧f�� s���_	כ ÅÒ�èëß�s� 4�¤���)a��.
\V\�¦ [þt#Q, ���Ãº x_� °úכ v�� ÅÒ�è #n\� e�������, ³ð�&³d�� (x,x)_� >�íß��Ér °úכ v\�¦
4�¤���t�·ú§��H��.@/���s�×�æ�½Ó_�¿º¹כ�è��ÅÒ�è #n\�¦°ú���Hs�×�æ�½Ó�̀¦ëß�[þt#Q�·p
��. (x,x)_� °ú̀�כ¦ ³ð�&³½+É M: °úכ v��H ÕªaË> 12.6\�"f%�!3� s� �©�_� ¿º �\¹�èכ _�K�
¡Ñò¬Å�)a��.
{9�ìøÍ&h�Ü¼�Ð°úכ_� ½̈�̧\�¦³ð�&³���H���Ér��Áº����m���ÕªA�áÔs���.(@/>hF	כ

)&h����°ú̀�כ¦]jü@��¦��H��s�9þts��>rF��t�·ú§��H��.)d��t�#Q³ð�&³d��\�°ú �Ér���
Ãº�� #��Q��� ������t� ·ú§�̀¦ M:\��̧, °úכB��̂��̀¦ ½+É M: >�íß�×�æ��� °úכõ� s�p� �>rF�
��¦ e����H °úכ ��s�\�¦ /BNÄ»½+Ét��̧ �̧�Ér��. \V\�¦ [þt#Q ³ð�&³d�� (l1@l2)_� °úכB��̂�
�Ér ¿º>h_� o�Û¼àÔ l1, l2\�¦ s�#Q ·¡�����. s�\�¦ 0AK� l1_� �_¹�èכ ÅÒ�èü< l2_� ÅÒ

�è\�¦ �í�<Ê���H ½̈�̧\�¦ ëß���H��.
ÕªaË> 12.7��H s���� ��«Ñ /BNÄ»_� ���õ�\�¦ �Ð#�ï�r��. ³ð�&³d�� (l1@l2)_� °úכB��̂�

�Ér l1ü< °ú �Ér U�́s�_� s�×�æ�½Ó�̀¦ ½+É{©��t�ëß� s� o�Û¼àÔ[þt_� "é¶�è\�¦ 4�¤ú̧��>� ëß�

��H��.
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nML���̂_� Ãºï�r\�"f {©�����Ér ���íß��� ==�̀¦ ��6 x½+É M: °úכ_� ³ð�&³\�"f /BNÄ»��
{9�#Qz���̀¦ ·ú� Ãº e����. ( £Ñá¦ÈÍÞ °úכ[þt ��s�_� 1lx1px�<Ê�̀¦ >�íß����H) ���íß��� = \� q�
K�"f, ==��H §Öå¦ÈÍÞ 1lx1px$í
�̀¦ �����ô�Ç��. 7£¤, s���Ér	כ ������� �í�<Ê���H Bj�̧o� l�
%3��è��_� ?/6 xs� °ú �Ért�\�¦ �����ô�Ç��. ³ð�&³d�� e1==e2��H e1õ� e2_� °úכs� °ú �Ér z�́

]j°úכs����� s���s	כ >á¤°ú �Ér ½̈�̧�o °ú̀�כ¦ °ú���H�����(7£¤, °ú �Ér ÅÒ�è\� 0Au�K�e����
���) �ÃÐs���.
#�l�\� s�]j��t� ¶ú�(R�:r �¦̀�	כ ú̧� �Ð#�ÅÒ��H Y>���t� \V�� e����.

# val x=(1,2);;
val x: int * int = (1, 2)
# val y=(x,x);;
val y: (int * int) * (int * int) = ((1, 2), (1, 2))
# val z=((1,2),(1,2));;
val z: (int * int) * (int * int) = ((1, 2), (1, 2))
# fst y == snd y;;
val it: bool = true
# fst z == snd z;;
val it: bool = false
# fst z = snd z;;
val it: bool = true

12.2.4 ���Ér ��«Ñ ��{9�[þt ³ð�&³�l�

s�×�æ�½Ó�Ér Òqt$í
��\�¦ ����� ��{9�_� °úכ[þt�̀¦ ³ð�&³���H X<\� ��6 x|̈c Ãº�̧ e����. ëß����
°úכ Òqt$í
�� C\� °úכ v\�¦ &h�6 x�#� ëß�[þt#Q��� (C v)\�¦ Òqty��ô�Ç�����, s�×�æ�½Ó_� 'Í	���
P: "é¶�è��H l� ñ�o�)a C\�¦ �í�<Ê½+É �¦��s	כ ¿º���P: "é¶�è��H °úכ v(_� ÅÒ�è)\�¦ ��|9� �	כ
s���.
s� ³ð�&³�Ér #��Q��t� ~½Ód��Ü¼�Ð þj&h��o |̈c Ãº e����. \V\�¦ [þt#Q ëß���� ��{9�s� �̧

f�� ô�Ç>h_� Òqt$í
��\�¦ °ú���H�����, s��¦̀�	כ ³ð�&³½+É ��¹כ��9 \O���.1

n-ÈÓe�¦,YU�ï×¼,Õªo��¦ 7�'��̀¦³ð�&³���H�§�Érs�×�æ�½Óëß�Ü¼�Ð��H~1�>�÷&t�·ú	כ
��H��. Äºo���H���Ér ���5Åq�)a Bj�̧o� �è��\�¦ ½+É{©�½+É Ãº e��#Q�� ô�Ç��.
z�́]j�Ð  7�'�ü< ë�H��\P��Ér Ì�o�̂_� ß¼l��� "î
r��)a :£¤Z>�ô�Ç ½̈�̧\�¦ ¹�Ðכ��9 ô�Ç��.

12.2.5 ½+É{©��)a Bj�̧o� F��Ö̧6 x�l�

>�íß��Ér e��r�&h�Ü¼�Ðëß� æ¼s���H ú́§�Ér ×�æçß�°úכ[þt�̀¦ ������y� ��6 xô�Ç��. Õª[þt�Ér ô�Ç���
��6 x÷&��� \O�#Q|9� Ãº e����. ÕªXO�t�ëß� áÔ�ÐÕªA� Q�� &ñ
SX�y� #Q�"� °úכs� ]j��÷&�¦
#Q�"� °úכs� $��©�÷&#Q�� ���Ht�\�¦ ���&ñ
���H ��Ér	כ �½Ó�©� ��0px�t� ·ú§��. s� ë�H]j��H
{9�ìøÍ&h�Ü¼�Ð ÂÒ���&ñ
&h�(undecidable)s���.
�<ÊÃº+þA���#Q��G�×þ�ô�Ç�'a&h��ÉráÔ�ÐÕªA� Q��HáÔ�ÐÕªA� Q��ëß���H��«Ñ½̈�̧��

z�́]j�Ð \O����� �̧A�1lxîß� ¶ú���e��#Q�� ½+Ét� ���&ñ
K�"f��H îß��)a���¦ �Ð��H �.���s	כ
ÕªXO�t�ëß� #Q�"� ÅÒ#Q��� áÔ�ÐÕªÏþ�\�"f ��6 x ��0pxô�Ç Bj�̧o�_� ß¼l���H ì�r"î
y� Ä»

ô�Ç�l� Û�r¾º\�, ëß���� Bj�̧o��� F��Ö̧6 x÷&t� ·ú§�¦ ½+É{©�ëß� ô�Ç����� Bj�̧o��� �̧¿º
1z�́]j�Ð��H ú́§�Ér Òqt$í
��_� �â
Äº, Õª Òqt$í
���� %ò
�¾Ó�̀¦ p�u���H °úכ_� ³ð�&³�̀¦ s�6 xô�Ç����� s� Òqt$í
��

��H ]j��½+É Ãº e����.
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��6 x÷&#Q Dh�Ðî�r °úכs� ëß�[þt#Q|9� Ãº \O���H M:�� �̀¦ �.���s	כ s���� s�Ä»�Ð Äºo���H
�O\¹כ��9��H ½̈�̧�� 	�t���¦ e����H Bj�̧o�\�¦ F��Ö̧6 x½+É Ãºéß��̀¦ ]j/BNK���ëß� ô�Ç��.
s� Ãºéß��Ér §¹§¼¦È µ³Òå¬Õò(Garbage collector), ×�¦#�"f GC���¦ ·ú��94R e����.
z�́]j�Ð ��6 x×�æ��� Bj�̧o� F��Ö̧6 x ~½Ód���Ér #��Q��t��� e����. {9�ìøÍ&h�Ü¼�Ð s��	כ

[þt�Ér ¿º��t� l��:r&h���� ~½Ód��_� ���+þAs����� �̧½+Ës���.

• �O\¹כ��9��H Bj�̧o�_� 4�¤½̈\�¦ s�6 xô�Ç Bj�̧o� F��Ö̧6 x
• ��6 x×�æ��� Bj�̧o�_� 4�¤��\�¦ s�6 xô�Ç Bj�̧o� F��Ö̧6 x

s� ¿º��t� 7áxÀÓ_� Bj�̧o� F��Ö̧6 x õ�&ñ
\�"f, z�́'�� Û¼×þ�s��� ���%i� ���Ãº�� $�
�©�÷&#Qe����Hl� ñ³ð(symbol table)\�¦s�6 x�#�°ú̀�כ¦]X���H���H �̧��H�í���'�\�¦��
�������"f �&³F� ��6 x��¦ e����H ½̈�̧\�¦ ���&ñ
K��� ô�Ç��.
Bj�̧o� F��Ö̧6 xs� �O\¹כ��9��H Bj�̧o�\�¦ 4�¤½̈½+É M:, ��f�� ��6 x÷&t� ·ú§�Ér Bj�̧o�

��Hs�×�æ�½Ó_�o�Û¼àÔ�Ð³ð�&³�)a��.s�����â
Äº\�,s�×�æ�½Ó�̀¦½+É{©����HÃºéß��Ér 175Aá¤
\�"f ¶ú�(R�:r ��õ	כ �̧�FK ��ØÔ��. YUt�Û¼'� MR�Ér s�6 x½+É Ãº e����H s�×�æ�½Ó_� o�Û¼
àÔ_� 'Í	ÂÒì�r�̀¦ ��o������. Õªo��¦ CONS ���íß��̀¦ ô�Ç Êê\� ��6£§_� s�×�æ�½Ó�̀¦ ��o�&�
��ëß� ô�Ç��. ëß���� s� o�Û¼àÔ�� q�>� ÷&���, Bj�̧o� F��Ö̧6 xs� ����̂ Bj�̧o� %ò
%i��̀¦
¿º��� ¶ú�(Rú<�� ô�Ç��. 'Í	���P: ¶ú�(R�̂¦ M:��H ��6£§�̀¦ ��o�v���H �í���'�\�¦ s�6 xK� ��
6 x��¦ e����H s�×�æ�½Ó�̀¦ ¹1Ô��"f ³ðr���¦, ¿º���P: ¶ú�(R�̂¦ M: ��6 x ��0pxô�Ç s�×�æ�½Ó
_� o�Û¼àÔ\�¦ ëß�[þtl� 0AK� ³ðr� îß��)a s�×�æ�½Ó[þt�̀¦ �̧�Ér��. Õªo��¦ ��"f {9�ìøÍ >�
íß��̀¦ ��r� Ãº'��ô�Ç��.
Bj�̧o� F��Ö̧6 xs� ��6 x��¦ e����H Bj�̧o�\�¦ 4�¤�����H �â
Äº��H, Bj�̧o�\�¦ ¿º>h

�Ð ��¾º#Q ���°ú��� ��6 xô�Ç��. �Ö̧1lx×�æ��� %ò
%i�\�"f ��6 x÷&t� ·ú§�Ér Bj�̧o���H í�H	�
&h�Ü¼�Ð ½+É{©��)a ���5Åq�)a s�×�æ�½ÓÜ¼�Ð ³ð�&³�)a��. ëß���� �Ö̧1lx×�æ��� %ò
%i�s� ��1pq	����,
��6 x×�æ��� s�×�æ�½Ós� ���5Åq&h�Ü¼�Ð ¿º���P: %ò
%i�Ü¼�Ð 4�¤���)a��. ¿º���P: %ò
%i�s� s�
]j �Ö̧1lx×�æ��� %ò
%i�s� ÷&�¦, ��f�� 	�t�÷&t� ·ú§�Ér ÂÒì�rs� ½+É{©��̀¦ 0AK� ��6 x�)a��.
s��:r&h�Ü¼�Ð ��6 x×�æ��� Bj�̧o�\�¦ 4�¤�����H Bj�̧o� F��Ö̧6 x�� �8 ��ØÔ��. s��	כ

�Ér s� ~½Ód���Ér �̧f�� ��6 x×�æ��� Bj�̧o�ëß��̀¦ ~½Óë�H�t�ëß�, Ô�¦�9¹כ�ô�Ç Bj�̧o�\�¦ 4�¤½̈
���H ~½Ód���Ér ����̂ Bj�̧o� %ò
%i��̀¦ ¶ú�(R�Ðl� M:ë�Hs���. Õªo��¦ ÆÒ��&h���� s�&h�s�
e����HX<, s���Ér	כ ��«Ñ\�¦ �̧x9��>� ú̧� 0Au��#� >�íß�×�æ\� n�Û¼ß¼ü< Bj�̧o�\�"f
s�1lx|¾Ó�̀¦ ×�¦�����.ÕªXO�t�ëß� s� ~½Ód���Ér ��6 x��0pxô�Ç Bj�̧o�\�¦ ¿º>h�Ð ��¾ºl� M:
ë�H\� �̧��H Bj�̧o�\�¦ ��6 x�t� 3lwô�Ç����H &h�s� éß�&h�s���.
¶ú�(R�Ðt���H ·ú§�¿	t�ëß�, z�́]j�Ð Bj�̧o� F��Ö̧6 x_� ò́Ö�¦�Ér 4�¤ú̧�ô�Ç >h���~½Óîß�[þt

\� ²ú��9e����.

a:@�:@ 'Ö<<K

12.1 105Aá¤\�"f&ñ
_�ô�Ç��{9� ’a gentree\�¦Òqty��K��Ð��.��{9� gentree_�àÔo�ß¼
l���H&ñ
_�K�_�K��̧×¼_�Õüw��s��¦,s���Ér	כ 106Aá¤\�"f&ñ
_�ô�Ç�<ÊÃº gentree size\�
_�K� &ñ
_��)a��. ÕªXO�t�ëß� s���� àÔo��� z�́]j l�>�\� $��©�÷&#Qe����H ��_	כ ß¼l���H
Y>�Y>� �̧×¼�� /BNÄ»|̈c Ãº e��l� M:ë�H\� s��:r&h���� °úכõ� ��\�¦ Ãº e����. Õª[þts� ��t�
�¦ e����H Óüto�&h�Ü¼�Ð ���Ér �̧×¼[þt_� >hÃº, 7£¤, predicate ==�Ð "f�Ð ½̈Z>�÷&��H �̧
×¼[þt_� >hÃº\�¦ s���� àÔo�_� “z�́]j ß¼l�”���¦ ���. ��{9� gentree_� z�́]j ß¼l�
\�¦ >�íß����H �<ÊÃº\�¦ ���$í
�r��̧.
12.2 B�Äº	�HàÔo�\�¦��Ò�¦M:,°ú �ÉrÂÒàÔo�\�¦/BNÄ»�<ÊÜ¼�Ð"fàÔo�³ð�&³_�ß¼l�\�¦
×�¦s���H ��Ér	כ �̧¹¡§s� �)a��. ÅÒ#Q��� àÔo� t\� @/K�"f �̧��H °ú �Ér ÂÒ àÔo�\�¦ /BNÄ»�
�̧2�¤ ³ð�&³÷&��H >á¤°ú �Ér àÔo�\�¦ ëß�[þt#Q ?/��H ��{9� ’a gentree →’a gentree_�
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�<ÊÃº\�¦ ���$í
�r��̧. ��r� ú́�K�, "é¶A� àÔo� t_� �̧��H ÂÒ àÔo�_� �©� (t’,t’’)\�
@/K�"f, ëß���� t’==t’’s���� t’=t’’s��¦ ìøÍ@/~½Ó�¾Ó�̧ $í
wn���̧2�¤ ô�Ç��. \V\�¦ [þt
#Q, ú́�»¡§ZO� �����\�¦ 0AK� àÔo�\�¦ ëß�[þt M:, s���� ~½Ód��Ü¼�Ð àÔo�\�¦ ×�¦s���H ��Ér	כ B�
Äº Ä»6 x���.

