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{ PeY BPDOtHESHOS .ns 09 MB_ pA Hw Ht
2716 .® EEis, " BpO H fA. @' f B pf &
wg “! &“!,iP.YBPOtH fARe @"'f z“t ET 6
iPeY 8p®t H fA) n+ls ! . Os, Y BDpO®” f
Ap &trHns & . OHQE, 0+ +n+(n+1)=n(n+1)=2+(n+1)=
(n+1D(n+2)=24%P B ptls Bwg

EEBED ! £ €,00 M z“t ET “! .n@ M Zs
H &\e n+10 M 2z“t E1 € R .2

Example 13 2 B A G5 A° completebinary tret @ " f , TBR "x¥ |
AH AO xv_ | A< @ § H ! ET .3BA b
Aot} BwH 8 BEE

t! JNtt)
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22 B8 H#Ho formal logic

s . @ t'f (R "x¥)_ 1 A ls NAAO "x¥%) 1T A n8 | 1s

é%H,@@ t16 t2_$BS @@H: :|1:n1+1§:
L=n,+1. Q€ , Nty;ty) BB "x¥%  AH I+ 1,8 A0 x¥%_  AH
ny{+ n, + 1s . |1+|2:(n1+ n, + 1)+ 1s $W@ .2

2.2 ﬁ i H O forma logic

bt FoH O&PBGA b fB®s .O b #E OPBPE As
£ >R6C . B Has @Cs | HOPBGA b fO B"f s |
BEMB8 > f EQh¥EP! &g > Ki

,f F 0 propositional logici &8 4D U "~ D

221 —&6 p

f Ha'f Q€ HHoOH fH 6 HEDEUDBDPOtHDPE
B& . B Aol fH 6§ ODUDPBDA’

jof
j fn~f
j f_f
) f

D rEDEs & HPpEE B8&p,® ps f Ho HfOP
FE PG ppPps .. f HoOUED ©ODERDEPAtH Bs |@
B® [ HFol" " s .AQGy BE f HOUPE =° B_ 0V
t D' b¥ RBKf Bp O~
8, f Holdl__pHA% ?2AGQGy BE f Holdb
Ops A%t AGC > & YW BDE BH 2?2 s afe 1a
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I r|

D! sBKf _p H | &YW AR .&_ HWHOHUE P.Y B8P
|
|

" Py BpOAtHHOUE s, - BpO” Aol
! 8p®” . "f,iPe s,Y 8p®” Hold__pl t*“!,
iPeYy 8p®” Aol __p)l & HOBDsE &x .( E 8 ®E

BDs B! ?)
Hod f_ _pl [f]*! @

iPeYyBpO®tHHAOY _ _pl & _ . THA ! FH
£l w@

[T] = true

[F] = false

iPe Hod :f_ pHOs, ¥y B8pO®” f_ _pl t“! &
R .5 _p_ DH&Es kh

[: f1= not[f]

bt-b,s,Y Bp®” fb6f, pl t !, EBOD_ _p
&ip . f,;Af,. pHON_ HAokg! f;, f,, pHO
8 WHots! ,f,) f,. pHOEN Hops

[f.~f.] = [fi]andalsoff,]

[f._f2] = [fi]orelseff2]

[f1) f21 = [fi]implies|f.]
s> @& Holl . p HHoH! %S H AOWRol __pb &
&€ B WAool _ p & _&HIs . B FHOUEId &

H(AP+« ) )AoUWYf @« B BB8pPOB” 4 MBS

Example 14 Hod (TA(T_F))) F_ _pH, & ¥ B B ¢+
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22 B8 H#Ho formal logic 29

b€

[(MTA(T_F))) F] = [T~(T_F)]implies[F]
= ([T]andalso[T _ F]) impliesfalse
= (true andalso([T] orelse[F])) impliesfalse

= (true andalso(true orelsefalsg) impliesfalse

= false
s .2
222 &y @E
f HWod__p & &% .O pHAs £ s
Aotls A“t) B2 H BDE A%O 2 ®r ,Holl _ _pl &
o6C @b be o6) uAe PAEE £. p_ 8! D

€FHols A“t <t} B2 €h .s EOPBP! [ 9P ©

OP®Bps A! B PHLt) B2 H 6 0

Er ,OPGP! fa 6* u?2 HBDEDO! ?2Fod_ _p)
§* Bt f£“t) u & eH BDEO! ?FAoH_—&

B' PET A“t) BZBRBAHO! ?2sQG bZ®Es Rt B

O B! ET @F proof rule E'E &F @F inferencerules “! G

s b O PR BPpO? H ok BEDPP & _h . O ®
G§bs Bp® P H P RBRE b § HHAolUp @B Holp)D %b &
H P s

V! p® 60 86 E ET @§ proof rules/ &EF B § inferencerulesp | § ¢
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| r

8 BED!) T AGD d &G S

(;T)  (:f)

( :f1) (:f2)

f2

(17 1))

(;f1)

(;f1_f2)

( [ ffi0:f2)
(;f1) f2)

( [ ffgF)
(::f)

(;f)&p_ pB! B¥H @D s

s€ fH A" ad.

@ BUBAT H,\

S, r €

(1) —f2

f

o,

-
7 1,00

[ ffi0 f»

_— 1) fa (r9)

C £,
f AT, (r5)

( ;F) (1)
(:f) (:f)
(;f17 1))
(;f1)
(f1_f2) ([ ffigf3) ( [ ffo0;f3)
( ;fa)
(5f1) f2) (;fa)
(;f2)
(:f) (;:f)
( F)

YL\ iR 8l 6 . @ .« f)

= T
‘f(rS) 7

N N
if‘l f2 (r6)
fi

f_fp [ ffiug” s [ ffog” f3

.B8y,\Y BH A HAoUDPs A
()} Bp@OPH®BEDS

fa

“fa) fo

B! (r10)
fa
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22 B8 H#Ho formal logic 31

ffg" F ‘ -
[‘s_]f(rll) r - T r12)

s ET®EDP! fp_ P! BwWH HEa®BEUD M Fr m
“f_E1 BwH ra@EUD, N Ae . @A"f \ZT ®F"s !

AE

Vi b@,.27 8§

fq N

finN 1)
s pERUD s 1 H s ot . “f.g f, pBy & €,
\fll\fzg 9&_&@#& @ H s .END)“:, \fll\fz_g?

' B¥H (xR )BDUD, f@ f, ETs ek € OET P!
F\e BBY T Ao H ~fi7f)) ZE s " fi0f, ET! B¥%H
®Ds H s

sR>B8pOtHETE Ao m . s A% Do
"xYV,H ET _ p& ss . A BAsH BGCET @®EDPs 8D
Op .@F tps WE XY &H X, I 8 x¥e"f t  H "x¥%p
Btu H%, an .t WPE r E®E T — &t O ®
§ v dpBr tu“!.®Dt p_pdE OPDHET YT I

OH P _ 1t —tub B> h

V! p®,fp! :pg  :p_  ET! B ET BEUD BPE A
A% R

S r2 - r2
(r2) fp! :p;pg” p! :p( ) fp! :p;pg pgrl)o)
| N * f | C A A
fp! :pipg” p p! :p;pg -p(rlz)
fp! :p;pg‘F(rll)
fp! :pg :p

223 B, 6 EE &, €6

B @EDs BPOPH:; f_ fH > B 2b@D B HPE —
9B ET®EDP! XKf ; faDBPOtH ?
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i pBEIY V ! & ARWE O BFE B, sound “! ,b! 8

“1 @

NP pEIY V ! BE ARWE o  BEE &, complete “!
s O] @

ET@Gps B, | o, “! &, | o, €, A 8pB NOs
Bp®PH BES h

B, a, HiI> B ET@8p _ SPyY @ s . O

>R D _ BPE ST % O¢FE H pe i Kf &ip A e
£ET s H I> Bpo@rPHUD _ _p) AK 8B, Gt a,
gt} &iBA R .’ €' h®? HI> HHBBEO s . O I>
WE > H B@“ | 2HIWE' €! 8pBOp HDI> A
__p) By M. ¢D¥ &AR

OP@ pyfe, ® _—®ED)O APB(_p)E @B E h P
P& &', 0POGP! al “! 13 H - HAOBREI> BUDP & h
. ZB—Db Kol BK.OI> B 6&&Dp_SPDP@f uHt A

#! H “t)py GG A_HOG@Oo6&_ _p 6®p_ _p
| B; €7 % h
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&5 W

5

ODGA b O —&E ED%, syntad WC . OPGA b f® A
R'E _ P55, semanticd WC

et &8 t B €Hf®) B86C s m .Ht )
it &% €65f®) BBAOD . j@-P® OPGH! OB> 8D
rHOPBP._ p Ad“tNe @E&_ OsH B Lk A .
O gBA. O .8H 8 PEB t B' Blks 0®
¢

31 BD%, symax

D%, syntad OPDCA b fOD OPB P! % H BDs . |@-b
P O6PGpDp_ P BWH BDs . 8k BEUD & &

s 8k BEPPD BDPBOt HAOPBPE A% | D s §
—fps .= A v 2

Example 15 &8 At ! B8 wH 8 ®F! QEK D
E ! n (n22)

j E+E
i -E
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—&0 w

* P®BEER &AH&AWSs “! € . _ BRAB BBRUD
! BH Ao &%

9« P®BEE >h_ &AWY! t“! +) seKf BAH! Bp A @
“1"' @ .s s A° >h) AUP BB & Dole H \+' ) t “!
BH Ao &X

t EBEE _ &AW t“! ) sBKf &AW B8¥H
s .s s A° | Bt &* DoeH\") t“! BH Ao R

.2

Example 16 8é36C 181+ f®) OEK D . s fOPD DA A e H &P
Op CH 187 B (commanduPf 6 ©DUD BB