12.3 �ï×¼ Òqt$í
�l�

Äºo���H z�́]j l�>�#Q��H ��m�t�ëß� çß�éß�y� l�>�#Q�Ð ���%i�|̈c Ãº e���̀¦ &ñ
�̧�Ð Ø�æì�r

y� çß�éß�ô�Ç "î
§î
#Q[þt_� |9�½+ËÜ¼�Ð (����{9� �ï×¼\�¦ ��6 x½+É �.���s	כ Y>�>h��H �©�Ãº��
ÅÒ�è\�¦ ������Ð °ú���H��.
Y>�Y>� "î
§î
#Q[þt�Ér �����\�¦ ��t�l� M:ë�H\� �̧��H "î
§î
#Q[þts� Bj�̧o�_� éß�{9� 0>

×¼\� �ÃÌ ú́���H������, s�[þts� Bj�̧o�\�"f °ú �Ér Ãº_� 0>×¼\�¦ 	�t�ô�Ç���¦ ��&ñ
½+É
Ãº \O���. ����"f ��6£§ "î
§î
#Q\�¦ %3�l� 0AK� �ï×¼ YUt�Û¼'� CR�̀¦ 7£x��r�v���H ~½Ó
d���Ér �&³F� z�́'�� ×�æ��� "î
§î
#Q_� ß¼l�\� ²ú��9e����.
#��Q��t� "î
§î
#Q\�¦ ³ð�&³���H ~½Ód���̀¦ çß�éß�y� �l� 0A�#�, Äºo���H áÔ�ÐÕªÏþ�

_� z�́'��í�H"f\�¦ ��Ë̈t� ·ú§��H "î
§î
#Q[þt\� @/K� CR�̀¦ "î
r�&h�Ü¼�Ð ��Ë̈t���H ·ú§�̀¦
�.���s	כ ÕªXO�t�ëß� Óüt�:r CALLs��� RETURNõ� °ú s� "î
§î
#Q_� 3lq&h�s� áÔ�ÐÕªÏþ�_�
z�́'�� í�H"f\�¦ ��Ë̈��H X<\� e����H "î
§î
#Q[þt\� @/K�"f��H "î
r�&h�Ü¼�Ð CR�̀¦ Ãº&ñ
½+É
�.���s	כ
�̧��H "î
§î
#Q��H Bj�̧o� �è��_� ?/6 x�̀¦ �̀�l���H ��_þt]	כ |9�½+ËÜ¼�Ð &ñ
_��)a��. s�

��� �̀��̂��Ér #î
§>=&h�Ü¼�Ð {9�#Q����ëß� ��¦ l� ñ�Ð��H ‘‘‖’’�Ð ³ðr�ô�Ç��.

12.3.1 "î
§î
#Q o�Û¼àÔ

l��:r ���íß���

PLUSSTACK[SP-1] ← (STACK[SR]+STACK[SP-1]) ‖ SR ← SR-1
MULTSTACK[SP-1] ← (STACK[SR]*STACK[SP-1]) ‖ SR ← SR-1

"î
§î
#Q PLUS��H Û¼×þ�_� =�G@/l�\� e����H ¿º>h_� "é¶�è\�¦ Õª[þt_� ½+ËÜ¼�Ð ����â
ô�Ç
��. "î
§î
#Q MULT��H Û¼×þ�_� =�G@/l�\� e����H ¿º>h_� "é¶�è\�¦ Õª[þt_� Y�LÜ¼�Ð ����â
ô�Ç
��. Äºo���H �̧��H s��½Ó íß�Õüt ���ïß���[þts� °ú �Ér ~½Ód��Ü¼�Ð 1lx���ô�Ç���¦ ��&ñ
ô�Ç��.

Û¼×þ� ���íß���

LOAD v STACK[SR] ← v
PUSH v STACK[SR+1] ← v ‖ SR ← SR + 1
DUPL STACK[SR+1] ← STACK[SR] ‖ SR ← SR+1
SWAP STACK[SR] ← STACK[SR-1] ‖ STACK[SR-1] ← STACK[SR]
ROT3 STACK[SR] ← STACK[SR-1] ‖ STACK[SR-1] ← STACK[SR-2]

‖ STACK[SR-2] ← STACK[SR]
IROT3 STACK[SR] ← STACK[SR-2] ‖ STACK[SR-1] ← STACK[SR]

‖ STACK[SR] ← STACK[SR-1]

"î
§î
#Q LOAD v��H Û¼×þ�_� =�G@/l�\�¦ v�Ð ��õ�H��.
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"î
§î
#Q PUSH v��H Û¼×þ�\� °úכ v\�¦ ÆÒ��ô�Ç��.

"î
§î
#Q DUPL�Ér Û¼×þ�_� =�G@/l�\� e����H °ú̀�כ¦ 4�¤���#� Û¼×þ�\� ÆÒ��ô�Ç��.

"î
§î
#Q SWAP�Ér Û¼×þ�_� =�G@/l�\� e����H °úכõ� ���Ð ��A�\� e����H °ú̀�כ¦ ��õ�H��.

"î
§î
#Q ROT3��H Û¼×þ� 0A_� [j >h_� "é¶�è\�¦ í�H8̈��#� ��õ�H��.

"î
§î
#Q IROT3��H Û¼×þ� 0A_� [j >h_� "é¶�è\�¦ ìøÍ@/ ~½Ó�¾ÓÜ¼�Ð í�H8̈��#� ��õ�H��.

��«Ñ ½̈�̧ "î
§î
#Q

FST STACK[SR] ← MEM[STACK[SR]]
SND STACK[SR] ← MEM[STACK[SR]+1]
SETFST MEM[STACK[SR-1]] ← STACK[SR] ‖ SR ← SR-1
SETSND MEM[STACK[SR-1]+1] ← STACK[SR] ‖ SR ← SR-1
CONS MEM[MR] ← STACK[SR] ‖ MEM[MR+1] ← STACK[SR-1]

‖ STACK[SR-1] ← MR ‖ MR ← MR+2 ‖ SR ← SR-1
SPLIT STACK[SR+1] ← MEM[STACK[SR]]

‖ STACK[SR] ← MEM[STACK[SR]+1]
‖ SR ← SR + 1

"î
§î
#Q FST�� z�́'��÷&�9��� Û¼×þ�_� =�G@/l�\���H s�×�æ�½Ó_� ÅÒ�è�� [þt#Q�� e��#Q
�� ô�Ç��. s� ÅÒ�è °úכs� s�×�æ�½Ó_� 'Í	���P: ¹�è�Ðכ ��7#Q�����.

"î
§î
#Q SND�� z�́'��÷&�9��� Û¼×þ�_� =�G@/l�\���H s�×�æ�½Ó_� ÅÒ�è�� [þt#Q�� e��#Q
�� ô�Ç��. s� ÅÒ�è °úכs� s�×�æ�½Ó_� ¿º���P: ¹�è�Ðכ ��7#Q�����.

"î
§î
#Q SETFST�� z�́'��÷&�9��� Û¼×þ�_� 0A\�"f ¿º���P: "é¶�è\� s�×�æ�½Ó_� ÅÒ�è
�� [þt#Q e��#Q�� ô�Ç��. s� s�×�æ�½Ó_� 'Í	���P: ¹�è��Hכ Û¼×þ�_� =�G@/l�\� 0Au�ô�Ç °úכ
Ü¼�Ð ��7�¦, Û¼×þ�\�"f "é¶�è\�¦ ô�Ç >h NS�·p��.

"î
§î
#Q SETSND�� z�́'��÷&�9��� Û¼×þ�_� 0A\�"f ¿º���P: "é¶�è\� s�×�æ�½Ó_� ÅÒ�è
�� [þt#Q e��#Q�� ô�Ç��. s� s�×�æ�½Ó_� ¿º���P: ¹�è��Hכ Û¼×þ�_� =�G@/l�\� 0Au�ô�Ç °úכ
Ü¼�Ð ��7�¦, Û¼×þ�\�"f "é¶�è\�¦ ô�Ç >h NS�·p��.

"î
§î
#Q CONS��H 175Aá¤\�"f [O�"î
ô�Ç ���íß��̀¦ Ãº'��ô�Ç��.

"î
§î
#Q SPLIT��H CONS_� ìøÍ@/ ���6 x�̀¦ ô�Ç��. s���Ér	כ Û¼×þ�_� =�G@/l�\� s�×�æ�½Ó
_� ÅÒ�è�� e�����¦ ��&ñ
��¦, Û¼×þ�_� =�G@/l�\�¦ s�×�æ�½Ó_� ¿º>h_� "é¶�è�Ð ��õ�H��.

ì�rl� "î
§î
#Q

CALL STACK[SR] ← STACK[SR-1] ‖ STACK[SR-1] ← CR + 1
‖ CR ← STACK[SR]

RETURN CR ← STACK[SR-1] ‖ STACK[SR-1] ← STACK[SR]
‖ SR ← SR -1

BRANCH a1 a2 STACK[SR] ← if STACK[SR] then a1 else a2

"î
§î
#Q CALL�Ér ÂÒ áÔ�ÐÕªÏþ��̀¦ z�́'���l� 0AK� �ï×¼ YUt�Û¼'�_� °ú̀�כ¦ ����â
ô�Ç
��. Õªo��¦ ÂÒ áÔ�ÐÕªÏþ�s� z�́'��÷&��� "é¶A� áÔ�ÐÕªÏþ�Ü¼�Ð [�t����l� 0AK� [�t���̀¦
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ÅÒ�è\�¦ $��©�ô�Ç��. CALLs� z�́'��|̈cM:����, Û¼×þ�_� =�G@/l���H ÂÒ áÔ�ÐÕªÏþ�_� ÅÒ�è
\�¦ $��©���¦ e���¦, Õª ��A� "é¶�è��H ÂÒ áÔ�ÐÕªÏþ�\� ¹ô�Çכ��9 °úכ(�����)\�¦ ��t��¦ e��
���¦��&ñ
ô�Ç��.ÂÒáÔ�ÐÕªÏþ�Ü¼�Ð]j#Q\�¦�Å�l�l����\�,s������\�¦Û¼×þ�_�=�G@/l�
\�V,��¦,[�t���̀¦ÅÒ�è\�¦Õª��A�\�V,���H��.(7£¤,�ï×¼YUt�Û¼'�_�°úכ�Érs�p�7£x��
÷&%3���.)

"î
§î
#Q RETURN�ÉrÂÒáÔ�ÐÕªÏþ��̀¦ÂÒ�ÉráÔ�ÐÕªÏþ�Ü¼�Ð[�t���̀¦Ãºe���̧2�¤ÂÒáÔ
�ÐÕªÏþ�_� =åQ\� 0Au�ô�Ç��. Äºo���H ÂÒ áÔ�ÐÕªÏþ�s� =åQ±ú� M: >�íß� ���õ�°úכs� Û¼×þ�_�
=�G@/l�\� e������H ��õ	כ [�t���̀¦ ÅÒ�è�� ���Ð Õª ��A�\� e������H �¦̀�	כ ��&ñ
ô�Ç��.

"î
§î
#Q BRANCH a1 a2��H Û¼×þ�_� =�G@/l��� bools����¦ ��&ñ
ô�Ç��. ëß���� s��	כ
s� �ÃÐs������ ÅÒ�è a1Ü¼�Ð ��7#Q|9� �,¦��s	כ ÕªXO�t� ·ú§����� ÅÒ�è a2�Ð ���1� �	כ
s���.