C ! skip
j x:=E
j if Ethen Celse C
j C;C

EH A W'f & 6C &8Als “!
D DDpDBDp AeEHTEI BIPE =° A° %, O ps

\skip"8 & H 187 BI'E © 8 BBUD t “! BH Ao &%

9« P EE BRAUH A°) 5 E#\y e Al amy 0D xY
H\u="e! & “! &H A° B

[ P ®EE [>h _ A° (&AY Acu< h _ 187 ® A° )l AO
AD t“! &Y QD xW HANf"BI B! & “! &H A g

t FE@EE >h_ 181 ® A} AO AP t “! &t QD 'xYk
HH B 8T BQNDE! & “) &H Ao R .2

ODGPp! BP MET G p&G_ &P} t“! BH @ B&RC H
D! ¢« D . Examplel5§ Examplele"'f D#Ei @bt H @' 9 H
B! V1 BKf 8T s@ &D &l
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3.1 BID %, syntax

35

§s TG EDB t“! EH S8R B> G BED s

c! &
] =xE
j ?ECC
j ;CC

E ! n (n22)
j +tEE
j -E

| 8} p 8%, OFf ,8}s x=B% z9 8%, O}, s s\
\then"s \else'6 E @tils ¢! 9, 0O .37 ¢ @§ E 8
BoC HN! mE OBs

m € \VOdQg s 870/ b . H =Y %t ®
AB B €
c! &
] XE
i ECC
j CC

E ! n (n22)
i EE
j -E
t B,s®>t OPGPp BwH BD! p@C T €Kf PHEK 8T H
O . ED®BEP! P A% BuHBD“t) 20K AH @D |
g > B
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311 TE€p EE P%R“

tRt P t EID@EP! \T €h EIDZ%, "abstactsyntax” le HX,
T €h BID%, abstactsyntai B %K “ Bl D%, concretesyntax. s H @D
Op' 8p M B8 H®BEs ,0' M B8 H®BEs ,+ Bvoe

d>PB@p! BPp M B HEDEtRt D t t8k" BDs €
@ .BA B8H A%, ) " s B _ % Os

bEY OPG P! 9! M_HDE 8 ¥gK”» . = €@ 8p
D" PG P! d&BEMH Ac) ®t EF+* 9 BB A p_ P
s &' sQg A & o BB z!' A"f @ wvC B Q
de DR BB 2 & A | ¥8wv H ®BEDsS &l MEs

Conete ~ Syrtax
A Y

4z 46421 Zaauel| 2 A e
ot o HWet &Y.

25 %08 “ B D concrete syntaE O %R O ? A% m 0
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3.1 BID %, syntax

8 zDbd&ka&H 6 &AYU OPB P! OEK D

-1+2

n E 6 »h_ A% = 1 90 BUP "2 s

hh 1i + 2i h + 2i
&, 20PBp z \-1+2") N = O OPG P UD ¥ ~
“ 2T ER ED
E ! n (n22)
j E+E
i -E

UbH Bl =y 90, % -D ¥ & Bt uAO .2t % |
9 Lp A &

&8AY_ EBDs 6006 € 80b 2

B ®Es U H E. 6B oY E&AH aAH, 3t
YO BB % EA E &AWHSs . "f ,6PB D 2
\-1+2"  afAH hh 1i + 2 %, Wy H O
B %8 “ EBID%, concretesyntad Blk Os 2 & OPOp %, O! ¥
% HX B&HX,s BIDE PG p ¥ B pasngE'E &PB p  EDZ
Epasings HO& P>, h .D08E % @ p!
b _ 1 8zp)zBe ©% O WD Y¥E HOE&S

pe€ (B
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o H L%&“ BID! 8 s@ AOt 6H . \@PBPp"s “! €,
TER D @BEDPBDPA” s & _ A |\ w@ . q¥F sBY B
HOPBpps ©® A, | X @t HEES «,  ©2 & % O
s A"t Bk &t B+ B BXy Ef) & B s

32 _ [j/2> , Semantics

_ P55, semantcH @PO@ ps w H ) & 6C
OPBGPps p H HA% 2\1+2 HOPOPE A%' w H
? 603 p H ,10 2 8K"f o) >B6C ,HO&&] @ H

A~

23 pC€“! & H“ 9, H BB AZER" %, O §

P & K HW 9! \EB! %Q7 H _ p%>, "denotational semantics
*'§ .beEY OPBP >R OB B TEUDx OPBP_ pl &
1 \6&] %%Q7 H _ ps>, "operational semantics” | ¢
_ps, B_DE ° @ry %9 . @ E W
) @PB®p p_ HP! ET H &¢I Os hjugad e
68 = £Qt W 9! YRHM 8T ' 2O E ®&¢ _ps
& ©Uo ET| Ops =° i UDP B&H s | MHEs
CBOUMHEBEBE. @ 9s BX ! AU MH OGR! WQ? HUW 9s
B X . EARA ) Q7! zEn..9 AfF BpB8 d &K D

321 6&' %Q?7 H

08! %Q?7 H _ p5>, operational semanticH PO ps z¥ &H O &' &
C

|o>

OPB®p z¥_ O&! OUAT DK B ?2O00&-D [j € A
is 8T8®B ?>RO&BYT @E_ PP s\e 9O H, | ' Ap_
8! 00s d&K B 2?2 m € 1s 1! >8 ! 2 2 >g ! +

ovs
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3.2 _ pB%>, semantics

39

1+2=3s HApW! B8 H UDBd&K B ? m € Z2¥&H O
&' , 6P@ PO > 6 r¥WP HHAOK" ET _ O &S “!
B &K B ?

P>,V & HAB®e e @ON..9 Bl B> R . @
Hed Afr, @ I>\f zZ2¥&H —Ps > B Ho %%
_ETUP &> &

08! WWQ? H ps> e, BB #%Q7 H ¥ 9 denotational semantic§bo
B &ry %9 . E s & €,
> wt (compositional)s U A& :&PBPp_ _p O PGP
_DEb_ pphpPB BBE&H E m . OR> &€ et 8,
Q. &@h O

t B8 )& B (nductive)s : @ ODPB P _ _pl %s H BDHD

ExalkUP & B .s s &6PB® P _ %, B! &f o,
t B(s®> &€ ,wlls h )&OPGPp 9@ ~ (_p) %Q?
HX g8&H @ubp) &fl+, €

3211 HD¥YUP

OPB®Pp z¥s "Y&HORB' HD¥UP ©ID big-stepsemantics ¥
o V%% ET BEDD d&%H . ET | H H, 187 B C&d &
Al ErY ®"f ¢FE

M >C) M°& M E) v

M C) MH\T8T BEC B-o M_ @N+f z¥%¥s &* & P

o HMS "POUWE R .M E) vi\&AHW e B0 M_ el
v BATD v] >RC "D 9.
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—A BEDP! ®E sB> h

M skip) M

M E) v
M™ x:=E) Mfx7!vg

M™C;) Mp Mi™ C) M,
M Ci;C) M,

M E) O M C,) MO
M " if Ethen Cyelse C;) M?°

M E) v M Cy) MO
M " if Ethen Cielse C;) M?°

vé 0

M E) O
M~ while E doC) M

M E) v M C) M; M; while EdoC) MZV@O
M * while EdoC) M,

M > n) n

M x) M(x)

M‘El) V1 M‘Ez) Vo
M ° E1+E2) Vi + Vo

M E) v
M™ -E) v

D DEPE Ao U%%_ EZ7 s “! KKe, B . 187 ODG
pC _pH®e_  PB-o M6 M® @"f M C) MY 7T ®& A
RWBE D p &% . @ HMs #QeHPB-0 O9MC) z¥wnv H
o&! 2" zBUD,;C) M. ETs R €C_ _p &

O s ET D R € C_ _pHOH s

Example 17 x:=1;y:=x+1_ _pH ;B-o\le @"f 6§06 OE K
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_ P%>, semantics

41

T Ub d&E . A 187 B C“|

k“

"structural operational semantics E‘E \ & > J4 "relational semantics _ 5> | |

fx7'1g° x) 1 fx7'1g” 1) 1
;1) 1 fx7'1g° x+1) 2
;ox:=1) fx7! 1g fx7'1g y:=x+1) fx71Ly7' 29
;- C) fx7'1Ly7! 29

s> s>, ) & H BD' \  f We "natural semantics \ %, &

: P2

\ f@R"! HA»H o \Er BE'AD VLB &O B )\
[ Ye &Fr @§ "natural deduction ruless “! Do H & BEs & Of
O« s 8! i ~s

\% B"s “!' HA»HIt &

t Rf "DE @fC b %B Dst 8,sQC & 9B >B06&]
wQ? H _ps>, BUE @r  we 84D HS8E ©&D B3
| MEs

@ WwEBHE @ > ) & “! &PBps DI\ B
B> z¥&Ht) &86C .sQ DPm,I>  z¥6&aet OD
Ops B fOR> ¢ €7 I> @) 3% H X EH&I

“1 PGP _ p)l 6> HE AT _ ZYORWUDI[] >
D&% > R . 321KYTf [jy g).

sQG ° ®Bu! \%& ¥YKf & | “(denition by implemerta-
tion), \ ®B> %% Ht PPt Ad“t & | "“! HX,
s P HRfy \2, B"'S BE . ODPGPp_ %, &y @

Gs & &'  >RORE ©® &kr ®Epbs ¥ "As &9 8p 97
H _ETs &H s
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42 —&0 @
\%. B"s “! A®H E A»H poOfFps €6 pBBPOBPS
_peubpl a>e&p_ PpB) HakUDP E  HBYS! O
x8s PG ps _peup_ %, )\ &0l MHEs

\&>B"s “le. HA»HBO & @FDbs a>h Ep_ p B!
&8 H I8k BDUD. nNA el MBs

a>h Eps B M C) M mM;C:MG& M~ E) v hM; E;vip
s .B ®BEpY _Kf Q€ a>) B! A &H M:CM®B
M;E;vpbs — 7

3.2.1.2 ¢€E DY U

OPB®p_ z¥! €EE D¥UD & K D smal-step semantics

(M;skip)! (M;done

(M;E)! (M;E9
(M;x:=E)! (M;x:=E9

M;x:=v)! (Mfx 7! vg;done)

(M;E)! (M;E9
(M;if E then Cielse C,)! (M;if E°then C;else C,)

(M;if Othen Cyelse Cy)! (M;Cy)

0

(M;if nthen Celse Cy)! (M;Cy) ne

(M;Cy)! (MSCP)
(M;Cy; C)'! (MO,CE); C,)

(M;while EdoC)! (M;if E then C; while E doC else skip)

(M;done; C) ! (M;Cy)
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3.2 _ pB%>, semantics 43

(M;Ep) ! (M;ED)
(M;E1+Ep) ! (M;E?+Ey)

(M;E2) ! (M;ED)
(M;vi+Ez) ! (M;vy +EJ)

(Mjvi+vo) ! (Mg + V)

SsQG W 9! < $H & _ pL>, transition semantics* s . G

s BUYT P BH E BBh" ( —8& %t H)D| p6
“Bop' D% H)D| ps E X PSS! & H s .

s s BE]E EDO T & s H poBApl %BE H
bs br EP\e"'f O~u bOR E® G H  E, Tarski H
A #E reCc , X9 £ s

O&PBG P 9@ _pe@u Os OPBPB! t“le P & pr
> transition semanticd & Y &, & . VI p®,B-0 | m H Ms H
O&PB® p 9@ _pe@&u Os.

V! p®,88C &8AY &PB®pDPp_ pHOPBP! r &M 6 &
Wb & B :1+2+3r &a%€ 3+3r &4E 6. PO p d@y E
eu g&t G H

p &

3213 EB%, | XKf

OPBGp z¥! OPB P! r WHOBUP & KD .V) p®,1+
2+ 371 &€ 3+3r %€ 6. s> PGP r ¢ HOAs O

PG pH _ z¥s “! M A & tansition semantics

9t V& K € :60DGp_ HO®%LAV! r ¢ (>BK )
H 21 ¢ BAY! AdfdD r « H 2

&P P _ B:ABF! r ¢ (>BK ) H ?2s pPHEY (@€ &
E \Z ¥YE P"evaluatoncontext _Kf & B . Z¥ED_ & ¢ " f

BF OPB P! % "DPE,r ¢ BOAT >GRBRK ®BA BF)s

&fh . P eH EOH&E_  EBhUYUD g H s
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6§ & |\ D .z¥EB! t“] tH O0PBp K) &OC
KBy H[ A & . O®Bs PO pf
& BAirsh .OHQC AFY! BWE &PBG P! @& | BK\K["
OBy DBARH (r ¢ B®) PG| WQP#Q
\K[C]"“! B %G

(@l
™
1=}
@)

tRt VD B&®Ft fOf,r ¢ BAT [} ¥igGzVY
BPs BBBhUYUD 606 tis &_ &

K 1
] x:=K
j K;C
j done; K
j if Kthen Celse C
]  while K doC
i K+E
j v+K
j -K

g ,t & B (assignmencommand}'f H €% z¥ & B AOFT KH § BR&
Hy &°¢
x:=K

Hf BY'f (sequetial command)+ 187 Bls 6% z¥ & B Bt s
€.,0 WBIBEr¥Ys p & MBI

done; K

»Fdwf SBa s BY z¥& BArs €,4A4d_ 0H
Ee@ @

v+K:
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r ¢+ BAY! AfubdD r ¢ H ?29) s pBY @€ &
E r avl @Frewitngruet Kf & B . A, ,r p BE r &

€&
(M;C)! (M%CH
(M;K[C)! (MSKICTY)

(M;E)! (M;E9
(M;K[ED! (M;K[ET)

BYf @B> r B#Et H €:
(M;x:=v) I (Mfx 7! vg;done)
(M;done; done) ! (M;done
(M;if Othen Cyelse Cy) ' (M;Cy)
(M;if vthen Cielse Cy) ! (M;Cy) (v6 0)
(M;while Og doC) ! (M;done
(M;while ve doC) ! (M;C ; while E doC) (vé 0)
M;vp+vy)) 1T (M;v) (V=vy+ V)
M;-v) L (M; V)

(M:x) 1 (MM (x))

Example 18 x:=1;y:=x+1_ _pl BB®%, | XKf & "D€,

(;;x:=1)! (fx 7! 1g;done)
Gix:=1,;y=x+1)"! (fx7! 1g;done; y:= x +1)

§E,

(fx 7' 1g;x) ! (fx 7! 1g;1)
(fx 7! 1g;done; y:= [x]+1)! (fx 7! 1g;done; y:= 1+1)
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§E,
(fx 7' 1g;1+1) ! (fx 7! 1g;2)
(fx 7! 1g;done; y:=[1+1])! (fx 7! 1g;done; y := 2)
§E,
(fx 7' 1gyy:=2)! (fx 7! 1,y 7! 2g;done)
(fx 7! 1g;done; [y:=2])! (fx 7! 1;y 7! 2g;done; done)
§'E

(fx 7! 1,y 7! 2g;done; dong ! (fx 7! 1;y 7! 2g; done)

3214 @& I> | YKf

®¢ @ [> vitualmachine & _&® &' @PB®Pp_ pH O HPB
ps ®©I>\"f z¥&HOBEUD & B . I>\"f Z¥&H GRE |
> @l B Wee c0&H GA&S B

V! p€,8Ad8_ p 661> _z¥o&RWD 606 fs & _h
.« A OH&AUB' OEK D

E! njE+Ej-E

&8 HI> H&p U H\BWpQ' "s .OI> H Wp Si 181 P
Cb b & &
hS; Ci
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UWPE BADD B B AfFe

S ! ¢ @p)
j mS (n22)

18T OPE &Rds O, Eps hEe

C | ¢ 181 ®)
j E:C
j +C
j -:C

> CEko& € GeE 636 Gs &_h

S;n:Ci ' mIn:S;Ci
KS;E; +E»Ci ! BS,Eqi:E:+Ci
n,:n:S;+Ci | m:S;Ci (n=ng+ ny)
m:S;-:Ci ' h n:S;Ci
&8AH E_ _pHhEi! R

¢ EW 9DPH,BI ®p! BAUOH E,I> 'A» _

& VE A o B
C ! ‘ 181 ®)
j pushn:C (n22)
j  popC
j addC
] rev:C

87 9P B
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! I> ERO6/K_ G Wb 60 s &_ &
hS;pushn:Ci !  m:S;Ci
m:S;pop.Ci ! hS;Ci
min::S;addCi | :S;Ci (N=ng+ ny)
m:S;rev:Ci ! h n:S;Ci

Cr 2H I 181 ®) AY €1 > el e HO&S
! 9] &AtUDps BPQ' _ @Y BT @pD - B&Ht ) & _

€h
[n] = pushn
[E:+E2] = [Eil[E-]:add
[- E] = [E]rev
B> & ~8Y ,sQGI> 0 &s B° & _Bs “! QL A
g . @ >l ®#B>n “ H ?2®6I1>  n.9E 90,YB
v f &K H ?278%. @G 8EOPGP_ p)l & HBE, B
&M E s
@ @> )\ B8Kf &PGP_ _p)l &  H E 6PGA b
fO) %t HBXf Bh : ODGA b fO_ 9 | compiler 2
¥ | interpretery Yo% M. &PGA b O _ $Pp! Ho 5 fep
#E OPGpp_ adeHSBSP! T SBEMe B8 H _ pst> -D 8
&EGHVH%p . @ I> HP@ dI<C0ET3YiHET t §E

n.o(> _M® udp) Q7 MEs

322 BEB! %Q? H

BB %%Q7 H _ p5>, denotational semantcH @PG p _  _p)l , Y&®
A#E_ [P\"f BO0C . 0PBps p H | AFE O P &
H s