12.3.2 (����{9�_� "é¶o�

��Ä» ���Ãº x1,· · ·,xn�̀¦ �í�<Êô�Ç ³ð�&³d�� e\�¦ >�íß����H ��Ér	כ s� ��Ä»���Ãº[þt�̀¦ �í
�<Ê���H o�Û¼àÔ��� 8̈��â
 [v1,· · ·,vn]\�"f {9�#Qèß���. #�l�\�"f ���Ãº_� s�2£§�̀¦ Ä»
t����H ��Ér	כ ¹כ��9�t� ·ú§��. �=������ s�[þt\� ]X���H�l� 0Aô�Ç &ñ
�Ð��H (����{9��)a
�ï×¼\� [þt#Q�� e��l� M:ë�Hs���. Äºo���H [x1,· · ·,xn]�̀¦ °Íí² ¬́Ýå ³Òá¡Ïòs��� ��¦,
[v1,· · ·,vn]�̀¦ ªÝå³Êò ³Òá¡Ïòs����¦ ÂÒ\�¦ �.���s	כ
z�́'�� 8̈��â
�Ér Bj�̧o�\� ³ð�&³�)a��. Õªo��¦ Äºo���H z�́'���̀¦ r����½+É M: s� 8̈��â


_�ÅÒ�è��Û¼×þ�_�=�G@/l�\�e�����¦��&ñ
ô�Ç��. �̧��H³ð�&³d��s�°úכB��̂� |̈cM:s�$í

|9�s�$í
wn���̧2�¤(����{9��)a�ï×¼��ëß�[þt#Q4Re����.>�����,s��ï×¼��HÛ¼×þ�_���
 Qt� ÂÒì�r�Ér |	�×¼o�t� ·ú§�¦, Û¼×þ�_� =�G@/l�\� e����H 8̈��â
�̀¦ >�íß��)a ³ð�&³d��_� °úכ
Ü¼�Ð ��Ë̈��H ���%i�&h���� ò́õ�\�¦ �������.
s����\��Ð��¤~��°úכB��̂�~½ÓZO�\�"fü<°ú s��<ÊÃº��H�<ÊÃºÓü�6£§Ü¼�Ð³ð�&³�)a��.7£¤,

8̈��â
õ� �ï×¼_� Óü�6£§s���. 	�s�&h��Ér 8̈��â
õ� �ï×¼�� ³ð�&³÷&��H ~½Ód��\� e����. s�]j
ÂÒ'� “�ï×¼”��H �ï×¼ %ò
%i�_� ÅÒ�ès��¦, 8̈��â
�Ér éß�í�Hô�Ç °úכ_� o�Û¼àÔs���.
Äºo���H 8̈��â
 [x1,· · ·,xn]\�"f(����{9��)a³ð�&³d�� e_��ï×¼\�¦ [[e]](x1,···,xn)Ü¼

�Ð ³ðr�ô�Ç��. Õª�QÙ¼�Ð ��Ä»���Ãº�� \O���H ³ð�&³d�� e\� @/K�"f, (����{9��)a �ï×¼��H
[[e]][]s� |̈c �.���s	כ

�©�Ãº (����{9��l�

[[c]]E = LOAD c

8̈��â
 E\�"f �©�Ãº c_� �ï×¼��H éß�í�Hy� Û¼×þ�_� =�G@/l�\� e����H 8̈��â
 E\�¦ �©�Ãº
c�Ð ��ÜãJ �.���s	כ

���Ãº (����{9��l�

[[x]](x::E) = FST [[x]](y::E) = SND; [[X]]E

8̈��â
 [x1,· · ·,xn]\�"f ���Ãº xi\� K�{©����H �ï×¼��H SND(i−1); FSTs���. s��	כ
�Ér z�́'��8̈��â
\�"f ���Ãº_� °úכ\� ]X���H��̧2�¤ ô�Ç��.

�©� (����{9��l�
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[[(e1,e2)]E = DUPL; [[e2]]E; SWAP; [[e1]]E; CONS

8̈��â
 E\�"f ³ð�&³d�� (e1,e2)\� K�{©����H �ï×¼��H 8̈��â
�̀¦ ¿º��� s�6 x�l� 0AK�
"f(ô�Ç����Ér e2\�¦ >�íß�½+É M:, ���Ér ô�Ç����Ér e1�̀¦ >�íß�½+É M: ��6 xô�Ç��.) 8̈��â
(_� ÅÒ
�è)\�¦ 4�¤��ô�Ç��. e2\� K�{©����H �ï×¼\�¦ z�́'��ô�Ç Êê\� e2_� °úכ v2��H Û¼×þ�_� =�G@/

l�\�, 8̈��â
 E(_� ÅÒ�è)_� ¿º���P: 4�¤���:r�Ér Õª ��A�\� $��©�÷&#Q e���̀¦ �.���s	כ Õª
o��¦��"f"î
§î
#Q SWAP�Ér v2ü< E\�¦��Ë̈#Q e1\�K�{©����H�ï×¼\� �̀¦��ØÔ>�z�́

'��÷&�̧2�¤ ô�Ç��. s���Ér	כ Û¼×þ�_� =�G@/l�\� °úכ v1s�, Õª ��A�\� °úכ v2s� $��©�÷&�̧

2�¤ ô�Ç��. z���Ér ½+É{9��Ér "î
§î
#Q CONS\�¦ s�6 x�#� ¿º>h_� °úכs� �©��̀¦ s�ÀÒ�̧2�¤ �
��H �.���s	כ

íß�Õüt ³ð�&³d�� (����{9��l�

[[e1+e2]]E = DUPL; [[e2]]E; SWAP; [[e1]]E; PLUS

8̈��â
 E\�"f ³ð�&³d�� (e1+e2)\� K�{©����H �ï×¼��H e2>�íß�\�"f ô�Ç���, e1>�íß�\�

"f ô�Ç���, s�XO�>� ¿º��� 8̈��â
�̀¦ s�6 x�l� 0AK�"f 8̈��â
(_� ÅÒ�è)\�¦ 4�¤��ô�Ç��. e2\�

K�{©����H �ï×¼�� z�́'����¦ èß� Êê\� e2_� °úכ v2�� Û¼×þ�_� =�G@/l�\�, 8̈��â
 E(_�
ÅÒ�è)_� ¿º���P: 4�¤���:r�Ér Õª ��A�\� $��©�÷&#Q e���̀¦ �.���s	כ Õªo��¦ ��"f "î
§î

#Q SWAP�Ér e1\� K�{©����H �ï×¼�� ��ØÔ>� z�́'��÷&�̧2�¤ v2ü< E\�¦ ��õ�H��. Õªo��¦
��"f °úכ v1s� >�íß�÷&#Q Û¼×þ�_� =�G@/l�\� $��©��)a��. °úכ v2��H Õª ��A�\� e����. z��
�Ér ½+É{9��Ér "î
§î
#Q PLUS\�¦ s� ¿º °úכ\� &h�6 x���H �.���s	כ

�<ÊÃº (����{9��l�

[[fn x ⇒e]]E = PUSH a; SWAP; CONS
¬º¡Èª¸ a £Ûá ³ÉíªÁ °¼¤Æ, ÛÞ, [[e]](x::E); RETURN ¬Ç Áª¼¬È¤´.

éß�, a��H �<ÊÃº �ï×¼_� ÅÒ�ès���. 7£¤, [[e]](x::E); RETURNs���. +þAd�� 8̈��â
 E\�
"f �<ÊÃº (fn x ⇒e)_� 3lu�̂\� @/K� Òqt$í
�)a �ï×¼��H 8̈��â
 E\� ���Ãº x\�¦ ÆÒ��ô�Ç
+þAd�� 8̈��â
 (x::E)\�"f³ð�&³d�� e\�@/ô�Ç�ï×¼s���.s��ï×¼\�¦z�́'����¦�����,�<Ê
Ãº_� °úכB��̂� ���õ��� Û¼×þ�_� =�G@/l�\� $��©�÷&#Q e���̀¦ �¦��s	כ o���� ÅÒ�è��H Õª ��

A� e���̀¦ �.���s	כ Õª�QÙ¼�Ð "î
§î
#Q RETURNs� Ãº'��|̈c Ãº e����. RETURNs� z�́'��÷&
�¦ èß� Êê\�, �<ÊÃº_� °úכB��̂� ���õ��� ��r� Û¼×þ�_� =�G@/l�\� e���̀¦ �¦��s	כ �� Qt�
>�íß�õ�&ñ
\�"f ��6 x|̈c Ãº e����.
³ð�&³d�� (fn x ⇒e)�Ð ëß�[þt#Q��� �ï×¼ Õª ���̂��H Û¼×þ�_� =�G@/l�\� �<ÊÃº_� 3lu

�̂\� @/ô�Ç �ï×¼_� ÅÒ�è\�¦ PUSH��¦ �ï×¼ ÅÒ�èü< 8̈��â
Ü¼�Ð s�ÀÒ#Q��� �<ÊÃº Óü�6£§
�̀¦ ëß�[þtl� 0AK� "î
§î
#Q CONS�Ð ÷&#Q e����.

�<ÊÃº &h�6 x (����{9��l�

[[(e1 e2)]]E = DUPL; [[e2]]E; SWAP; [[e1]]E; SPLIT;
IROT3; CONS; SWAP; CALL

8̈��â
 E\�"f³ð�&³d�� e1 e2\�K�{©����H�ï×¼��H e2\�¦>�íß����HX<\�ô�Ç���, e1�̀¦

>�íß����H X<\� ô�Ç���, s�XO�>� 8̈��â
�̀¦ ¿º��� s�6 x�l� 0AK�"f 8̈��â
(_� ÅÒ�è)\�¦ 4�¤
��ô�Ç��. e2\� K�{©����H �ï×¼�� z�́'���)a Êê\� e2_� °úכ v2��H Û¼×þ�_� =�G@/l�\�, 8̈�
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�â
 E(_� ÅÒ�è)_� ¿º���P: 4�¤���:r�Ér Õª ��A�\� $��©�÷&#Q e���̀¦ �.���s	כ Õªo��¦ ��
"f "î
§î
#Q SWAPs� e1\� K�{©����H �ï×¼�� �̀¦��ØÔ>� Ãº'��÷&l� 0AK�"f v2ü< E_�
í�H"f\�¦ ��õ�H��. s���s	כ �<ÊÃº Óü�6£§��� °úכ v1, 7£¤, 'Í	 ÂÒì�r�Ér �<ÊÃº Óü�6£§_� 8̈��â
s��¦
¿º���P: ÂÒì�r�Ér �<ÊÃº �ï×¼_� ÅÒ�è��� �©��̀¦ ëß���H��. s� �©��Ér SPLIT\� _�K� ¿º ÂÒ
ì�rÜ¼�Ð ��¾º#Q�����. Õªo��¦ ��"f Û¼×þ�_� =�G@/l�\� e����H [j>h_� "é¶�è�� "î
§î
#Q
IROT3\� _�K� í�H"f�� �̧&ñ
÷&�¦ Õª ���õ� Û¼×þ�_� =�G@/l�\���H v2��, ��6£§ "é¶�è\�
��H &h�6 x½+É �<ÊÃº Óü�6£§s�, Õª ��6£§ "é¶�è\���H �<ÊÃº Óü�6£§\� @/ô�Ç �ï×¼_� ÅÒ�è�� 0A
u��>� �)a��. "î
§î
#Q CONS��H s� �ï×¼\�¦ ÂÒØÔ��H �̀¦���Ér 8̈��â
�̀¦ ëß���H��. Õªo��¦
��"f "î
§î
#Q SWAP�Ér �ï×¼_� ÅÒ�èü< 8̈��â
_� í�H"f\�¦ ��Ë̈#Q CALLs� z�́'��÷&�̧2�¤
ô�Ç��.

�̧|	�ë�H (����{9� �l�

[[if e1 then e2 else e3]]E = DUPL; [[e1]]E; BRANCH a2 a3; CALL
¬º¡Èª¸ a2 £Ûá °¼¤Æ [[e2]]E; RETURN ¬Ç Áª¼¬È¡¼,
¬º¡Èª¸ a3 £Ûá °¼¤Æ [[e3]]E; RETURN ¬Ç Áª¼¬È¤´.

³ð�&³d�� (if e1 then e2 else e3)\� K�{©����H �ï×¼��H e1�̀¦ >�íß����H X<\�

ô�Ç���, e2�� e3\�¦ >�íß����H X<\� ô�Ç���, s�XO�>� 8̈��â
�̀¦ ¿º��� s�6 x�l� 0AK� 8̈�
�â
(_� ÅÒ�è)\�¦ 4�¤��ô�Ç��. e1_� �ï×¼\�¦ z�́'������, "î
§î
#Q BRANCH\� _�K� ��6 x|̈c
Ô�¦ °úכs� ���:r��. #�l�"f "î
§î
#Q BRANCH��H CALL�̀¦ Ãº'���l� ���\� Û¼×þ�\� e2��

e3(�â
Äº\� ���� ��2£§)\� @/ô�Ç �ï×¼_� ÅÒ�è\�¦ ÆÒ��ô�Ç��.

let (����{9��l�

[[let val x=e1 in e2 end]]E = DUPL; [[e1]]E; CONS; [[e2]](x::E);

³ð�&³d�� let val x=e1 in e2 end\�K�{©����H�ï×¼��H 8̈��â
�̀¦4�¤����¦, e1_�

°ú̀�כ¦ >�íß�ô�Ç Êê\� CONS\�¦ s�6 x�#� e2_� °ú̀�כ¦ >�íß��l� ���\� 8̈��â
_� 4�¤���:r\�

s��¦̀�	כ ÆÒ��ô�Ç��. e2��H x�� ÆÒ���)a 8̈��â
\�"f (����{9�H�d�̀¦ ÅÒ3lq���.

�<ÊÃº+þA let val rec (����{9��l�

[[let val rec f=e1 in e2 end]]E = PUSH nil; [[e1]](f ::E); DUPL; ROT3; CONS;
SETFST; FST; [[e2]](f ::E);

³ð�&³d�� let val rec f = e1 in e2 end\� K�{©����H �ï×¼��H let\� @/ô�Ç �	כ
õ�q�5pw���.	�s���H��6£§_�¿º��t�s���. e1s� f���í�<Ê�)a 8̈��â
\�"f(����{9��)a��
��H&h�õ�,"î
§î
#Q DUPL; ROT3; CONS; SETFST�̀¦��6 xK��<ÊÃºÓü�6£§�̀¦ëß�[þt�¦,s�
��_	כ 8̈��â
 ÂÒì�r(�íl�\���H ��� 8̈��â
���)�̀¦ f\�¦ �í�<Ê���H ����̂ 8̈��â
_� ÅÒ�è�Ð ��õ�H
����H &h�s���. ��t�}��Ü¼�Ð FST\�¦ :�xK�"f s� �<ÊÃº Óü�6£§_� 8̈��â
\� ]X���H½+É M:, e2\�

@/ô�Ç �ï×¼\�¦ z�́'��½+É �̀¦���Ér “í�H8̈�” 8̈��â
�̀¦ %3�>� �)a��.

q��<ÊÃº+þA let val rec (����{9��l�

[[let val rec x=e1 in e2 end]]E = DUPL; PUSH nil; DUPL; CONS; CUPL; ROT3;
CONS; [[e1]](x::E); DUPL; ROT3; FST; SETFST;
SWAP; SND; SETSND; CONS; [[e2]](x::E);
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³ð�&³d�� let val rec x = e1 in e2 end\� K�{©����H �ï×¼��H ³ð�&³d�� e1_�

°úכs� s�×�æ�½ÓÜ¼�Ð ³ð�&³÷&�¦, ³ð�&³d��s� s�×�æ�½Ó Òqt$í
���Ðëß� ëß�[þt#Q&������H ��&ñ

�̀¦ ô�Ç��. %�6£§\� 8̈��â
(_� ÅÒ�è)\�¦ 4�¤��ô�Ç��. Õªo��¦ ��"f e1_� e��r� °úכ��� s�×�æ

�½Ó(nil,nil)�̀¦ ëß���H��. "î
§î
#Q DUPL; ROT3; CONS; [[e1]](x::E)��H e��r�°úכ���

s�×�æ�½Ó (nil,nil)_� ÅÒ�è\�¦ ���Ð ��A�\� Z�~#�e����H �©�I�\�"f Û¼×þ�_� =�G@/l�\�
e1_� Dh�Ðî�r °ú̀�כ¦ V,���H��.
s�]j s� s�×�æ�½Ó (nil,nil)_� 'Í	ñß�õ� ¿º���P: ñß��̀¦ e1_� °ú̀�כ¦ ³ð�&³���H s�×�æ

�½Ó_�'Í	ñß�õ�¿º���P:ñß�Ü¼�Ð���5Åq&h�Ü¼�Ð��Ë̈#Q&h�]X�ô�Ç “í�H8̈�” ½̈�̧\�¦ëß�×¼��H�	כ
ëß�s�z����¤��.s��
�Ér"î	כ§î
#Q DUPL; ROT3; FST; SETFST; SWAP; SND; SETSND
�Ð Ãº'���)a��. Õªo��¦ ��"f s� ~½Ód��Ü¼�Ð %3�>� ÷&��H í�H8̈� ½̈�̧ °úכ�Ér CONS\� _�K�
�íl� 8̈��â
\� ÆÒ��÷&�¦ e2\�¦ >�íß����H �̀¦���Ér 8̈��â
s� ëß�[þt#Q �����.