Bo® \denotational"'! \E B! %Q? H"s “! % € A» H? \t 4
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H | Q7?7 H _ps>, ") % Akt 8,00 ©®A» 8! %
Q7t ® 1 MEBEs . \denotational sematics'H &P® p __p ) &
HG D! m HWB»T s . O oD B8CE AE [\

p H OHEB! %Q? H s

8y O0P@p BFDP_ phbs . %O®P®P_ _p)l ®BBEE . s
QG A»b > wH _ pg5>, compositional semantics* ! Pd «, € . wd
72 BE SA» H WNp . OPBP _  p 12> &R . &P
Ob 0" D8 U p@fT DAHP| €& €,O8%p_ _p} t ]
% OPB® P _ _p &AR

V! p®D . Ail< 6 E f§i+A [ ®imperative languagd © $EK D
%0 Bu* eHT®EH+A O] DE R

C ! skip
j x:=E
j if Ethen Celse C
j C;C
E ! n (n2 2)
j X
j E+E
j -E

OPOG pE 187 Bls &* BT BEI> _pB-o\e &AGDP! S @&v £
P 9! "¥g .0PBpPp_+AHBoOo _ O™ ple, “! (t&
B\x:=E"_ a#y g8&HAA)D A®\. s @h &AT! p!l ., @
(>BH EY'f B8&H aA)

s> B&ROC _ps>, ) AFERUD —§1 H®O8t § . A, T
E®C_ _pHPBo @ ) cov HEADP&OC :B-o ) A
T B~o | ®QZH. Bo+, ¢ E EAD B OC :OPBPp « A)
BA'"f ®«A t H&ALG! #QZH. &PO P « AH O&PB p v f
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g8 He+AsB8s
! s O ps OO, pBY A&Ht ) & . Qg p i
I _ p BB semanticdomains “| € A Memory, Value, Var, Memory !
Memory, Memory! Valueps pREs &X
M 2 Memory = Var! Value
z2 Value = Z
x 2 Var = ProgramVariable
8T B C_ _p [C] 2 Memory! Memory
>fd E_ _p [E] 2 Memory! Z
4j .60PBp_ pHOEPBD WE ade @"f BY °¢ _p
REg &é&p, t*“) 60 s &_ &
[skip]M = M
[x=E]M = Mfx7!'[E]Mg
[if E then Cyelse Co;J]M = if [E]M 6 Othen [C]M else[C,]M
[Ci; CIM = [Co]([CiIM)
[n]M = n
[Ei+E]M = ([E:iM)+ ([E2]M)
[- EIM = ([EIM)
ywll* Ts Ps H ?Pbl % .—HAOPBDP_ pHODAED
pB8' t*“! %BE&OL” . VH,i-Bl_ _pHODEpP_  _pbHP &
_&® et BE
[if E then C; else C,] = [E]T [ICd ICa:
3221 > w9 A eH A»:  pRE s F doman theory

O« X, s®>BFp_ _pD ., %_ _p)l % H@&Rh" BUs 9
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.0 Rt HE . 18+p fOf bEsHs R ' € b ¥eH
_ _p) bEeH! »s HOEpP _pBUD & H s BRBu §
> B

ywl b _pl &h | B%G aA) URD . 187 Bbeet b ¥

B D whiletl” p A & “|

C! jwhile E doC
whileB'E ; | 8§ E_ Bis Os€ A° "« B“! &t B, | 8 _ T@s
Os U MHTI BC) z¥ “! BE r BE whlel! b¥ > &

"f AlU< fis whileBl _ p) &8 K D9 B®BA &KX

[while E doCJM = if [EJM 6 Othen [while E do CJ(JC]M) elseM

>, w“ 2 O®®t § . [whie EdoC] [E]¢ [C]I8 t “! & &t
§* | ' [whie EdoC]s &&"* &
"f & " E [while EdoC]_ &  m .s E 8Hy [while E doC]t

@6 BEYUO rs . O BBH K -D [whie EdoC]. & _9 s

O € OKHA%Y 2 KHOBf B! 2B@e! 28 € A
9> B! 2?24 @G HABE ° V,“! BARE .HA»H po
guonyf 8 HHBAO p@®&pd fB8 p)s AR _ p BB semantic
domains & £ 2 | MEB s

Q6 pREBY @G st s _pRE s dmantheory" X,s s E
8 B KT

A 7B OPBPp(—BA >R RG EAD)_ _p(pe&

8 K)H pBBsrYi @8 HSDP_ PBRYI AD

>BF“ ®© EsQs Q

_pRB srs T K p QG p BE CPOcomplete partial order set H
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—&0 w

$p!' Bd HPpiEs .A"f , —AODPBP__pBREUDY Bs H
TPE ° ®¢ CPO_B&ps! By DAEUVYT 8 H B PE
<° CPOY'f CPOB H f B E A continuous function® & _h . Q€ ,
pR&EU_KHAQ > ®B@O!Y CPORY BF > &

@PB@p C_ _p [Clx @6 pBRUE @ 606 O

[C] F(ICD
&EI"f [C] 2 D (®¢ CPO)
@“! F 2 D! D (D¥'f DB H fBEADP _CPO)

(lwhile EdoC]. _p®&UdY K@ HFH A%?) s B&YU_ KH ©
@ fBEAF_ pé&" Bhieastxpointdhd &8 h . fREA_ p & &
RECPO_ 6po6 fREA | MEIY @AY > BPFG .s P&
E 8K¥f AOI-D

BE,s®> p&* &hleast xedpoints H AR §20' YKf BB
. p >wlHWD PKtHADKT EBRY _ps, ) F &h
_ B%>, xpoint semantics* ! Pad o, @

3222 CPO, fBEA, p&! &h

OPBGp A#xEk“ (ABR“ ) _pH CPO(completepartial order) H R 8
_ D & h .0 PEs CPO &9€,Op B&D B8y O
¢ HT er@®_ ¢ ga&Bsy HT el 8T HO , "f \partial"
order), —A B&D A\e BH Q9 (EE&AD 20D d%E ) D@
gt OHM) t! @=P R! [DARH 8&p (chans & € ©
kY eH —A §&p P By BUWET @ EE § &(LUB, least upper
bound) ®@ t “! & H P s

CPODM'f CPOD,® HEATf:D;! D, fB EAB, %" chan
%" WD D7 €7 , Dy %" chan_ LUB) P, K AH &% %ot
LUB] R “!I EA) B8G 0 EA) © %" _ 8&pr FEP “|
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® 6) LUBGE 6 Qu HES
G G
8chainX Duf( X)= f (x):

x2X

CPOYf CPOP H fRAEAfH®B@p&* & xfs AP > &*,
O E

2t f(2)t f(F(?)t :Gf‘(?)
i2N
s (=7
CPOS P! B HPEBPE B° &> 8p Ak .pHBH t
* CPO} Bp A &' BP® ACPOP! t*“! » BKf BDDT %,
_CPO\ 8p A& .py 9 (E§ & & ' ' 9; (xv

yi x=y _x=7?)pBE CPOs . CPO& CPO_ X @O V cartesian
produce CPOs . CPO& CPO_ @’ | | % H #semrated sume CPOs

. CPOYf CPOB H fBEADP _PpHes CPOs . (s ®> CPOp
Pt %LpG CPOp_§&™ s _ Hf H A% CPOp _ HP ) t “!
& &HX, ®HF) B> & K 8 CPO t 2?2

Example 19 §06 s 8A p®ZYT ' 9;“ pBZ,=2Z[ f2g!

Q¢ . ZB&Hp s _HFHO* HIHGST 20 Zs\+ 8 BFG
I 8X2Z2VvX. —A %" EAGE Us) t*“! 2WE p GO _ §
& % LUBs p . "f Z,E CPOs . 2

Example 20 CPO D6 D, X @O& I cCartesian product
D, D,=fhx;yijx2D;;y2 Dyg
ECPO h .s Kp# ®&p s _ Hf) > wd compnent-wisdhDd

pi M
hyiv kGy3 i xvp, X2 yvp, y®
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M, p&  B@H h?p, %00 R . 2

Example 21 CPOD.6 D, ®

D+ D,=fhx;1i jx2 Dy.g[ fthx;2i jx 2 D,og[ f?g

ECPO b .s BBpe_ §&p s _ HFf H,?s @&  Ga@r H
"*®Ds CE§E&DD O OV HE-D &p! M

h;Liv kL i xvp, x°
;2 v k%2i i xvp,x°
2
E"f @8, ¢ x fRER) 8% H ®D' s |  “!
fBEAH A > B DLambda Calculust” f B HEA)| 9k H BD!
pOf \xEABY"D d &% ¥ . VIip®, 1! 8 HfAREA

H\xx +1"'Bb & &C

Example 22 CPO D¥'f DB H —HA fBEA P D! D, E
CPO b . fBEAD s _ HT) ; w# pintwised & Pp'! M

fvgi 82Dyf(x)Vvp, gx):

@EE §&H x?p, B . 2

_pR&RYYT 8 H —HA O PE CPO_ B8® . fB pPE
<° CPOY'f CPOBP H fREADPS! ,fR « O] by =°
CPO_®&ps . "f —A po&dl KHO@O! fREA F_

C®&he! 2/ B
X = F(X)
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B BBRY KHF_p&* &h xFD & ¥ A&
X F =tinF'(?)
4j ,.CPO§ fREA p&*&hs H @u) sgKFf whiedl _

p B8BB> ) wlls &H't D

A, % Takb %66 pREBPE ° CPO & €

M 2 Memory = Var! Value fBEA CPO
z2 Value = Z, "9 “ CPO
x 2 Var = ProgramVariable, 191 “ CPO

8T B C_ _p,fBEA [C]
>BH E_. _p,fBEA [E]

Memory! Memory f B & A CPO
Memory ! Z, f BEA CPO

N N

® avi whiledl _p@&YE
[while E doCJM = if [E]JM 6 Othen [while E do CJ(JC]M) elseM

s .pB-o }\ A"f B-o )| mQ2ZH fREA _ ®&(M: &b
r € ,

[while E doC]= M :if [E]JM 6 Othen[while E do C]([C]M) elseM:

B BaY!
X = F(X)

_ —&UP DE,XH [while EdoC]t K&*“! ,fBEA FH

X (M :if [E]JM 6 OthenX ([C]M) elseM)
2 (Memory! Memroy)! (Memory! Memroy)
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Y K@> &UWbD,whileBl _ p [while EdoC]H 8 EA_ p & * &h
WO & R

[while EdoC] = xF 2 Memory! Memory
= X (X (M:if [E]M 6 OthenX ([C]M) elseM))
ywtl“ s Bbs H ? [while EdoC]H [E]J&¢ [C]\ t “} > w&B®E
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> &4 [ 0

56« 2 RBRhA. ®B> OPOGA b fO) n “ K Ht, K Afos H

]9t %Qt GBE@ .OR>n “ CGAOPBA b fO. O —p!
D .@f ¥Yfn “KBFfO —P.