12.3.3 (����{9� >�S\�\� @/�#�

Äºo���H éß�í�H�����H s�Ä»�Ð s� (����{9� >�S\��̀¦ ���×þ��%i���. :£¤y� s� �̧4Sq\�"f��H
s����\� ��M®o~�� ���Ãº°úכ_� o�Û¼àÔ\�¦ :�xK� f��]X� >�íß� 8̈��â
\� ]X���H½+É Ãº e��l� M:ë�H

\�, éß�t� s� 8̈��â
õ� �ï×¼ ÅÒ�è�Ð �©��̀¦ ëß�[þt��� ÷&Ù¼�Ð B�Äº çß�éß�y� �<ÊÃº Óü�6£§�̀¦
ëß�[þt Ãº e��>� ô�Ç��.  »	·¡#� ú́������� 8̈��â
\� "é¶�è\�¦ ÆÒ��½+É M: éß�í�Hy� s�×�æ�½Ó
�̀¦ ½+É{©����� �)a��. ÕªA�"f s���� ~½Ód��Ü¼�Ð ~1�>� ÂÒ 8̈��â
(subenvironments)\�¦ s�
=åJ#Q�·p��.
ÕªXO�t�ëß� ò́Ö�¦$í
s�����H 8£¤���\�"f s� (����{9� >�S\��Ér q�óøÍ~ÃÎ�� ���½Ó���. Äº

���, o�Û¼àÔ\�¦ ��6 x�Ù¼�Ð {9�&ñ
 r�çß�îß�\� K����½+É Ãº e����H �¦̀�	כ o�Û¼àÔ_� U�́s�ëß�
�pu_� r�çß��̀¦ ¹�Ðכ��9 �>� �)a��. >����� �<ÊÃº Óü�6£§\�¦ 0Aô�Ç 8̈��â
\��� Óü�6£§s� Òqt
$í
�)a M:\� �>rF����H �̧��H ���Ãº °úכ[þt�̀¦ V,�#QÑüt ¹��Hכ��9 \O���. z�́]j�Ð s� 8̈��â
[þt
�Ér �̧f�� �<ÊÃº_� 3lu�̂\�"f ��6 x÷&��H (��Ä»)���Ãºëß��̀¦ $��©����� �)a��. �<ÊÃº Óü�6£§
�̀¦ 0Aô�Ç 8̈��â
s� �-Áº ú́§�Ér °ú̀�כ¦ ��t��¦ e������� ]X���H r�çß�s� U�́#Qt�>� ÷&�¦, 7á§
�8 d��y��ô�Ç &h��Ér z�́]j�Ð ��6 x÷&t� ·ú§t�ëß� �<ÊÃº Óü�6£§_�8̈��â
\� 5Åq���H ½̈�̧\� _�

K� 	�t��)a /BNçß��̀¦ Bj�̧o� F��Ö̧6 xs� 4�¤½̈���H ��s	כ #Q§>�����H �.���s	כ ��t�}��Ü¼
�Ð 8̈��â
�̀¦ �'ao�K�����¦ �<ÊÃº Óü�6£§�̀¦ ëß�[þt#Q�� �l� M:ë�H\� ���Ér ���:�x&h���� ���

#Q��H >�íß�õ�&ñ
\�"f ¹ô�Çכ��9 °úכ[þt�̀¦ 0Aô�Ç Û¼×þ�s� Ø�æì�ry� e������H �¦̀�	כ Òqty��K� �̂¦

M:�<ÊÃº+þA���#Q_�°úכB��̂��ÉrÔ�¦o�ô�Ç{9��©�\�e����.�<ÊÃº+þA���#Q�Ðæ¼#���� �̧��HáÔ
�ÐÕªÏþ�s� z�́]j�Ð �<ÊÃº+þA :£¤$í
_� 0px§4��̀¦ ��6 x���H ��Ér	כ ��m�l� M:ë�H\�, ò́Ö�¦$í

�̀¦ 3lq³ð�Ð ���H �â
Äº s���� áÔ�ÐÕªÏþ��̀¦ ò́Ö�¦&h�Ü¼�Ð (����{9����H ��Ér	כ B�Äº ×�æ¹כ

���.s�3lq&h��̀¦0AK�Û¼×þ��̀¦þj@/6 x|¾Ó��t���6 xô�Ç����H&h�õ�ìøÍ×¼r��9¹כ�½+ÉM:
ëß� 8̈��â
õ� �<ÊÃº Óü�6£§�̀¦ ëß�×¼��H ��s	כ .��a(�̈½¹כ
s� �̧��H s�Ä»[þt M:ë�H\�, ·ú¡"f �è>hô�Ç (����{9� >�S\��Ér ��0px$í
 #�ÂÒ\�¦ z�́+«>K�

�Ð��H Ãºï�r\�"f �¦�9÷&#Q�� ½+É �.���s	כ

12.4 ½̈�&³

���$� �ï×¼ r�ÓýtYUs�����̀¦ çß�|ÄÌy� ¶ú�(R�Ð�¦, s�#Q"f �ï×¼ Òqt$í
�̀¦ ·ú����:r��.

12.4.1 �ï×¼ r�ÓýtYUs����

#�l�"f��H “�7Ho�&h�”��� Ãºï�r\�"f l�>��� 1lx������H ~½Ód���̀¦ r�ÓýtYUs�������H ���	כ
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t�ëß� ·ú����:r��. "î
§î
#Q[þt�Ér ÅÒ�è�Ð ]X���H���H �ï×¼%ò
%i� Bj�̧o�\� e��t� ·ú§�¦, @/
��� "î
§î
#Q[þt�̀¦ ��{9� list_� Ì�o�̂�Ð ��Ò�¦ �.���s	כ °úכõ� 8̈��â
�Ér Bj�̧o� %ò
%i�\�"f
e��t� ·ú§�̀¦ �,¦��s	כ @/��� nML °úכÜ¼�Ð ��ÀÒ#Q |9� �.���s	כ s�XO��� ��8���̧ z�́'��
�<ÊÃº�� s���� ]X�\�"f &ñ
_��)a l�>�_� '��1lx�̀¦ r�ÓýtYUs�������H ��Ér	כ ����t� ·ú§��H

��.

# type instruction =
STOP

| LOAD of value
| PUSH of value
| DUPL | SWAP | ROT3 | IROT3
| FST | SND | SETFST | SETSND
| CONS | SPLIT
| ADD | SUB | MULT | EGAL
| CALL | RETURN
| BRANCH of value * value

and value =
Int Const of int

| Bool Const of bool
| Clo of value ref * instruction list(* ³ÉíªÁ §Öß¬Ûí *)
| NilList
| Pair of value ref * value ref
| Adr of instruction list;;

��{9� value��H >�íß�õ�&ñ
, 8̈��â
, ÅÒ�è 0Au�\� ��6 x÷&��H "î
§î
#Q[þt�ÐÂÒ'� ëß�[þt
#Qt���H°ú̀�כ¦�����·p��.�<ÊÃºÓü�6£§�Ér�©�Ü¼�Ð³ð�&³�)a��.s��©�_¹כ��è��H�ÃÐ�̧s�l�
M:ë�H\�, ¹כ��9������ F�)&h� 6 xZO��̀¦ ��ÀÒl� 0AK� °ú̀�כ¦ z�́]j�Ð Ãº&ñ
½+É Ãº e����.
�<ÊÃº exec��H"î
§î
#Qo�Û¼àÔü<������ÐÛ¼×þ��̀¦~ÃÎ��,���m��"î
§î
#Q[þt�̀¦Ãº'��

ô�Ç��. {9�ìøÍ&h���� z�́'���Ér Û¼×þ�\� NilList_� 8̈��â
 ô�Ç>hëß��̀¦ $��©�ô�Ç �©�I�\�"f r�
����#� "î
§î
#Q Stop\�"f 7áx«Ñô�Ç��. ��t�}�� "î
§î
#Q�� z�́'��|̈c M:, Û¼×þ�\���H >�íß�
���õ� °úכëß�s� [þt#Qe��#Q�� ô�Ç��.

# exception Exec error;;
exception Exec error

# val rec exec = fn
([STOP],[v]) => v

| ((LOAD v)::code,v’::stack) => exec (code,v::stack)
| ((PUSH v)::code,stack) => exec (code,v::stack)
| (DUPL::code,v::stack) => exec (code,v::v::stack)
| (SWAP::code,v::v’::stack) => exec(code,v’::v::stack)
| (ROT3::code,v1::v2::v3::stack) => exec(code,v2::v3::v1::stack)
| (IROT3::code,v1::v2::v3::stack) => exec(code,v3::v1::v2::stack)
| (FST::code,(Pair(v1, ))::stack)

=> exec(code,!v1::stack)
| (SND::code,(Pair( ,v2))::stack)

=> exec(code, !v2::stack)
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| (SETFST::code, v::(Pair(v1,v2))::stack)
=> v1:=v;exec (code,(Pair(v1,v2))::stack)

| (SETSND::code, v::(Pair(v1,v2))::stack)
=> v2:=v;exec (code,(Pair(v1,v2))::stack)

| (CONS::code, v1:: v2::stack)
=> exec(code,(Pair(ref v1,ref v2))::stack)

| (SPLIT::code, (Pair(v1,v2))::stack)
=> exec(code, !v1::!v2::stack)

| (ADD::code,(Int Const v1)::(Int Const v2)::stack)
=> exec(code, (Int Const(v1+v2))::stack)

| (SUB::code,(Int Const v1)::(Int Const v2)::stack)
=> exec(code,(Int Const(v1-v2))::stack)

| (MULT::code,(Int Const v1)::(Int Const v2)::stack)
=> exec(code, (Int Const(v1*v2))::stack)

| (EGAL::code,(Int Const v1)::(Int Const v2)::stack)
=> exec(code, (Bool Const(v1=v2))::stack)

| (CALL::code,(Adr code’)::v::stack)
=> exec(code’, v::(Adr code)::stack)

| (RETURN::code,v::(Adr code’)::stack)
=> exec(code’,v::stack)

| (BRANCH(adr1,adr2)::code,(Bool Const b)::stack)
=> if b then exec(code,adr1::stack)

else exec(code,adr2::stack)
| => raise Exec error;;

val exec: instruction list * value list -> value = <fun>

12.4.2 �ï×¼ Òqt$í
�l�

nMLáÔ�ÐÕªÏþ�_� ��{9��Ér Äºo��� 11.2]X�\�"f °úכB��̂� �©�u�\�¦ /BNÂÒ����"f ��6 xô�Ç
��õ	כ 1lx{9����.

# type ml unop = Ml fst | Ml snd;;

# type ml binop = Ml add | Ml sub | Ml mult | Ml eq | Ml less;;

# type ml exp =
Ml int const of int (* ÍòªÁ ªÉòªÁ *)

| Ml bool const of bool (* bool ªÉòªÁ *)
| Ml pair of ml exp * ml exp (* «Éò *)
| Ml unop of ml unop * ml exp (* ¤Éá³Éò ¬ÏáªÉá *)
| Ml binop of ml binop * ml exp * ml exp (* ¬È³Éò ¬ÏáªÉá *)
| Ml var of string (* ¨ÏáªÁ *)
| Ml if of ml exp * ml exp * ml exp (* ¼¡Íá§Öá *)
| Ml fun of string * ml exp (* ³ÉíªÁ *)
| Ml app of ml exp * ml exp (* ÍÞ¬Õò *)
| Ml let of string * ml exp * ml exp (* ªÍá¬Íá *)
| Ml letrec of string * ml exp * ml exp (* µ¡Ä ªÍá¬Íá *)
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;;

(����{9� �<ÊÃº compile�Ér [j>h_� �Ð�̧ �<ÊÃº, compile unop, compile binop,
compile var�̀¦ ��6 x�#� l��:r ���íß���\�¦ "î
§î
#Q�Ð ���8̈���¦, ���Ãº\� ]X���H���H
�¦̀�	כ 8̈��â
�̀¦ s�6 xK� (����{9�ô�Ç��.

# val compile unop = fn
Ml fst => FST

| Ml snd => SND;;
val compile unop: ml unop -> instruction = <fun>

# val compile binop = fn
Ml add => ADD

| Ml sub => SUB
| Ml mult => MULT
| Ml eq => EGAL
| => failwith "compile binop: not implemented";;

val compile binop: ml binop -> instruction = <fun>

# exception Compile error of string;;
exception Compile error of string

# fun compile var env v =
case env of

[] => raise(Compile error "unbound variable")
| (x::env) => if x=v then [FST]

else SND::(compile var env v);;
val compile var: ’a list -> ’a -> instruction list = <fun>

s�]j 12.3]X�\�"f ·ú����Ð��¤~�� ��õ	כ &ñ
SX�y� {9�u����H (����{9� �<ÊÃº\�¦ ·ú����Ð
��.

# fun compile e =
let fun comp env x = case x of

(Ml int const n) => [LOAD (Int Const n)]
| (Ml bool const b) => [LOAD (Bool Const b)]
| (Ml pair(e1,e2)) => [DUPL]@(comp env e2)@[SWAP]

@(comp env e1)@[CONS]
| (Ml unop(op,e)) => (comp env e)@[compile unop op]
| (Ml binop(op,e1,e2))

=> [DUPL]@(comp env e2)@[SWAP]@(comp env e1)@
[compile binop op]

| (Ml var v) => compile var env v
| (Ml if(e1,e2,e3))

=> [DUPL]@(comp env e1)@
[BRANCH(Adr(comp env e2@[RETURN]),

Adr(comp env e3@[RETURN])),
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CALL]
| (Ml fun(x,e))

=> [PUSH(Adr(comp (x::env) e @[RETURN])),SWAP,CONS]
| (Ml app(e1,e2))

=> [DUPL]@(comp env e2)@[SWAP]@(comp env e1)
@[SPLIT,IROT3,CONS,SWAP,CALL]

| (Ml let(x,e1,e2))
=> [DUPL]@(comp env e1)@[CONS]@(comp (x::env) e2)

| (Ml letrec(f,(Ml fun k),e2))
=> [PUSH NilList]@(comp (f::env) (Ml fun k))@[DUPL,ROT3,CONS,SETFST,FST]

@(comp (f::env) e2)
| (Ml letrec(f,e1,e2))

=> [DUPL,PUSH NilList,DUPL,CONS,DUPL,ROT3,CONS]
@(comp (f::env) e1)
@[DUPL,ROT3,FST,SETFST,SWAP,SND,SETSND,CONS]
@(comp (f::env) e2)

in (comp [] e)@[STOP]
end;;

val compile: ml exp -> instruction list = <fun>

s�]jÄºo���H�<ÊÃº compileõ� exec\�¦s�6 x�#�³ð�&³d���̀¦°úכB��̂�½+ÉÃºe����.