Py ZBe & . BK @ .IZBa\e> r=~9' #> & WE
AeHBD B .sR>Cf®) 8p% ORE @—DTf H B\°
@®h" 0&' fH

OQ &f "P€ I 8s B .®F_ODPGA b fOI O I@#Q

NMCB @3&H° rX_B},s 6&! &f N s

=s 0R! b¥ 2 A, Doavf, tRt § #E T ¢ h
¥ps & .GRM "s . ¢ E _+H,B OP3 s &F
Bt ¢ &PGA b f® I s H + A\ HODE —pUbH DY A

e Ha>.
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I> =8 _ 8
41 B I>
IMPQYD.‘hU& Lancjuaﬂe
S5, 2|E / 213 2
7
DE‘
e ¥ L/
value contro |
doto. flow
expregion Stoctemert
:& Bjtg
et z
4] AR

i

fo\e> QMO I> H €606 B : B-o g . =@ @u &
opPgs g .B-0 ) 9 Bo\e pAeE .B-o\ef QE
o€y DwA R VDWT 9E 7! Bo\e @B Ak . ®
@90 @ucpiH led B I>#Q 1T P! 90 H Z ¥/ interpreters . 2
YA eHI>#Q T _ 1T AHAG ! 'agd®e .OzV¥IH,
ren BB aAB° EE , $HDD L&k& DL

OI1> H T’ B Q’ VonNeumanmachines . I> z ¥ & 181 E[p
s B-o\e bajc A& . OI> HE E \ B-o\+f 0O
€7 z2%¥Q@ . B-o\e z9®&H 187 B[p? 51> H E 9!
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59

HtI s

O 1> H D#BRP _ > universal machines . \I> BUYD >B RE

—A ""p! >BKgAe .I> BUDP>B PG O §s o AW

81 BpP 6KgAe .z8 .I> P> pGC E AQ

y s ! Ae .t 800 s+ AGh_&K” I>#Q 187 p

) u AGCC CBO EBAPBYD AGy BE U! » &

“1 K BEAefws. BE.ODI>  =x@% @ucpH AGR_ &K
p8!' ute .O UDP \DHBR"s PG s

> z¥% e« Biqg HTBI Bp_Bs &PBps . PGB P
EHI>\e » HBTs .O1> HOBI @D @BzYy 9! " ¥ @

s I> ) 8 8 #o0 > 81 A fO) *BRD . HI1>#0QD
s @ f®) 'R

42 f® Wl 0 K-

421 + A:B-o A™M. sg ;d

O@P@ pYiHsE B8 6 .A, B0 O™ sg8! t! A
B> .s8UP Bo A¥) @ ., F. 87 B'E EQh HI@
Dz¥&+H® “!z .b¥s & .9pP8s & ., |*© "f oz ¥

&H BT ! %t “'z .sQ@ld B > | ¥ 6 EEOY 606 6 E B
D &P r ERD

A & K-—-foPpAAeHOPBPDp PpB &O6C .1

BEO U! B%H ta k" BDs & _ && . OPOG P E _ 187 ®
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s . 1871 B'E EQ 18T BI[pOG HPB E9”

87 Bl Command C ! skip
j xX:=E
] C;C
j if EthenCelse C
j while EdoC
j for x:=Eto EdoC
] read x

] write E

td Expression E ! n (n22)
j true | false
] X
j E+Ej-E
j E<E jnotE
&Pdp P ! C
1T BMEI> _PB-o @l ) sort .HEI> _PB-o | AK"f
G >RB6C

¢E 18T BIO 8 _p) &%y & _ A, pl & _ KT M
8 & § &semanticobjecth s 0@ P B(_ p B B )semantic domain_ § &p “ t
| & .OE &A B/ &£s . "f 5. pBRE &AP s
B/ £ pPEEm . B-o HAMMf OUD H . .shr9 s . .sh
E AR VD H _ES . R _VWE B0 A™ RY% ET. 8
y & _ %WE B-o A% pBxvi AGEC PBs &k . A¥H &P
&\ Q 8 Hs8b_PpBYUD E&E_
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61

\"f p&_ % 8% _p RE8 semantcdomainf E Ali< B

n 2 Z Integer

b 2 B Boolean

Y 2 Val = Z+B

M 2 Mem = Addr!" Val
X;y 2 Addr = Id

&8A) nDp s . As FE D, UEVO,B-0 HMUD,Aw
HXyz28PDp s

Notation 1 Z+BH ¢ P# Z& B_ ®Bp &I w€ . Addr!" ValH EA
b _ PpB wg€ . EADP_ 9t HVapi’y YER . EAD_ &
“LWE P Addr. AGG BF Pies . RY\n'(nite) | oTud B ;
“ dA»s

EAf2A1" BY t“! ffx7lvg“! BE (M ,x2A<! v2B),
Al"BY eH BDD? EA“ X x¥f _ 9t B VD RK®“! Qt HfHd
BOE EA) pg@ 2

&PB®Pp  pHHAO YW X7 ®EPD & _H . 6! ET
H@®EDPs t ~ s

M>C) M° & M E) v

M >C) MH B-o M¥f 18T C}| z%¥ € Bo @ M®.¢
,H z! w@ .M E) viH B-o MYf W E} z%¥ € @s
v >BR ,H z!' @@

A HDE BE zp! ZT H Ho UuWws . A" &PB P
C &' M,s Ho %%y f M > C) M° E7T &H aAB PG p
CH p BH s .50 g7t s D pGEC& EH p OH 187 H

g1 g s
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M- C) M°

M skip) M

M E) v
M x:=E) Mfx7!vg

M™C;) Mg Mi™ C) M,
M Cy;C) M,

M*E) true M™C;) MO
M " if Ethen Cyelse C,;) M?°

M®E) false M™ C,) M?°
M " if Ethen Cielse C;) M?°

M E) false
M * while EdoC) M

M E) true M™C) M; M; while EdoC) M;
M * while EdoC) M,

M‘El) ng M\Ez) n»o
Mfx7'ni+0g C) Mg

Mfx 7! ng+ (n2 ny)g C) My, n,

M~ for x:= E;to E;doC) M?O L

M readx) Mfx 7! ng

M E) v
M~ write E) M

M > n) n

M x) M(x)

M\El) ng M‘Ez) n»,
M\E1+E2) n{+ Ny

M E) n
M™-E) n
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M E;) nt M E;) m
M  Ei<E;) ni<np

M E) b
M notE) noth
s8s BBo A® . BPRBo Aw g “| € Es§g!
8 € h
Ops8E_ _p)l BG s s . B4 E'E @B B &BA

\ AR"f t&G B0 A¥M. Pa H s . @Aj>\e §* B4RAH
O&! Qg 8THO . P8 @A[>\ >RBC O! PHEAH 6 &!
%»Qqg 8T HO . _p) & HX 8T G PEPE mUwD.

422 s&_ %t _p

SERYHAMS & ?2s8s p H EAH" ?2Bka&>, K1
THSt MW € .s8_  p ¢t
A, B-o DO®™M. s8! ;i %D ,s8t#HQ” B-o DY) @

M E) v
M™ x:=E) Mfx7!vg

t B, Os8UDOs8sth HPBo A tHO! @l
s p

M~ x) M(X)

sR>s8sw HPh_ 8] s 8_ \L-value'(left-value)d \R-value"(right-
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a MO p H @0l MEls . gAY & € s 8E
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X+y+1l @ % Ix+ly+ 1

SQG #o0Es f® HEKt €T HODBP! K | O8> 8 wWH
BOr B . K-l ve €f RN " s

s8! I> &8 _ fOfH e Avariable“ e, BE . s88s _p
HPB-o A% @&s -BAeuib. &DBG P z¥ &y «A p
HA®M. BDOT ' ¢ VI A & uUb.