# val init stack= [NilList];;
val init stack: value list = [NilList]

# fun eval e = exec(compile e,init stack);;
val eval: ml exp -> value = <fun>

12.5 \V]j

Äºo��� ëß���H (����{9� �ï×¼_� çß�éß�ô�Ç \V]j[þts���.

# compile(ml exp of string "2+3");;
val it: instruction list

= [DUPL, LOAD (Int Const 3), SWAP, LOAD (Int Const 2), ADD, STOP]

# compile(ml exp of string "fn x => x*2");;
val it: instruction list
= [PUSH (Adr [DUPL, LOAD (Int Const 2), SWAP, FST, MULT, RETURN]),
SWAP, CONS, STOP]

# compile(ml exp of string "(fn x => x*2) 3");;
val it: instruction list
= [DUPL, LOAD (Int Const 3), SWAP,
PUSH (Adr [DUPL, LOAD (Int Const 2), SWAP, FST, MULT, RETURN]),
SWAP, CONS, SPLIT, IROT3, CONS, SWAP, CALL, STOP]
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s�]j °úכB��̂�\� �'aô�Ç 11.2]X�_� ¿º>h_� \V]j\�¦ ¶ú�(R�Ð��.

# val P1=
(ml exp of string
("let val double = fn f => fn x => f(f x)" ^
"in let val sq = fn x => x*x" ^
" in (double sq) 5 end end"));;

# compile P1;;
val it: instruction list
= [DUPL,

PUSH
(Adr
[PUSH

(Adr
[DUPL, DUPL, FST, SWAP, SND, FST, SPLIT, IROT3, CONS, SWAP,
CALL, SWAP, SND, FST, SPLIT, IROT3, CONS, SWAP, CALL, RETURN]),

SWAP, CONS, RETURN]),
SWAP, CONS, CONS, DUPL,
PUSH (Adr [DUPL, FST, SWAP, FST, MULT, RETURN]), SWAP, CONS, CONS,
DUPL, LOAD (Int Const 5), SWAP, DUPL, FST, SWAP, SND, FST, SPLIT,
IROT3, CONS, SWAP, CALL, SPLIT, IROT3, CONS, SWAP, CALL, STOP]

# eval P1;;
val it: value = Int Const 625

# val P2 =
(ml exp of string
("let val rec fact=" ^
"fn n => if n=0 then 1 else n*(fact(n-1)) in" ^
"fact 10 end"));;

# compile P2;;
val it: instruction list

= [PUSH NilList,
PUSH
(Adr

[DUPL, DUPL, LOAD (Int Const 0), SWAP, FST, EGAL,
BRANCH
(Adr [LOAD (Int Const 1), RETURN],
Adr
[DUPL, DUPL, DUPL, LOAD (Int Const 1), SWAP, FST, SUB, SWAP,
SND, FST, SPLIT, IROT3, CONS, SWAP, CALL, SWAP, FST, MULT,
RETURN]),

CALL, RETURN]),
SWAP, CONS, DUPL, ROT3, CONS, SETFST, FST, DUPL,
LOAD (Int Const 10), SWAP, FST, SPLIT, IROT3, CONS, SWAP, CALL,
STOP]
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# eval P2;;
val it: value = Int Const 3628800

��t�}�� \V]j��H #Qb�G>� F�)&h���� °ú̀�כ¦ ëß�×¼��H áÔ�ÐÕªÏþ�s� z�́'�����Ht� �Ð#�

ï�r��.

# val P3 =
(ml exp of string
"let rec p = (1,(2,p)) in fst(snd(snd p)) end");;

# compile P3;;
val it: instruction list
= [DUPL, PUSH NilList, DUPL, CONS, DUPL, ROT3, CONS, DUPL, DUPL, FST,

SWAP, LOAD (Int Const 2), CONS, SWAP, LOAD (Int Const 1), CONS,
DUPL, ROT3, FST, SETFST, SWAP, SND, SETSND, CONS, FST, SND, SND,
FST, STOP]

# eval P3;;
val it: value = Int Const 1

a:@�:@ 'Ö<<K

12.3 �\¹כ��9 _�ô�Ç °úכB��̂��̀¦ s�6 xô�Ç ~½Ód��Ü¼�Ð (����{9��Q\�¦ Ãº&ñ
���.

12.6 ���¹כ

t��FK��t� Bj�̧o�\� �<ÊÃº+þA ���#Q_� °ú̀�כ¦ ³ð�&³���H "é¶o�\�¦ ¶ú�(R�Ð�¦, ��«Ñ ½̈�̧
_� Òqt$í
��\�¦ ¶nqr�&h�Ü¼�Ð t�"é¶�l� 0AK� s�×�æ�½Ó�̀¦ ½+É{©����H çß�éß�ô�Ç ~½ÓZO��̀¦ /BN

ÂÒK��Ð��¤��. ¢̧ô�Ç °ú̀�כ¦ ëß�×¼��H ~½ÓZO�\�"f Ä»�̧�)a /BNÄ»(sharing)\�¦ y©��̧�%i���.

s�Êê\�, nML_� �<ÊÃº+þA :£¤$í
�̀¦ ½̈�&³���H $�Ãºï�r_� "î
§î
#Q |9�½+Ë�̀¦ ¶ú�(R�Ð��¤
��. ¢̧ô�Ç s� "î
§î
#Q |9�½+ËÜ¼�Ð nML�̀¦ (����{9����H ·ú��¦o�7£§�̀¦ &ñ
_��%i���. ·ú��¦
o�7£§�Ér [j>h_� Bj�̧o� %ò
%i� - �ï×¼, �n?, Õªo��¦ Û¼×þ� - \�"f 1lx���ô�Ç��. s����\� ��
6 xô�Ç z�́'�� �̧4Sq�Ér 11�©�\�"f ¶ú�(R�:r °úכB��̂� �©�u�\�"f Ä»�̧�)a 8̈��â
\� l��í��¦
e��t�ëß�, #�l�"f 8̈��â
s�����H ��s�n�#Q��H +þAd�� 8̈��â
((����{9� õ�&ñ
\�"f ��6 x÷&��H
8̈��â
)õ� z�́'�� 8̈��â
Ü¼�Ð ��*'#Q�����.

��t�}��Ü¼�Ð (����{9� �<ÊÃºü< nML\�"f �ï×¼ z�́'���̀¦ �̧_��Ð z�́+«>K��Ð��H �<ÊÃº
\�¦ ���$í
K� �Ð��¤��.

12.7 �8 C�Ö�¦ ?/6 x[þt

�<ÊÃº+þA ���#Q\�¦ ½̈�&³�l� 0Aô�Ç ~½ÓZO��̀¦ [O�"î
ô�Ç Õþ�s� ú́§t���H ·ú§��. ÅÒ�Ð ¹1Ôl� #Q
�9î�r ���½̈ l����� {9�ìøÍ&h�Ü¼�Ð ½̈�&³\� @/ô�Ç ��[jô�Ç ���½Ó�Ð����H s��:r&h���� �̧4Sq

�̀¦ [O�"î
���H �7Hë�H\�"f s���� �¦̀�	כ [O�"î
ô�Ç��.

CAML LIGHT\���6 x�)a ½̈�&³~½ÓZO�\��'ad��s�e����H1lq����Hq�2�¤ [23]s�s� ½̈
�&³_� 7á§ �̧A��)a !Q���\� @/K� ��ÀÒt�ëß� ú<��½+É ��¹כ��9 e����.
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�	�w�¾»\�s����\� ��H��ô�Ç (����{9� ~½Ód��s��� SML\�"f ½̈�&³�)a ~½Ód���Ér [4]\�¦ �ÃÐ
�̧ô�Ç��.

��t�}��Ü¼�Ð 0py�Ér °úכB��̂�s��� t�����)a °úכB��̂��̀¦ ��6 xô�Ç ���#Q\�¦ ½̈�&³���H ~½Ó

ZO��̀¦ [O�"î
ô�Ç �þt�Ér]	כ ú́§s� e����. :£¤y� [31]õ� [32]\�¦ �̂¦ ��¹כ��9 e����.
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��{9� Ä»ÆÒ

s���� �©�[þt\�"f nML_� Y>���t� ��{9� Ä»ÆÒ\�¦ ¶ú�(R�Ð��¤��. 5�©�\�"f ��+þA$í
�̀¦ ��
ÀÒ��H �¦̀�	כ ]jü@��¦��H ��_� @/ÂÒì�r ¶ú�(R�Ð��¤��. Õªo��¦ 5.3.1]X�\�"f áÔ�ÐÕªÏþ�
_� ��{9��̀¦ Ä»ÆÒ½+É Ãº e����H �̧|	��̀¦ çß�|ÄÌ�>� ·ú����Ð��¤��. nML�Ér ��+þA&h� ��{9�
�̂>�(polymorphic type system)�̀¦��t��¦e��l�M:ë�H\�, let val x = e1 in e2

end\�"f ���̧��H e1°ú �Ér °úכ�Ér e2\�"f x�� ��������H ~½Ód��\� ���� "f�Ð��H �̧í�H|̈c
t����̧ #��Q��t� ���Ér ��{9��̀¦ ��|9� Ãº e����.
ÕªXO�t�ëß� 5.3.1]X�\�"f Äºo���H let val x = e1 in e2 end\�"f x_� 0Au�\�

³ð�&³d�� e1�̀¦ u�8̈����H ~½Ód��Ü¼�Ð, 7£¤ e2 [x ← e1]\�¦ ��6 x���H �Ü¼�Ð	כ ³ð�&³d��
e2_���{9��̀¦���&ñ
�<ÊÜ¼�Ð+�,°ú �Ér ò́õ�\�¦%3��̀¦Ãºe��6£§�̀¦/BNÂÒ�%i���.s�~½Ód��_�
×�æ¹כô�Ç ë�H]j��H e1_� ��{9��̀¦ #��Q��� Ä»ÆÒK��� ô�Ç����H �.���s	כ Ô�¦¼#��<Ê�̀¦ \O�E�l�
0AK� Y>�Y>� ��������#Q\�"f ë�HÐ�o\� ���� "î
���� +þA6 x��\�¦ #Q+þA����o(decline)���H
��õ	כ °ú �Ér ~½Ód��Ü¼�Ð, e1õ� ��{9���s�_� �'a>�\�¦ ë�B#Q x�� ���̀¦ M:���� #��Q ~½Ód��
Ü¼�Ð #Q+þA����o\�¦ r�~�́ Ãº e����.

7á§�8&ñ
d��Ü¼�Ðs���l�������,s�����©�\�"f nML��{9�Ä»ÆÒ\�¦��+þA$í
��t��¦
�9K�"f ¶ú�(R�̂¦ �¦��s	כ z�́]j�Ð ��6 x÷&��H Ä»ÆÒ ·ú��¦o�7£§�̀¦ /BNÂÒ½+É �.���s	כ

13.1 ��{9� ½©gË:

nML\�"f ��{9� Ä»ÆÒ��H °úכB��̂�%�!3� ����½Ó ���íß����Ð &ñ
SX�y� &ñ
_�½+É Ãº e����.

E ` e : t

s���Ér	כ ��6£§õ� °ú s� {9���H��.

��{9� 8̈��â
 E\�"f ³ð�&³d�� e��H ��{9� t\�¦ �������.

°úכ 8̈��â
s� ���Ãºõ� °úכ_� �'a>� o�Û¼àÔ%i�~�� �	כ %�!3�, ��{9� 8̈��â
�Ér ���Ãºü< ��{9�
_� �'a>� o�Û¼àÔs���.

191
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13.1.1 u�8̈�\� _�ô�Ç ��+þA$í


��+þA$í
�Ér ��{9� Ä»ÆÒ\�¦ #Q§>�>� ô�Ç��. (fn x ⇒ x)ü< °ú �Ér ³ð�&³d���Ér ��{9� int
-> ints� |̈c Ãº�̧ e��t�ëß� ¢̧ô�Ç ��{9� bool -> bool{9� Ãº�̧, �8 ������ ��+þA&h�
��{9� ’a -> ’a{9� Ãº�̧ e����. 4�¤ú̧�K� �Ðs�t�ëß� s��¦̀�	כ ÆÒ�:r ½©gË:Ü¼�Ð &ñ
_����H
��Ér	כ ��0px���.

x : t ∈ E

E ` x : t
(���Ãº)

E ` e1 : t1 . . . E ` en : tn
E ` (e1, . . . , en) : (t1 ∗ . . . ∗ tn) (N-ÈÓe�¦)

E ` e1 : bool E ` e2 : t E ` e3 : t

E ` if e1 then e2 else e3 : t
(�̧|	�ë�H)

(x : t1) :: E ` e : t2
E ` fn x⇒ e : t1 → t2

(�<ÊÃº)

E ` e1 : t→ t′ E ` e2 : t

E ` (e1 e2) : t′
(&h�6 x)

s�]j Òqt$í
�� lets� ë�H]js���. �=������ s� Òqt$í
����H °ú �Ér ���Ãº\�¦ ¿º>h_� ��
�Ér ��{9�Ü¼�Ð ��6 x�>� ëß�[þtl� M:ë�Hs���. (\V\�¦ [þt�����, let val id = (fn x
⇒ x) in id id endü< °ú �Ér �â
Äº�� e����.) 5�©�\�"f��H let val id = (fn x
⇒ x) in id id end�̀¦ (fn x ⇒ x) (fn x ⇒ x)ü<°ú �Érd��Ü¼�Ðu�8̈��<ÊÜ¼�Ð
+� s� ë�H]j\�¦ ��Ò�¦ Ãº e�����¦ ]jîß��%i���. s���� ~½Ód��Ü¼�Ð Ø�æì�ry� ¿º ³ð�&³d�� (fn
x ⇒ x)_� ��{9��̀¦ ·ú� Ãº e����.
ëß���� s���� ~½Ód��Ü¼�Ð ��+þA$í
�̀¦ ��ÀÒ�9�¦ ô�Ç�����, Òqt$í
�� let\� @/ô�Ç ½©gË:�̀¦

��6£§õ� °ú s� jþt �.���s	כ

E ` e2[x← e1] : t

E ` let val x = e1 in e2 end : t
(Let)

ÕªXO�t�ëß� x�� e2\� ������t��̧ ·ú§��H �â
Äº\��̧ e1_� ��{9�s� ���&ñ
÷&#Q�� �

�¦, ����"f ��6£§õ� °ú s� ½©gË:�̀¦ jþt Ãº e����.