423 s8_ AKosa

OPGA Q B0 A®M. s 8! &I reE €7 B] O . BE s
g E BeDe 8 z €72B,0E s 8| E B-o Aw®) AK
F 8“) z €2?2s E f®WQt Tss . Bb@® E s8! "BK
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s B]) K € BRE 9 & . Afs A %9¢ AHO YT
8 HBRs .s8 Ao8Asop) RAGCEHDB ]| & H s
s8pb_ A08Asopl OPOP , %oxe¥f 9BF s &+ F H s
HQe Aosn u §H €, 8Esfs EPRBo DAl p H
TUDF BE ARH s
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. s Bils E@G A»H, AN t 8 2000 s@SREWLD &
#®| MBs .=?s8_ Ao8A) >u ™ Ael MHEs

s8 AoB8BAsopH 6 BUUD &K

C !
] let x:=EinC

A, x Hs8EDDt B-o A®) mg .s8&! Bv>f HI
s .OQ0M. s@&Hitk TEE s .®H ) ©sgs ©Aaw)
_pG& H E BT EBCBYIiB8 Ao B,x A08BsopH Cs

.s8 Ao0B8BsopeH OBPB® P MUD _ 9OBF“ s . O 8B s
@YfHxH EB-o A% pA e .6Esgs FQ AW m
- FF BF A B

s8s 187 BlY MA@ H 2O ®H @
P let-81 Bls .Os8! f €. @&fCBES .s88_ Z%
Hsgs HOPBP ude K & &UbD. PG p E Aoy
y H ! el . s8s 8 BT ©® A, ) ‘! pBD A

' €T @€s B8 H,Osg! [ G let-18 B. OBIYV'f &G
Bo A ©s8_ 2% &

! A0OBAPE ™D a,y VP& @,y 2h_ aApy H
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Wy ABWSH Scope

* WL SR DR R
OV Lo
do AL o lehmd IMEL % d54

= )

g2y e
AhrSE A

=)
= bl

L
pege
x L, wj
T
— Q“L

424 8a

BEsgs E tpaRAeHOPBPYT s8 7% &AKA
H@®GE aYf s| Gg@b . Bsg OB ® H @€% 8
H,Os 8! ,f §let-187 H.

OPB® P _ p) BBy & HXHOAE GE @' &%y %Q?
0 _pss, ) BR%y & VE AR

. 8 aenvironmens H 1 t “!
. BaenvionmenE S8  Z %) & 6C ES

Id " Addr
Addr !" Val

2 Env
M 2 Mem

2 Addr an index set
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BAaE s8 _  Z%((2Addr,B-o0 A®) &€ .sgpyf A¥pbH
HAG ES . B-o HA®PY TPp! @ H AG ES
AeH ) 8 s@dPB p¢ Hs8st AO .® 6H E
pes £t s

8as BDV> _ p%>, semantics& % 8h . "f PGP _
pH 6 h) ET H @EDPs h

‘M >C) M° & M E) v

V, d8H @0> 8 & environment BT B Cadtl E. pl & HX

9T > &% .sg8s C Ev # MOsg8sth HPRBo B
& @Y " s &Ht) 8a & Ki .s8EJj] 8 @B B~
oA m .s8sth HAYHRMF 8a()s &K

_p &  ®@BB\: M C) M™™ B-o M6 84 ¥f 181 C)
z¥ €Bo @ M®B.6 ,H z! w€ . M E) VH B
o M6 8a ¥Yf WE) z¥ €8s v >Bh ,H z! p€
§jHsg! 8" €. O@let 187 BIUD & _ “! KK

€ .SEEB8Aa! X¥XKf z% &i&"* ,let-187 Bl _Kf 8s BPD
P s8 _ Z% 8a() »; £l MBS

‘M E) v fx7''gMf 7tvg" C) MO
‘M " let x:=EinC) M?°

T 62DomM

B 9H S8 Z%) &F_8a()s —E €,0P@BpE p
O .z¥F A0 .s8s €Oz%H B@&F 84a() A
Kf &fh
M E) Vv
M~ x:=E) Mf (x)7!'vg

M x) M( (X))

;M " read x) Mf (x) 7! ng
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Q E-PH M . Esgs GE A®) t g AH O . BE @
@ t4Hd H ESEBE Pt § .ZlaiassEO .0 OO 2
faiass BpOt HAaAHDO

M C) MY

M E) v fx7l'gMf 7tvg> C) MO

‘M " let x:=EinC) M?° 6DomM

M " skip ) M

M E) v
M~ x:=E) Mf (x)7!'vg

M~ Ci) M1 M C) My
M Ci; C) My

M>E) true ;M Cy) MP°
:M " if Ethen Cielse C,) MP°
M
M

“E) false M C,) MO
“if Ethen Cyelse C;) M?O

;M " E) false
;M ~ while EdoC) M

M " E) true ;M C) M; ;M; while EdoC) M,
;M ~ while EdoC) M,

M " E1) ni ;M Ez;) n
Mfx7ni+ 03" C) My

;fo 7! ng + (n2 nl)g‘ C) an ni
‘M " for x:=E;to E;doC) MO

n»o nq

;M "~ read x) Mf (x) 7! ng
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M E) Vv
M " write E) M

M " E) v‘

M n) n

M x) M( (X))

M " E1) np ;M E;) n
;M " E1+Ez) ni+ny

M E) n
M~ -E) n

M " E1) np ;M E;) n
‘M " E1<Ez) ni<n

M E) b
M " not E) notb

425 A»-Dt EE ©FEe H

OPO@ pYf B&HSE8 Z2% D! AD € O s 8E A»PF s
8 freevariables “! € . A»-Df s8! t“! eHOPOBP _pHE&E
_FAD

OP® pPpARTH —ASEPEIlt-8T B _f UPR _&ODEHD
C .s8_ z% & _h &@k“ aA)l O&Fe H s & boundvariables
"
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Zg Spwaod Pl 3AeM
Apd § 3%

eﬂ_) let x:=1 in
let 3::.1 in
| U:: x+‘3
et 1:=3 n
\et 10==* in
L n::jﬂ
L= X+

L{-.m,

eq) |_le+ =] in

i — x'l-'j

, %o @®DB ps m jehr t % | F WP A>DiP s806 D&Ee
Hs8s s | &I+, € . 0P WUD NO:t B C& Kf DE
P OBRYF RB&H s8s A»V ogEe ) BRI -, €

426 PB%,

OPGA b FOAH 6 8TEC BUDP B &MVEtHE . B K- f
ovfe, DTt B 8 _ #_) BKf ] RKAH s & .V)
b®,for x:=E;to E,doCH whileBl'} s g8 Kf &] 9] H 181 &b
t Ae

low:= Eq; high:= E;

for x ;== E;to E,doC
while high lowdo (x := low; C; low:= low + 1)
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B.,08 Bis for-BI' \BPsH" s ®@SWI € low& high H s gps
Ei,E,,Cv'f B8&®FTHER .8y ,B forBls @DBG pr VES
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S%rr\‘udn S“‘ﬂf‘L
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IM‘:‘E|}
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IR
xXi= J
S5

iﬂu = .’-Md'i'l

"Fﬂ ”I‘I.*‘-J l‘r:-'-\‘x % E‘/G"'J S'*‘\-‘
B By TwWeE

OPGA b f BT DPB%, syntacticsugaH &PGA Q_ # | BKf
Bt £s . OPGA b f® "% f%» H ApPE . —A PP
| Op p&_ wQB] t“| %G .OPGA b fO) fo HzZVY
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"R procedure“ | @
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' s8R Kf OPraR) & VI A b ¥

Cc !
j let procf(x)=Cin C
i f(E)

let proc f(x) =Cin C¥f H %h_ s8s ,f &% . &Pr4R s 8
fg“ s8x fHEIT B C_s8s . xH &Pr4Rr 8F M_ “
! Pa HPB-o A% sgs

S8 X A08BsopH Cs . OPrdaR s 8 f_ A0 8 A sopeH
Cs .F)ipPs RG OPr4aR) BDKfH T A08BAHCE m
Cte, YE& @
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2 Env = Id!" Addr + Procedure

HQ OPt4R_ 7 %o Procedure A s & Ht\ e "f @Pra4R
_ APy a€ _p ,EU P AR

432 s8_ Ao 88
4321 KBUD &M &H A0BA
A,
Procedure = Id  Command
B & Kb
Notation 23 P& A& B &! M,A BHY Pz B &p UbP %

B PEe] pQ

A B=fhabja2 A;b2 Bg:

B-o H « E\O

M 2 Mem = Addr!" Val
2 Addr an index set
_p BEE:

fx 7! hx;Ciig;M ~ C) MO
:M " let proc f(x) =C;in C) M?°

(f)=m Ci " 62Dom
‘M E) v fx7''gMf 7tvg" C) MO
M " f(E)) M°
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¥ e
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#Ep O H.

s> 181 Bls OPG pRYT ET & € ,0Pr4R_ B:¥X 187
BIBY BH s8p_ Z%H ®B> &i& B ?2s8b_ Z% 6P
Op wud L ub &h & HX, %3 z¥&Y ... m HADB
s &0D8 m.

Vi b® 6_ 0P8 P! OF

let x := 0 in
let proc inc(n) = x := x+nin
let x := 1in (inc(l); write Xx)

&Pt39 AP inc(l) _ z ¥y B:Y 18T Bl x := x+n H x_
Z%H 09, ¢« 20« RDf R X ?2%<RD ., B x ?