E ` e1 : t1 E ` e2[x← e1] : t

E ` let val x = e1 in e2 end : t
(Let)

F�)&h� 6 xZO��̀¦ �¦�9�l� 0AK� ��r�æ¼l�\� _�ô�Ç °úכB��̂��̀¦ &ñ
_��l� 0AK� ��

6 xÙþ¡~�� �©�Ãº Recü< let\�"f ��6 xô�Ç ��õ	כ °ú �Ér 7áxÀÓ_� u�8̈��̀¦ s�6 x½+É �.���s	כ

E ` e2[f← Rec(fn f⇒ e1)] : t

E ` let val rec f = e1 in e2 end : t
(Letrec)
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%i�r� #�l�"f�̧ ����̂ áÔ�ÐÕªÏþ�s� �̀¦��ØÔ>� ��{9��̀¦ Ä»ÆÒ���H �¦̀�	כ �Ð�©��l�

0AK�"f ³ð�&³d�� e1_� ��{9��̀¦ B�U�́ Ãº e��#Q�� �<Ê�̀¦ �Ð�©�K��� ô�Ç��. Õªo��¦ s��	כ
�Ér f�� ìøÍ×¼r� e2\� ����±ú� ¹��Hכ��9 \O�l� M:ë�H\� 0A ½©gË:\� _�K�"f��H SX�z�́y� ·ú�

Ãº \O���.

s� �̂>��� ú̧�1lx���ô�Ç����� ���#Q\�"f p�o� &ñ
_��)a �©�Ãº_���{9��̀¦ Ä»ÆÒ���H ½©

gË:�̧ëß�[þtÃºe���̀¦�s���.�©�Ãº	כ Rec�� ((t1 →t2) →(t1 →t2)) →(t1 →t2)_�
+þAI�\�¦ °ú���H #Q�"� ��{9��̧ ��|9� Ãº e��>� ½+É �.���s	כ
Ô�¦'��y��̧ ÂÒáÔ�ÐÕªÏþ��̀¦u�8̈��<ÊÜ¼�Ð"f��+þA$í
�̀¦��ÀÒ�9��H���Ér�&³z�́&h�s�t	כ

3lw���. ÕªA�"f Dh�Ðî�r ��s�n�#Q\�¦ ]jr�½+É �.���s	כ Õª��Ér	כ ÅÒ#Q��� ³ð�&³d��_� ��
0pxô�Ç �̧��H ��{9��̀¦ ³ð�&³½+É Ãº e����H ��{9� >h¹כs���.

13.1.2 B�>h���Ãº\�¦ s�6 xô�Ç ��+þA$í


7á§�8�&³z�́&h����~½ÓZO��Ér ± ¬́Ýî ¡µ¬À(type scheme)_�>h¥Æ��̀¦s�6 x���H���.���s	כ
{9�>h¹כ��H#Q�"����Ãº\�¦:£¤�or������{9�\�K�{©�ô�Ç��.s�:£¤Z>����Ãº\�¦ ²¼¡ÒåÍÞ(generic)s�
���¦½+É��#¹��Hכ�{9�>h���{9��̀¦u�8̈��<ÊÜ¼�Ð+��s���.ëß����Äºo����íF�c���Ãº_	כ
�Q 7áxÀÓ_� ���Ér ��{9�(��{9� >h¹כ_� >h�̂)�Ð ����o|̈c Ãº e����.

α1, · · · , αns��íF�c���Ãº�����{9�>h¹כ��H t����{9�{9�M: ∀α1 · · ·αn.t�Ð³ð�&³|̈c
�.���s	כ t\�"f ���Ãº α1 · · ·αn�̀¦ ��{9� t1,· · ·,tnÜ¼�Ð u�8̈��<ÊÜ¼�Ð+� s� ��{9� >h¹כ

_� >h�̂\�¦ %3��̀¦ Ãº e����. ����"f ÅÒ#Q��� ��{9�[þt ti\� @/K�"f t[αi ← ti]i=1,n�Ér

s��Qô�Ç ��{9� >h¹כ >h�̂s���.
Õª�QÙ¼�Ð �̧��H t\� @/K�"f ��{9� t->t\�¦ ��t���H (fn x ⇒ x)\� @/K�"f s�

³ð�&³d��s� ��{9� >h¹כ ∀α . α → α\�¦ ��������¦ ½+É �.���s	כ
��{9�_� �íF�c ���Ãº_� |9�½+Ës� /BN|9�½+Ë��� �â
Äº, Äºo���H ��{9�õ� ��{9� >h¹כ_� ¿º

��t� ��s�n�#Q\�¦ 1lx{9�����¦ çß�ÅÒ½+É �.���s	כ Õª�QÙ¼�Ð ��{9��Ér ¢̧ô�Ç ��{9� >h¹כ
�� ÷& 9 s���Ér	כ §Ïò̈ÊÞ(trivial)���.

13.1.3 ��{9� >h¹כ\�¦ �íF�c�o �l�

let val x = e1 in e2 end_� ��{9��̀¦ Ä»ÆÒ½+É M:, e1s� ��{9� t1���¦ Òqty��½+É �	כ

s���. Õªo��¦ ��"f s���_	כ �íF�c ���Ãº_� |9�½+Ë, α1, · · · , αn�̀¦ ½̈��¦, xü< ��{9� >h
¹כ ∀α1 · · ·αn . t1��s�_� Óü�6£§�̀¦ ÆÒ��ô�Ç ��{9� 8̈��â
\�"f e2_� ��{9��̀¦ Ä»ÆÒ½+É �	כ

s���.
s�]j ��{9�\�"f ��������H �̧��H ���Ãº×�æ\�"f #Q�"� ��{9� ���Ãº�� �íF�c�o |̈c Ãº

e����H t� ���&ñ
K���ëß� ô�Ç��.
��{9� ]jô�Ç �̧|	�\� @/K� ¶ú�(R�:r 5.3.1]X�\�"f, ��{9� Ä»ÆÒ��H ~½Ó&ñ
d�� |9�½+Ë_�

K�\�¦ ½̈���H �Ü¼�Ð	כ ³ð�&³÷&%3���. s���� �'a&h�\�"f, ~½Ó&ñ
d��s� K����÷&���(7£¤, 1lx{9�
�o(unification)�� {9�#Q�����), &ñ
SX�ô�Ç °ú̀�כ¦ °ú�>� |̈c p�t�Ãº�Ð+� ���Ãº[þt�̀¦ �����̂¦
Ãº e����. s���� p�t�Ãº ��î�rX< ~½Ó&ñ
d���̀¦ =åQ��t� Û�¦�¦èß� Êê\��̧ #����y� °ú̀�כ¦ °ú�
t� 3lwô�Ç ��Ér	כ �íF�c�o|̈c Ãº e����. ��z�́ Õª�þt�Ér]	כ &ñ
SX�ô�Ç °ú̀�כ¦ °ú�t� ·ú§l� M:ë�H\�
e��_�_� ��{9�Ü¼�Ð ³ð�&³ô�Ç��.
ÆÒ�:r ½©gË:\�"f ��6 x���H #Q½̈\�¦ s�6 xK� ��6£§õ� °ú �Ér +þAI��Ð ½©gË:�̀¦ ��Ë̈�9

�¦ ô�Ç��.

E ` e2[x← e1] : t

E ` let val x = e1 in e2 end : t
(Let)
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s��¦̀�	כ ��6£§õ� °ú s� ��õ�H��.

E ` e1 : t1 (x : ∀α1 · · ·αn . t1) :: E ` e2 : t

E ` let val x = e1 in e2 end : t
(Let)

Õªo��¦ αi_� |9�½+Ë�̀¦ ½̈ô�Ç��. ���õ�&h�Ü¼�Ð e1_� ��{9��̀¦ Ä»ÆÒ����"f %3��Ér ]jô�Ç

�̧|	��̀¦ ¢-a���y� K����K���ëß� ô�Ç��. Õªo��¦ ��"f t1\� ��������H ���Ãº ×�æ\�"f &ñ
SX�

ô�Ç °ú̀�כ¦ °ú�t� ·ú§��H ��{9� ���Ãº\�¦ �íF�c�oK���ô�Ç��. ·ú¡"f ¶ú�(R�Ð��¤1pws�, s��þt�Ér]	כ
e1\� �'aº���)a ë�HÐ�o\� _��>r�t� ·ú§��H �.���þts]	כ ë�HÐ�o�Ér ��{9� 8̈��â
 E�Ð ³ð�&³÷&�¦,
����"f �íF�c�o�)a ���Ãº[þt�Ér E\� ������t� ·ú§��H t1_� ���Ãº[þts���. (E�� s�]jÂÒ'�
��{9� >h¹כ\�¦ ��t��¦ e��6£§�̀¦ l�%3����.)

����"f �íF�c�o�)a ���Ãº_� |9�½+Ë�Ér vars(t1)\vars(E)s���.

13.1.4 >h�̂�o(Instantiation)

(let_�_�K�ëß�[þt#Qt���H)���Ãº��#��Q������̧���,��+þA$í
\�_�K�°ú �Ér���Ãº����
�Ér ��{9�(>h�̂)\�¦ ��|9� Ãº e����. y��y��_� ��{9�s� ���̧��H ��õ	כ ��{9�[þts� 5Åqô�Ç ��
{9� >h¹כ_� �'a>�\�¦ ¡µ¹³כ½ ¡Òá¡»(instantiation relation)���¦ ô�Ç��. s���Ér	כ
≤���¦ ��H��. ëß���� t’= t[αi ≤ ti]i=1,n��� ��{9� t1,· · ·,tns� �>rF�ô�Ç�����, ��{9�
t’�Ér ��{9� >h¹כ ∀α1 · · ·αn . t_� >h�̂s���.

13.1.5 B�>h���Ãº\�¦ s�6 xô�Ç ��+þA$í
\�"f_� ��{9� ½©gË:

s�]j Äºo�_� ����Ér ���#Q\�"f ��{9�\� �'aô�Ç Dh�Ðî�r ÆÒ�:r ½©gË:�̀¦ "î
«Ñ�>� ³ð�&³½+É

Ãº e����. s� ½©gË:[þt�Ér s�2£§õ� let Òqt$í
��\� @/ô�Ç ½©gË:�̀¦ ]jü@���� 13.1.1]X�\�"f
�è>h�)a �̂>�ü< °ú ��. #�l�"f t, t1 1pxÜ¼�Ð ³ðr��)a Ì�o�̂��H ��{9� >h¹כ�� ����� ��

{9��̀¦ �����·p��. ��{9�\� �'aô�Ç ÆÒ�:r ½©gË:\�"f ��{9� >h¹כ��H �̧f�� ��{9� 8̈��â
\�"fëß�
����±ú� t��̧ �̧�Ér��.
¿º>h_� Dh�Ðî�r ½©gË:�Ér ��6£§õ� °ú ��.

x : ∀α1 · · ·αn . t1 ∈ E t′ ≤ ∀α1 · · ·αn . t

E ` x : t′
(���Ãº)

E ` e1 : t1 {αi}i=1,n = vars(t1) \ vars(E) (x : ∀α1 · · ·αn . t1) :: E ` e2 : t2
E ` let val x = e1 in e2 end : t2

(Let)

Let\� @/ô�Ç ��{9� ½©gË:s� ��{9� 8̈��â
\� ��{9� >h¹כ\�¦ ÆÒ��ô�Ç����H &h�\� ÅÒ3lq�
��. (s� ��{9� >h¹כ��H ëß���� #Q�"� ��{9� ���Ãº�̧ �íF�c�o�t� ·ú§��¤����� "î
Ñþ�ô�Ç ��{9�
>h9}¹כ� Ãº�̧ e����.) s�\� q�K�, fn\� @/ô�Ç ½©gË:�Ér "î
Ñþ�ô�Ç ��{9� >h7£¤)¹כ, ��{9�)\�¦
8̈��â
\� ÆÒ���t� ·ú§��H��.
çß�éß�y� �l� 0AK� éß��½Ó ���íß���ü< s��½Ó ���íß���\� @/ô�Ç ½©gË:�Ér Òqt|ÃÌÙþ¡��.

#�l�"f ���_� ��{9� ½©gË:s� ���#Q_� y�� Òqt$í
��\� K�{©��<Ê\� ÅÒ3lq���. ����"f
³ð�&³d��_���{9��̀¦Ä»ÆÒ�l�0Aô�ÇáÔ�ÐÕªÏþ��Ér�����_� ½̈�̧\�K�{©����H�â
Äº\���

�� &ñ
_��)a �<ÊÃº{9� �.���s	כ

ìøÍ@/�Ð, s� ÆÒ�:r ½©gË:�̀¦ ·ú��¦o�7£§Ü¼�Ð ���8̈����H ��Ér	כ °úכB��̂� áÔ�ÐÕªÏþ�_� �â

Äºëß��puçß�éß��t�·ú§��.°úכB��̂�_��â
Äº, 8̈��â
 Eü<³ð�&³d�� e\�¦~ÃÎ��"f°úכ v\�¦ìøÍ8̈�
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���H �<ÊÃº eval\�"f �<ÊÃº_� &ñ
_�\� ��������H ���m��_� �â
Äº�Ð ÆÒ�:r½©gË:�̀¦ s�
K�½+É Ãº e��%3���. y�� ½©gË:\� @/K�"f ³ð�&³d��(f��]X�&h���� e_� ÂÒ ³ð�&³d��s����� ×�æçß�
°úכ\�"f %3��Ér ³ð�&³d��)\� @/ô�Ç (½©gË:_� ���]j\� K�{©����H) F�)  ñØ�¦�̀¦ s�6 x�#�
ìøÍ8̈�½+É °úכ v\�¦ >�íß�½+É Ãº e��%3���. y��  ñØ�¦�̀¦ ���H 1lxîß�, ���õ�\�¦ 0AK� $��©�K���
����� ��6£§ F�)  ñØ�¦�̀¦ �l� 0AK� ���²ú�K���½+É ×�æçß�°ú̀�כ¦ >�íß�ô�Ç��. ��t�}�� F�
)  ñØ�¦�̀¦ ���� þj7áx ���õ�_� ����̂ ¢̧��H {9�ÂÒì�rs� ëß�[þt#Q�����.

��{9� Ä»ÆÒ_� �â
Äº �©�S!�s� �̧�FK 4�¤ú̧����. z�́]j�Ð ��6£§_� ¿º��t� ë�H]j\� f��
���K� e����.

1. ��{9� t�� e2_� ��{9�s����"f 1lxr�\� e1_� ��{9�_� ����� ÂÒì�rs�#Q�� ���H �<Ê

Ãº &h�6 x\� @/ô�Ç ½©gË:\�"f ��������H {9�ìøÍ&h���� 1lx1px �̧|	��̀¦ #Qb�G>� �¦�9K�

�� ���H��?