B p&_Y POE, 2+ RD,f B xs .= € OPr4R
Pp&® B:X 181 Bls z¥f M_ 8aE &PbrdR nAPE M_8a' A
y | MEl s

OPr4R B:Y 187 BIRY 2 H A» o Afreevariabp _ Z % © O-Dr
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SR>s8_ zZ% 2z¥xy &i&H | £BUD A08AB &K

”

dynamic soping“ | €

4322 ®hub &i&H A0 88

S8 Z% z¥% Y &i& t §! 7?2 &h A0 8 A static smping)
A Yz

ODr4R B:X 187 BIRY & H A» o Afreevariabp _ Z % B:¥ 181
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s ! BKfHO&®PrdR_ p “ s80 B:Y 181 B _ &UDH
D& . O 0PraR & _&HBAULf 8Bat t ! e® €6

Procedure= Id Command Env

s> &€ OPrdR & _§ AP_ _p Au<flis & _h

fx 7' ;Cqy; ig;M > C) MO
:M " let proc f(x) =C;in C) M?°

f)=mxC; 9 "~62Dom °
M E) v ¥x7!'gMf 7lvg’ C) M?°
M~ f (E)) MO

433 OPraR i P BD
t Rt H &, & A Pcall-by-values
f)=h;C; 9 "~ 62om °

M E) v Xx7!''gMf 7lvg® C) MP°
M f(E)) MP°
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fi Pcall-by-value & Ri< B®, & A Pcall-by-reference® & A

Cc !
j let procf(x)=Cin C
j f(E)
] f<x>

B, g A P call-by-refeene. & H 60 B
(f)=hC; 9

¥x7' (yyggM > C) MO
M f<y>) MO

s> &€, Esfs BERBo A®| tgA E>h . 0OE
@& td H E h_ s gp,2Z7 aiass QI> h

Zis Bt € &POP! K | Hoptt B! ?86y,21
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Reum‘we Gl

eq) et proudue Foc (n)
= if ngo then |
eke nx all Keln)

i

n
call foe €2y

Doesw't mean whad we '\M&l} beroge ...

64y = &,E,6)

Sy ;
6, [0/ Wiv/e] FE,UWN,
6,M kel $CB) I, M,

1 ;
648, 60/47, M FEL UM
&M b et proc =€, mE, NN’

*of oo ju At MWiME S R %
g}

_p&_) PEF) APED RP

f)=mxC; 9 "~62Dom °
M E) v %x7!'gMf 7lvg  C) MO
‘M f(E)) MO

B:X 187 BIRY ' @Pr4aR s 8 f € ' &' 8 4 environment
f uo9: € .6Q Y &PraR & _&H BOu) T H 8a
S %o
F)Yynp, t8% H _p&_H Au< b
f)=mC; 9 ~62Dom °

M E) v %x7!gff 7' C; Y9g;Mf 7'vg" C) M?°
M " f(E)) M°
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iseH . -DBPAE .8 z2¥ O6H B@O Bis h

! BEPRB-0 +0) W~ A . B

8 Expression E ! skip
J Xx=E jE;E
] if E then E else E
j while E doE
j for x:=Eto EdoE
] read x | write E
] let x:=Ein E
j let procf(x)=Ein E
j f(E) jf<x>
] n (n22)
j true | false
j X
i E+E|j-E
] E<E j not E
&Pdp P ! E

\"f OPBGA QH 8k BRC fO) t“! 88 A»v> OPBp >
E ~s . B&OC f»H A E dUUuUD. A»04QF A»H 406 181
Bls ] 68Os P9 A euinb. 187 BI6 U ,% t E 9 6PBGP
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_p &_H
'M>E) v;M°

' ET H ®EDD XYOR . TSTE[PE _pOH * & \"' >8C

Val=Z+B+fg

ZE, PG pYI BPT 9 _ 6! pPpAe> 9€.5fOHDDP
B _ O 8p* B HED! | RKA> h .bBDF & ! B8wH B
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HEDEO .pD¥>. EB8pStI 8 “| S XHOHA p
€ 0s

;M‘E)V;MO‘

‘M E;) v fx7!gMf 7lvgT Ey) veMO

‘M " let x:=E;in E;) viMPO 62DomM

fx7!' x;Eq; ig;M " C) v;MO
‘M " let proc f(x) =E1in E) v;MO

M " skip ) ;M

‘M E) v;MO
‘M x:=E) v,M% (x) 7! vg

M T Ep) vieM1 M1 Ep) v My
M T Ep; Ex) v My

‘M E) true;M° ;M° E;) v;M®
‘M " if Ethen Eielse E;) v;M®

‘M E) falsgM® M% E,) v;M®
'M " if Ethen Ejelse E;) v;M®
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‘M " E;) falsgM?©
:M * while E;doE,) ;M?°

Ei) true;M° M E,) v;M; ;M;  while E;doE,) v;M,

M

;M ~ while E;doE,) Vv;M,

‘M E1) ni;M% M T E;) nyuyMO
M%x 7' ni+0g° C) v My

‘Mn, np iffX7ng+ (N2 ny)g” C) Vn, nysMi, ny

;M * for x:=E;to E;doC) ;My, n, 2 M

f)=mE% § "~ 62Dom °
E) v,M% Ox 7 “gff 7' x;E% Gg;M% 71 vg" E®) V&M

‘M f(E)) VoM

‘M " read x) n;Mf (x) 7! ng

‘M E) v;M?
‘M~ write E) v;M?°

M " n) n;M

M7 x) M((x);M

M " E1) ni;M1 M1 Ez) ngMy
‘M T E1+Ez) ni+ ngM;

‘M E) nMO
‘M*-E) nMO

M T E1) ni;M1 M T Ey) ng Mg
;M " E1<Ez) ni<ngM;

‘M E) bM?°
‘M~ not E) notb;M?
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e Bo | PB>U g Ak ?2iWP 8 s@& BR [ B-o

!

K-- &P@ p¥f H 1 . B-o A® g1 8s B A s 8
_ A0o8BAs MEs .B-o AwH _s8B ;i syl ¥
K 8 ®Bo A% g@A &l MBs . "f s8 Ao0o8H

® €Os88sthdh HRBo H8 s@ B[ BDs O
"f K-- @P@ pYIHsE8 Aos8B & HBYf ©sgs
“EB-0 A®)] FOB € h .OBWs O« 2let-8l _ t FEs
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ODr4R BY(* s8_ Ao08B) t §Es .OBs f G€s8
b K088 & H Bs

OQ ,fH B8 %@ &€,s B> BEROC B0 F © B garkage collec-
tons BB u §>h . pB-0o A HOPGPp Y _ b LTYD ODB P _
Ei$el ) EQm> &€, O B0 A g1 BE DA™ “E s
g8 A0B8AE Qut B>H .se O _ B-0 FOBSgarnge
collection Bl ] H 4.4.FK ¥ f e

44 f@® W Il K-

K--H &R .s8i9AkH ERBo DA%k &PB P xU. s
8 A08Bsope BY,F) APrecursivecalls R “! 8, & A Pcall-
by-valu®d A®, & A Pcall-by-refeences R “! . while -l & for - P b
¥s @ “! .

441 VWeixVs: %, BH Xs ,BE B-0o &u

O« X, dvudiist A% el BDPY 88 HOPOP! AABH 2
E ) 8p* B8 HOPBPp' AAeH ?2pi B8p* 8
HOPB® P! AAeXH 2

BEAHE O % Op! BA A/ FUD D% H BRB &BE
€.06Q ,H2> pPpAe:H ODGA b fOT t s &€ 80X
. lod & *“ @ primitive valu®@ A B/ £)d@_, %, & H & compound
valud PG pY'f HE> pPABRe .

lod B T} Pa HXHPB-o A% -D@p .% ©&H

OE £Qh _ PpB-o Aw g7 .= €E\%, "Ba>) t H
$! a>HEQND! 3DDPEDRBEA ¥ Ol MBS

%, &HO! AOH XH B-o &u) _BAD sgft"' &
POpBABWE o, s . B0 &uH B-o Aw s @
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H#EEH s . Oe T P! YeixYreord" ! . C¥'f H struct “! @
. ®D BuBRY BH E PRB-o A®p. s8s & . OHQE
s8P! Wix¥s8%*“! A® . A-D,CParay B-0 &u , FE

_Bso Aw®p_ sgs A"

RQ{OFOL

% oA 34 Z32MY geapd
apet % M P+ PN %
Znje okt LA

Rewrd = Field = Addy

eq) {oae 20, vame b 1.} LEE

jar sl drs il EEH
{IEH' I-)...“ “MH’.A' ﬁa\‘}Hl}} EE

§j Weixvs &PO pyf _fis &® A»v>p A e ¥ B
s ., Wixy, HOG' €06 Gs & _

r 2 Record = Id!" Addr

G Yeix¥%bp B-o @ups! @uB ¥ERBo A s8s E s
_AGEA(.s])D O®E Ak

fx, 7! "q; 1 Xn 7! RO
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el _ B

§j) OPE Wixt VE>+&* ,B-0 H Wix¥%) DaA &> h

v 2 Val = Z+ B+ fg + Record
M 2 Mem = Addr!" Val

OPGA b fOf Wixwl 8p* B H BDs Al< s | Rh
E |

i {

j {x:=E;y:=E}

j Ex

j Ex:=E
WixY, 8% A(B-0 @u_ B-o A) Os 2h* T B QEK,
@y

_p&_H 6060

M T E1) vibM1 M1 Ez) va M,

M T {X = Eq;yi= Eo} ) X7y 7 L0, Mof T 7 vigf T, 71 vog

‘M E) rMmo°
‘M Ex) MYr(x);M°

M " Ei) rnM: Mi Ex) viMp
M T Epx:i= Ex) v;Myfr(x) 7! vg

Weix¥e s 8] i 8“1 ,Weix¥y_ 8% Alu< €s
let
item := {id := 200012, age := 20}
in

item.id + item.age

B R

f'1;7,06 DomM,
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djH A &PBP I % . Ao XY Wix¥s R . 8%
H left , v, right s

let
tree = {left:={}, v:=0, right:={}}

in
tree.right = {left:={}, v.=2, right:=3};
shake(tree)

Wix¥, PB-o @u)l m €7 ,®“] Wix¥% @Us &€Tf ,B-o0
de g1 B! BRYy U A O>h

f( let
tree = {left:={}, v:=0, right:={}}
in
tree

)

B aAtree AOBOHIlet-tIy GE&i &t B,let-_ 6D BD
Ot H Yeix¥%(B-0o @u)PE &Pr4dR D , 8 &0 B8&> h . B-
0 F ©8 gartagecollections ©9 8 7 ( 4.4.XK).