2. ÆÒ�©��o(�<ÊÃº)_� ��{9��̀¦ &ñ
½+ÉM:, +þAd�� �����_� ��{9�\� @/ô�Ç ��&ñ
(t1)�̀¦ [j
0>�� ô�Ç��. #Qb�G>� �̀¦���Ér ��&ñ
�̀¦ ½+É �?�����	כ ���Ér ú́��Ð ���� #Qb�G>� s�
���\� ���/åLô�Ç ]jô�Ç �̧|	�_� ���õ�\�¦ áÔ�ÐÕªÏþ�_� �� Qt� ÂÒì�r��t� �̧²ú���̧

2�¤ �����r�~�́ �?�����	כ

1lx1px ]jô�Ç �̧|	��̀¦ ���²ú����H ë�H]j��H :£¤y� #Q�90> �Ð�����. s� ]jô�Ç �̧|	��Ér �<Ê
Ãº &h�6 xM:ë�H\� ���:r �,¦��s	כ ����"f ]jô�Ç �̧|	�[þt�̀¦ +'Aá¤Ü¼�Ð, \V\�¦ [þt#Q �<ÊÃº
�����_� ��{9�Ü¼�Ð, ���²ú�K��� ô�Ç��. u�8̈�\� _�ô�Ç ��+þA$í
s���H, B�>h ���Ãº\� _�ô�Ç
��+þA$í
s���H #Q�"� ~½ÓZO��̀¦ ���×þ����Ht� çß�\� s� #Q�9î�r ë�H]j\� >�5Åq f������>� �)a

��.

Óüt�:rÄºo�_�²ú��Ér1lx{9��o\�¦s�6 x���H�.���s	כ (1lx{9��o\�@/ô�Ç�è>h��H 5.2.4]X�
\� e����.) ��{9�\� @/ô�Ç 1lx1px �̧|	�õ� s� �̧|	��̀¦ ���²ú����H ��Ér	כ ¿º>h_� ���&ñ
&h����
�©�S!�\�"f �¦�9�)a��.

1. ¿º >h_� ��{9�s� °ú ��t�l� ���\� Õª[þt�̀¦ 1lx{9��o�l� 0AK� u�8̈��̀¦ ½+É M:

2. u�8̈�ô�Ç �¦̀�	כ ��{9� 8̈��â
\� &h�6 x�l� 0AK� ���õ�_� {9�ÂÒì�rÜ¼�Ð+� K�{©� u�8̈�
�̀¦ ìøÍ8̈�½+É M:

��z�́�©� 1lx1px �̧|	�s� ���²ú�÷&��H ��Ér	כ ��{9� 8̈��â
�̀¦ :�xK� s�ÀÒ#Q�����. s���Ér	כ
1lx1px �̧|	��̀¦ s�6 xK� �̧�FK �8 >h�̂�oô�Ç ��{9� >h¹כ[þt�̀¦ ��{9� 8̈��â
s� ��t��¦ e��l�

M:ë�Hs���.

13.2 ��{9� Ä»ÆÒ áÔ�ÐÕªÏþ� ���$í
�l�

#Qb�G>� ��{9� Ä»ÆÒ áÔ�ÐÕªÏþ��̀¦ ���$í
½+Ét�\�¦ �¦����l� ���\� ���#Q, ��{9� ³ð�&³~½Ód��,
u�8̈�, Õªo��¦ >h�̂�oü< �íF�c�o\�¦ 0Aô�Ç ~½ÓZO��̀¦ Òqty��K��� ô�Ç��.
���#Q_� ³ð�&³d��, ��{9�, Õªo��¦ u�8̈�\� @/K�"f 5.3.1]X�\�"f �è>hô�Ç �¦̀�	כ ��r�

¶ú�(R�̂¦ �.���s	כ ���#Q_� ��{9��Ér ���Ãº�� &ñ
Ãº��� #Q½̈�Ð ëß�[þt �.���s	כ \V\�¦ [þt#Q
��6£§_� �<ÊÃº��H éß��½Óõ� s��½Ó ���íß���_� {9�§4� ��{9�õ� ���õ� ��{9��̀¦ ]j/BNô�Ç��.

# val unop type = fn
Ml fst ⇒ let val a = Var(new int()) val b = Var(new int())
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in (pair(a,b),a)
end

| Ml snd ⇒ let val a = Var(new int()) val b = Var(new int())
in (pair(a,b),b)
end;;

val unop type: ml unop -> (string, int) term * (’a, int) term = <fun>

# val binop type = fn
Ml add ⇒ (const "int", const "int",const "int")

| Ml sub ⇒ (const "int", const "int",const "int")
| Ml mult ⇒ (const "int", const "int",const "int")
| Ml eq ⇒ (const "int", const "int",const "bool")
| Ml less ⇒ (const "int", const "int",const "bool");;

val binop type: ml binop -> (string, ’a) term * (string, ’b) term *
(string, ’c) term = <fun>

¢̧ô�Ç Dh�Ðî�r >h¥Æ���� ��{9� >h¹כ\�¦ �¦�9ô�Ç��. s��¦̀�	כ ��6£§_� ��{9�Ü¼�Ð ³ð�&³ô�Ç
��.

# type ’a scheme = Forall of int list * ’a;;

\V\�¦ [þt#Q

# Forall([1], arrow(Var 1, Var 1));;
val it: (string, int) term scheme

= Forall ([1], Term (‘‘arrow’’, [Var 1, Var 1]))

��H �<ÊÃº (fn x ⇒ x)ü< �'aº���)a ��{9� >h¹כ ∀α . α → α�̀¦ ³ð�&³ô�Ç��.

13.2.1 ��{9� �íF�c�o�l�

(Let)½©gË:\�"f³ð�&³Ùþ¡1pws�,��{9�_��íF�c�o��H�&³F���{9� 8̈��â
\��'a>�÷&#Qe����.
����"f ��6£§_� ¿º>h_� �<ÊÃº�� ¹כ��9���.

subtract : ’a list -> ’a list -> ’a list
unique : ’a list -> ’a list

subtract l1 l2_� ���õ���H l2_� ��0pxô�Ç "é¶�è[þt�̀¦ �̧¿º ]jü@ô�Ç o�Û¼àÔ l1s�

��. �<ÊÃº subtract��H p�o� &ñ
_�÷&%3���.
unique xs_� ���õ���H ×�æ4�¤�̀¦ ]j��ô�Ç o�Û¼àÔ xss���. ����"f ���õ��Ð %3��Ér

xs’_� "é¶�è��H o�Û¼àÔ xs’\�"f Ä»{9����. unique_� &ñ
_���H ���_þvë�H]j�Ð z����¿º
l��Ð ô�Ç��.
��6£§_� �<ÊÃº��H ������Ð ���²ú�÷&��H ��{9�8̈��â
\� ��������H ��f�� &ñ
_�÷&t� ·ú§�Ér

���Ãº\�¦ ¹1Ô��H��.

# fun vars of tyenv env =
flat map (fn ( , Forall(gvars, t)) ⇒ subtract (vars t) gvars) env;;

val vars of tyenv: (’a * (’b, int) term scheme) list -> int list = <fun>
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�íF�c�o �<ÊÃº��H ��6£§õ� °ú s� çß�éß�y� &ñ
_��)a��.

# fun generalize env t =
let val gvars = unique (subtract (vars t) (vars of tyenv env))
in Forall(gvars, t)
end;;

val generalize: (’a * (’b, int) term scheme) list
-> (’c, int) term -> (’c, int) term scheme = <fun>

13.2.2 >h�̂�o

ÅÒ#Q��� ��{9� >h¹כ\� @/K�, >h�̂�o �<ÊÃº��H Õª >h¹כ_� “���©� ����Ér” >h�̂\�¦ ìøÍ8̈�
ô�Ç��. 7£¤, �<ÊÃº��H éß�í�Hy� ��{9� >h¹כ_� �íF�c ���Ãº_� s�2£§�̀¦ ��r� f±	��H��. s���� ~½Ó
d��Ü¼�Ð Dh�Ðî�r ��{9� ���Ãº�� 7á§�8 &ñ
SX�ô�Ç °ú̀�כ¦ °ú�>� ���H ��Ér	כ 1lx{9��o\� ²ú��9e��

��.

# val instance = fn Forall(gvars,t) ⇒
let renaming = map (fn n ⇒ (n, Var(new int()))) gvars
in apply subst renaming t
end;;

val instance: (’a, int) term scheme -> (’a, int) term = <fun>

13.2.3 ÆÒ�� �<ÊÃº[þt

s�]j ��{9��̀¦ Ä»ÆÒ���H ÅÒ ·ú��¦o�7£§�̀¦ &ñ
_��l� ���\� Y>���t� ÂÒ�� �<ÊÃº\�¦ &ñ
_�

ô�Ç��.

u�8̈�. Äº���, ��{9�8̈��â
\� ��{9� >h¹כ\�¦ ��t��¦ e��l� M:ë�H\� (Õª�QÙ¼�Ð &ñ
|¾Ó�o
�)a ���Ãº\�¦ ��t��¦ e��l� M:ë�H\�), u�8̈��̀¦ &h�6 x½+É M: s��¦þt�̀]	כ u�8̈��t� ·ú§�̧2�¤
�̧d��K��� ô�Ç��. ��6£§ �<ÊÃº��H u�8̈�_� &ñ
_�%i�\�"f ���Ãº\�¦ ]j��ô�Ç��.

# fun subst but v x = case x of
[] ⇒ []

| (v1,t1)::subst ⇒
if v1 = v then subst but v subst
else (v1,t1)::(subst but v subst);;

val subst but: ’a -> (’a * ’b) list -> (’a * ’b) list = <fun>

ëß���� ���Ãº o�Û¼àÔ\� @/K� s� õ�&ñ
�̀¦ ìøÍ4�¤����, ��6£§õ� °ú s� u�8̈�_� &ñ
_�%i�
Ü¼�ÐÂÒ'� ���Ãº_� |9�½+Ë�̀¦ ]j��½+É Ãº e����.

# val rec subst minus subst vars =
case vars of

[] ⇒ subst
| v::vs ⇒ subst minus (subst but v subst) vs;;

val subst minus: (’a * ’b) list -> ’a list -> (’a * ’b) list = <fun>

s�]j ��{9� 8̈��â
\� u�8̈��̀¦ &h�6 x½+É Ãº e����.
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# val subst env subst env =
map(fn (k, Forall(gvars,t)) ⇒

(k,Forall(gvars, apply subst (subst minus subst gvars) t))) env;;
val subst env: (int * (’a, int) term) list

-> (’b * (’a, int) term scheme) list
-> (’b * (’a, int) term scheme) list = <fun>

��{9�\�"f #Q½̈�Ð_� ���8̈�. 5.2]X�\�"f&ñ
_�ô�Ç�<ÊÃº\�¦s�6 xK���{9�\�"f#Q½̈�Ð
���8̈��l�0AK�"f��H,���$�&ñ
Ãº��{9�_����Ãº\�¦ë�H��\P��Ð��ÜãJ�9¹כ���e����.s��	כ
�Ér �<ÊÃº make string vars�� Ãº'��ô�Ç��.

# val rec term map fop fleaf x = case x of
Term(oper, sons) ⇒ Term(fop oper, map (term map fop fleaf) sons)

| Var(n) ⇒ Var(fleaf n);;
val term map: (’a -> ’b) -> (’c -> ’d) -> (’a, ’c) term -> (’b, ’d) term = <fun>

# val make string vars t =
let var of int n =

‘‘v’’^(string of int n)
in term map (fn x⇒x) var of int t end;;

val make string vars: (’a, int) term -> (’a, string) term = <fun>

13.2.4 ÅÒ �<ÊÃº

s�]j ��{9��̀¦ Ä»ÆÒ���H ÅÒ �<ÊÃº\�¦ &ñ
_�K��Ð��. r�����l� ���\�, Õª 5Åq\� e����H "é¶
o�\�¦ "î
SX�y� �l�0AK� Y>���t�\�¦ Òqty��K��Ð��.
�<ÊÃº type expr�Ér ¿º>h_� �����\�¦ ~ÃÎ��H��. ��{9� 8̈��â
 Eü< ³ð�&³d�� es���. Õª

o��¦ ��{9� tü< u�8̈� σ\�¦ ìøÍ8̈�ô�Ç��. s� u�8̈��Ér ��{9� 8̈��â
 E\� @/K� 1lx1px �̧|	�s�
����?/��H ò́õ�\�¦ ³ð�&³ô�Ç��. s� 1lx1px �̧|	��Ér e_� ��{9�s� &ñ
K�t���H 1lxîß�\� ëß�[þt
#Q�����. Õª�QÙ¼�Ð s��¦̀�	כ

(σ,t) = type expr E e

��6£§õ� °ú s�

σ(E) ` e : t

K�$3�K���ô�Ç��.
����:r&h�Ü¼�Ð ��6£§_� ·ú��¦o�7£§\�"f u�8̈��̀¦ ��ÀÒ��H ��Ér	כ B�Äº jËµ[þt��. :£¤y� �&³

F� ³ð�&³d��s� Y>�>h_� ÂÒ ³ð�&³d��(�̧|	�ë�H\�"fü< °ú s�)�̀¦ �í�<Ê���H �â
Äº\�, y�� ÂÒ
³ð�&³d��\� @/K�

• s� ÂÒ³ð�&³d��_� ��{9� tü< u�8̈� σ\�¦ %3�#Q�� ô�Ç��.

• u�8̈� σ\� _�K� Ãº&ñ
�)a 8̈��â
\�"f s�Êê_� ÂÒ áÔ�ÐÕªÏþ�_� ��{9��̀¦ ���&ñ
K���
ô�Ç��.
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Õªo��¦ s���s	כ ���ÂÒ�� ��m���. �&³F� ÂÒ ³ð�&³d��_� éß�>�\�"f 1lx{9��o õ�&ñ
�̀¦
:�xK� ëß�[þt#Q��� ×�æçß����õ�Óüt��� ÂÒ u�8̈�[þt�̧ ÆÒ�� ÷&#Q�� ��¦, ����"f ���õ��Ð ìøÍ
8̈�½+É u�8̈��̀¦ ëß�[þtl� 0AK� s��¦þt�̀]	כ �̧¿º ½+Ë$í
K��� ô�Ç��.
����"f �<ÊÃº_� ���+þA&h����(Õªo��¦ <Éªp��Ðî�r) �â
Äº[þt�Ér ��6£§õ� °ú ��.

�©�Ãº K�{©����H ��{9��̀¦ ìøÍ8̈���¦, ��� u�8̈��̀¦ Òqt$í
ô�Ç��.

���Ãº �&³F� 8̈��â
\�"f ���Ãºü< ����'a÷&#Qe����H ��{9� >h¹כ_� >h�̂\�¦ ìøÍ8̈�ô�Ç��.

ÆÒ�©� Dh�Ðî�r ��{9� ���Ãº αü< u�8̈�σ\�¦ %3��¦, �<ÊÃº_� 3lu�̂\�"f ��{9� t2\�¦ Ä»ÆÒ�

l� 0AK� ·ú¡"f %3��Ér ��{9� ���Ãº αü< +þAd�� �����\�¦ �'a>� f±	��H��.

Let letë�H ?/\�"f �������)a °úכ_� ��{9� t1�̀¦ Ä»ÆÒô�Ç��. s�\�¦ :�xK� u�8̈� σ1\�¦ %3���H

��. 8̈��â
 σ1(E)\� @/K� t1�̀¦ �íF�c�o �#� ��{9� >h¹כ ts1�̀¦ >�íß�ô�Ç��. ��t�
}��Ü¼�Ð let\� _�K� �������)a ���Ãº s�2£§õ� ��{9� >h¹כ ts1_� Óü�6£§�̀¦ ÆÒ��ô�Ç

8̈��â
 σ1(E)\�"f let_� 3lu�̂_� ��{9��̀¦ >�íß�ô�Ç��.

&h�6 x ���$� &h�6 x_� ¿º>h_� ÂÒ ³ð�&³d��_� ��{9��̀¦ %3���H��. s�\�¦ 0AK�, %�6£§ ÂÒ ³ð�&³
d��\�"f >�íß��)a u�8̈��̀¦ ��6 x�#� ¿º���P: ��_	כ ��{9��̀¦ ëß���H��. &h�6 x_� �<ÊÃº
ÂÒì�r_� ��{9��Ér ìøÍ×¼r� �<ÊÃº+þA ��{9� t’1 →t’2#��� ��¦, t’1��H ¢̧ô�Ç ���

��_� ��{9�s�#Q�� ô�Ç��. ëß���� ¿º>h_� ÂÒ ³ð�&³d��_� ��{9� ���õ�\�¦ (σ1,t1)õ�
(σ2,t2)���¦ ����, ��6£§�̀¦ Ãº'��K��� ô�Ç��.

• t2 →σ�Ð σ2(t1)\�¦ 1lx{9��oô�Ç��. (α��H Dh�Ðî�r ��{9� ���Ãºs���.) Õªo�
�¦ s���_	כ 1lx{9��o �©�u� µ\�¦  ñØ�¦ô�Ç��.

• (µ o σ2 o σ1, µ(α))\�¦ ���õ��Ð ìøÍ8̈�ô�Ç��.

F�) l��:r ��s�n�#Q��H Dh�Ðî�r ��{9� ���Ãºü< F�)&h�Ü¼�Ð &ñ
_��)a ���Ãº s�2£§�̀¦ �'a

>�f±	�¦, &ñ
_�_� 3lu�̂ÂÒì�r_� ��{9��̀¦ >�íß����H �.���s	כ s���Ér	כ 1lx{9��o\�¦ :�x
K� ��{9� ���Ãº_� °ú̀�כ¦ 7á§�8 ú́§s� >h�̂�oô�Ç +þAI��Ð ëß�[þt �.���s	כ Õª Êê\���H
letõ� >á¤°ú s� Ãº'��ô�Ç��.

(q�2�¤ z���Ér �â
Äº[þts� s�[þt�Ð�� {9�ìøÍ&h�Ü¼�Ð 7á§�8 ú́§t�ëß�) z���Ér �â
Äº[þt�Ér éß�
í�Hy� &h�6 x\�"f ¶ú�(R�:r ��_	כ ���+þAs���.

# val rec type expr = fn tenv expr => case expr of
Ml int const n => ([],const "int")

| Ml bool const b => ([],const "bool")
| Ml var s => ([], instance (List.assoc s tenv)

handle Not found => failwith "Unbound variable")
| Ml fun(s,e) =>

let val alpha = Var(new int())
in let val (su,t) = type expr ((s,Forall([],alpha))::tenv) e

in (su,arrow(apply subst su alpha,t))
end

end
| Ml let(s,e1,e2) =>

let val (su1,t1) = type expr tenv e1
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in let val ts1 = generalize (subst env su1 tenv) t1
in let val (su2,t2) = type expr ((s,ts1)::(subst env su1 tenv)) e2

in (compsubst su2 su1, t2)
end

end
end

| Ml app(e1,e2) =>
let val (su1,t1) = type expr tenv e1
in let val (su2,t2) = type expr (subst env su1 tenv) e2

in let val alpha = Var(new int())
in let val mu = unify (apply subst su2 t1, arrow(t2,alpha))

in (compsubst mu (compsubst su2 su1),apply subst mu alpha)
end

end
end

end
| Ml unop(unop,e) =>

let val (ti,t0) = unop type unop
in let val (su,t) = type expr tenv e

in let val mu = unify (ti,t)
in (compsubst mu su, apply subst mu t0)
end

end
end

| Ml pair(e1,e2) =>
let val (su1,t1) = type expr tenv e1
in let val (su2,t2) = type expr (subst env su1 tenv) e2

in (compsubst su2 su1, pair(apply subst su2 t1, t2))
end

end
| Ml binop(binop,e1,e2) =>

let val (ta1,ta2,tr) = binop type binop in
let val (su1,t1) = type expr tenv e1 in
let val mu1 = unify (t1, ta1) in
let val s1 = compsubst mu1 su1 in
let val (su2,t2) = type expr (subst env s1 tenv) e2 in
let val s2 = compsubst su2 s1 in
let val mu2 = unify (t2,apply subst s2 ta2) in
let val s3 = compsubst mu2 s2 in
(s3,apply subst s3 tr) end end end end end end end end

| Ml if(e1,e2,e3) =>
let val (su1,t1) = type expr tenv e1 in
let val mu1 = unify (t1, const "bool") in
let val s1 = compsubst mu1 su1 in
let val (su2,t2) = type expr (subst env s1 tenv) e2 in
let val s2 = compsubst su1 s1 in
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let val (su3,t3) = type expr (subst env s2 tenv) e3 in
let val s3 = compsubst su3 s2 in
let val mu3 = unify (t3, apply subst su3 t2) in
(compsubst mu3 s3, apply subst mu3 t3) end end end end end end end end

| Ml letrec(s,e1,e2) =>
let val t1 = Var (new int()) in
let val ts1 = Forall([],t1) in
let val (su1,t1) = type expr ((s,ts1)::tenv) e1 in
let val tss = generalize (subst env su1 tenv) (apply subst su1 t1) in
let val (su2,t2) = type expr ((s,tss)::(subst env su1 tenv)) e2 in
(compsubst su2 su1,t2) end end end end end;;

val type expr: (string * (string, int) term scheme) list ->
ml exp -> (int * (string, int) term) list * (string, int) term = <fun>

13.2.5 \V]j

��6£§ �<ÊÃº��H Y>���t� \V]j\�¦ :�xK� ~½Ó�FK ëß���H ·ú��¦o�7£§�̀¦ _�Û¼àÔô�Ç��.

# val type of = fn e =>
reset new int();
let val (su,t) = type expr [] e
in ml type of term (make string vars t)
end;;

val type of: ml exp -> ml type = <fun>

\V]j\�"f ��{9� Ä»ÆÒl�_� ���õ��Ð %3���H °úכ�Ér ��6£§_� �<ÊÃº\�¦ :�xK� Ø�¦§4�ô�Ç��.

print ml type: ml type -> unit

��{9� ml type °úכ_� l��:r Ø�¦§4�l�s���.

# type of (ml exp of string ("let val id = fn x => x " ^
"in (id 3, id true) end"));;

val it: ml type = (int * bool)

# type of (ml exp of string ("fn x => x"));;
val it: ml type = (v0 -> v0)

# type of (ml exp of string "(fn x => x x)(fn x => x)");;
Uncaught exception: <local exception>

13.3 ��õ�&h� 1lx{9��o\�¦ s�6 x�#� ��{9� Ä»ÆÒ�l�

13.4 ���¹כ

��{9��̀¦ Ä»ÆÒ���H ¿º��t� ·ú��¦o�7£§�̀¦ :�xK� nML_� @/³ð&h���� Ùþ�d�� ÂÒì�r��� ��{9�
\� �'aô�Ç ½©gË:�̀¦ ·ú����Ð��¤��. %�6£§ ·ú��¦o�7£§�Ér u�8̈��̀¦ s�6 x�#� {9�ìøÍ&h� #Q½̈\�
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@/ô�Ç 1lx{9��o\�¦ s�6 x�%i���. s� ·ú��¦o�7£§�Ér �7Hë�H\� ���̧��H ��õ	כ q�5pw��¦, ��6£§
_� $í
|9��̀¦ 7£x"î
½+É Ãº e��l� M:ë�H\� s��:r&h�Ü¼�Ð <Éªp�\�v��.

• &ñ
SX�$í
: ·ú��¦o�7£§_� ���õ���H ÆÒ�:r �̂>�_� �̀¦���Ér ���%i�õ�&ñ
\� K�{©�ô�Ç��.

• ¢-a���$í
: ÆÒ�:r �̂>�_� �̧��H ���%i�õ�&ñ
�Ér ·ú��¦o�7£§_� ���õ�\� u�8̈��̀¦ &h�6 xK�
"f %3��̀¦ Ãº e����.

¿º���\� ¶ú�(R�:r ·ú��¦o�7£§�Ér 7á§�8 �&³z�́&h�s���. s���Ér	כ 1lx{9��o\�¦ 0AK� Óüto�&h�
Ü¼�Ð #Q½̈\�¦ SX�������H ��õ�&h� 1lx{9��o ·ú��¦o�7£§�̀¦ ��6 xô�Ç��.

13.5 �8 C�Ö�¦ ?/6 x[þt

ML ���#Q_� ��{9� k̂>�\�¦ %�6£§Ü¼�Ð ³ð�&³ô�Ç ��Ér	כ Milner [29]s���. [24]\�"f þj���
_� ��{9� �̂>� ³ð�&³�̀¦ ¹1Ô�̀¦ Ãº e��Ü¼ 9 #�l�\���H ¢-a���$í
õ� &ñ
SX�$í
\� @/ô�Ç 7£x"î
�̧

�í�<Ê÷&#Q e����.

¿º���P: ·ú��¦o�7£§s� �©�@/&h�Ü¼�Ð �&³z�́&h�s�t�ëß�, >h�̂�oü< �íF�c�o_� ¿º��t�
���\� e��#Q"f q�ò́Ö�¦&h�s���.

��{9�õ� ��{9� >h¹כ�� /BNÄ» #Q½̈\�¦ �í�<Ê���H ÕªA�áÔ�Ð ³ð�&³÷&%3�t�ëß�, ��{9� >h

h�̂�o½+ÉM:u�8̈�õ�&ñ<¦�\¹כ×�æ\�/BNÄ»��L:�����./BNÄ»\�¦�Ð ñ�l�0AK��<ÊÃº\�¦
��1puÜ¼��� ò́Ö�¦$í
s� SX�z�́y��¾Ó�©��)a��. s�\�¦ 0AK� �<ÊÃº��H >h�̂�o õ�&ñ
 ×�æ\� l��>r
��{9� >h¹כ\�"f s�p� ���\� ~½Óë�HÙþ¡%3�~�� �̧×¼\�¦ $��©����� �)a��. Õªo��¦ ��"f �<ÊÃº
�� s� �̧×¼[þt ��î�rX< ���\�¦ ��r� ~½Óë�H���� $��©��)a �¦̀�	כ ìøÍ8̈�K��� ô�Ç��.

Äº���y� ��{9�8̈��â
\�"f �íF�c&h�s�t� ·ú§�Ér ���Ãº\�¦ >�íß����H ��Ér	כ ����̂ 8̈��â
�̀¦

¹1Ô��ú<�� �l� M:ë�H\� q�øß� ���íß�s���. s� ë�H]j\�¦ K�����l� 0A�#� ��{9� ���Ãº\�
éß�>�����H>h¥Æ��̀¦ÆÒ��K���ô�Ç��.éß�>���H let_�¢,aAá¤_���{9��̀¦>�íß����H1lxîß�\�
��H 7£x����¦(7£¤, let val x=e1 in e2 end\�"f e1�̀¦ >�íß����H 1lxîß�\���H 7£x��

��¦), �̧�ÉrAá¤_� ��{9��̀¦ >�íß����H 1lxîß�\���H s���� °úכÜ¼�Ð [�t��çß���. ���Ãº tv\�
@/K� ��{9� t\�¦ 1lx{9��o ���H 1lxîß�\� ¹כ��9������ 1lx{9��o ·ú��¦o�7£§�̀¦ :�xK� t_� ���
Ãº\�¦ tv_� ���Ãº�Ð ×�¦#��� ô�Ç��. [42]\�"f s���� ~½Ód��Ü¼�Ð éß�>�\�¦ ��ÀÒ��H �¦̀�	כ ¹1Ô
�̀¦ Ãº e����.

e1�̀¦ :�xK� t1_� ��{9��̀¦ �íF�c�o ���H ��Ér	כ �&³]j éß�>�\�"f t1\� ��������H ��

{9� ���Ãº_� éß�>�[þtõ� q��§���H ��s	כ �)a��. �&³F� éß�>��� Õª s��©�_� éß�>�\� e����H
���Ãº[þt�Ér e1\� @/K� “t�%i�&h�”s�l� M:ë�H\� �íF�c�o |̈c Ãº e���¦, ìøÍ@/�Ð �8 ±ú��Ér
éß�>�_� �þt�Ér]	כ ÕªXO�t� 3lw���.

��f�� $í
0px�¾Ó�©�s� ��0pxô�Ç ÂÒì�rs� ú́§��. :£¤y� 1lx{9��o ·ú��¦o�7£§\� @/K�"f ú́§�Ér
ÂÒì�r�̀¦�¾Ó�©�r�~�́Ãºe����.�â
�Ð\�¦r�+«>���H�̧�	כ ��ÅÒ��6 x÷&l�M:ë�H\�q�øß����
íß�s���.s���������\�¦��0pxô�Ç0pyÆÒ��H�0
Ü¼�Ð$í	כpx�̀¦�¾Ó�©�r�~�́��0px$í
s�Òqt|����.
[33]\�"f �â
�Ð �����\�¦ 0py»¡§Ü¼�Ð"f ��{9� Ä»ÆÒ ·ú��¦o�7£§�̀¦ B�Äº ò́Ö�¦&h�Ü¼�Ð ëß���H
�¦̀�	כ ¹1Ô�̀¦ Ãº e����. ¢̧ô�Ç ~½Ó&ñ
d��_� K�\�¦ ¹1Ô��H �Ü¼�Ð	כ 1lx{9��o ·ú��¦o�7£§�̀¦ ����
�Ð��H �̂>��̧ [O�"î
÷&#Q e����.
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