442 W*“%*:pB-0o A®¥| X -

t Rt ODPGPYI AUD6Gx&H PE&A A/ &£, ! Y
¥ 0
Val = Z+ B+ fg + Record

O PE A» ]j-D BR .+ A. s@&l-, “! OPr4R. , U &
o, “! O&PrdR_ BUs F A« B*' ¢ WixYe $@&I1e, ¢
OPBp 8 _ >B 0P BPOtH Pps
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vur s8s ;i ®e! 8T ©Os >R&H p ¢ . BA s 8

P E ¢ 6 €0 YRE 9 ? WixYy, sgse® @6

€? &A) 8B M © o6 s8! ;& 8O 5) sBA

e €2 DB s . DI ER@E s

e X tRt O@sg' ;& 8 gBRALHOUODpsS B3 . ¢
t % . pBP-o A®Mk PG p 4 (BPr4R)s

B-o A®) s8 D2, p A e> . (BPraR\e $e\ee s 8!
i 9 8T Os A» F _ Os &H BRE 5@y f f 40> p @@

) B,4j HUD =t B-o A® &s &> KD

Val=Z+ B+ fg + Record + Addr

@D pYFf Bo AW AUD pPAE> 9€ OfOHPBo A
Tl Bp* B8 HED' |RK: € . Au< @

E !
] malloc E
j & | &E:x
j 'E
i *E=E

malloc E&§ &Y E B—-o A® &! 8%H s . maloc EH BDi B~
o Aw) @A "f O r Ed®) TUYUDP HUs .&HUE Bo A
& sgub A ®Pw™) 4R§ HUs . *E& *E:=EH B-o B
&. s@ph 0! 4R3 OAt. B! @ H s

Exercise 1 Weix¥iH B-0 A® @ ! , WixViH O VD, Yeix¥) s
BKf B-o A% 7uUP&Et HOPBPp! BAHE . 0O0B>?
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_p & H 60 G

‘M E) nMO
;M " malloc E) ;M

n>0f;"+1, ;"+n 1g6 DomM?®

M &) (x))M

‘M E) rMmo°
‘M T &E:x) r(x);MP

M E) MO
M~ *E) MY);M°

M E;) M1 M1 Ex) v;My
M T *E = Ey) v;MofT 7! vg

*EH ® "% d“ afi< B-o t&B_ @AY 2! a4, p
@O . +AXx t&E_ @As SEEs \- p & &Wws.
*E tBRE_ gAY EHAAMHE w HPB-o Q%06 wg@ . ®
@B-o AME ¢ .*E t&E_ SKAY eHAAHE p H
B-o AM. Pag®eHTT! wg . CfFO® sB )

"f A OPBP! z¥ € x @0OvH AW . AW H
3s baa

let
X = malloc(2)
in
x =1
*(x+1) = *x + 2

443 B-0 ao

§j K-0PBG P! z¥BEMZBEe AGCG R0 | B> FOB®B A
eHt) QERD

4j PGP z¥ &t B-o | & H aAH let-806 OPraR 1
pd £ m Weix¥%s 16 B~o BB@Ups &% .® ! B-o Aw™
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EBo | ZBe FOB8 € &%

K-¥fHtt § .8®B>K B ?

4431 Ak B-o FOBS8
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s .0PGA Q_ Deub. &"f O&DGA b fBO B-0o FOBR T
BEY R H s (C s® )

E !
j free E

freeE8d_  _p)l & _ RDP .8 EHB-o A®) >pC . O AwH
bvr B@ARE B-o A®#Q ¢ .B-o @u) FOB 9€ &u
Y YER —BA A®) FOBK @

%2 > & € B0 €

M E) TM°
‘M " free E) ;MO

DB _¥Yf s@f s & .B-o FOB 00 ?&&t §&E
Bo Hi@ b .&. HRLE ?

_p &B_¥f B-o FOR 00 dB&t B o, @& . B-o
FORE &PGA b f® p @ 9s .PB-o FORE AGEC B
o | " ¢Be K-O6POP! z¥ > & QI HEB] . _p &

Y TrpBo —8BE@DO_p &E_BD)%BEI BKf K K H
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Bl ~s .

p& YHPRBo0o FOBY @"f Tr28THO . _p &

BRE &PBP_ _p) % 8D HnNn.O &af Blks O

>& H s . u o po6e . @€ _ To D' Tr ¢! @

®Q 8 @ n. 9Pt HTrt BH .#t1 | %I BK

I BE B> DA eHt . B P! % 9€ On-D Ht gET

rt 6H

K- p& DO« Bo ade @ u AbH ZpPE:

B B-o 9T %M (let -t ,®Pr4R fi P, Y¥eix¥, 8 , malloc-t1 ) B
Bt B-o HGe@ | \e & . B@9TG R0 HE® @

B-o A®M. s &h Xs O M,d A%) XH HUE _p
O .V p®

let x := malloc(l) in *x

H p ©O .*»8_ p)l &% A0l MBEs .B-o0o E@
s 9@E®. 4 x >B HPB-o DA¥H O B { Da “!
etHE . _p&_ Y 20€ ®©Bo A®H T B0 _ & _
oy O . "f 8 *_ _p* OA™ PBo pt HE&E &
t 6 H

t JEUD,B@h B0 PE I-D\>"f I-P\e> + 8% A bHB
Ds 0O . BE@RE A®pP A ¥ i B! g7 &£ 2D B@A
E EPRBo\e % AbHBDs O

s Cd& E BY -, .CY T HILTF AR & DY Y
Db®H” Bo A XH H s Rl MHEs

BE, B0 FOR! OPGA Q> RAOH E AT G ? 0O
A OH xp“ p . f® 9 ¥EKP @D ¥EKE&! Bso FO
g | kD BABH BRs DA 2dUub.
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5Q ,6P6GA Q ' amH EE & .60PBPp_HoE" B
Bs m .AGGERBo0 ) " 7B T PG pt z Vv

Hy | ' B@QEK ¢ . &"f BXy FOB 181 B &P
BXEBU. VOE € . & @ HE PpRso A¥

(@l
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|

BE ? OPGA Q ’ OPBps ™ HPBo _ BI B!

COPBGA b _ azs tB8 20 A> As€f O©®FE \m s
&PGA Q @6fs HZzA PB-0o F ©B8 garbagecollection SAOs
B-0o a0} OPGA Q> Ul €T COHPBPp_ @Yu E 3O
B-0o FOBs &%

O BOH ¢ t s . FOR t B! A p> aH A0k -A° Ro
gH AOs . FOBs -A° p> &€ @IZBe _ B-o Bs ‘0
tAe .OPGPE >BABBo | & Bsss“! Bo FOBs | M
&t §H € 97T ¢ B-o *Wt s .FOgs -A° Ao &€
gxae" B-o0 Beedas &Do H s

FOBs -A° p> &H AO) B-0 9%° memoryleak A0 “! € . -
A Bo &H A0} B-0 ¢ B danglingpointer AO “! @
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. 2 Q (OPGCPEBDPADO .n BB 6 . B
8 B%> s | €,0P0p ®Mm\e B8&t ! B0 | &%
>Y?Mf ° FOg HOPBPEBDP A D

$ @91 ?2\&8%> °" B8 .(¥D BEF Bso )
<° a4a%BOs FOBK “! Ot BE E WOwby & .
P B

6. PG ps D p H ™! 9B> % H 2?2 6. 0HB P
s & €,50PBp! sB8Kf ,D Pundexidable “! ET B 3XT H
J Haling Problery BH &PG@ p! A A &l MBs . D R “! E7

B! Rp> BpA eH ?2O6RAHD
3 XT @] Halting Probleny BH &P@ ps P R HETE 863

6686 :O5Qc HPBPps BFEG “! . ®Q€ —Hs (3)
QG OPB P E H(p) “! .0PGp p A"f p AGr&y & H
OPB® ps € true, OVt EUE falsd p . OOPBP H) t“! 6

0 BE —Hp EAf) &8 YW A &>h

function f() =if H(f) then (while true skip)
else skip

fOH® H 288 €BHO G .R®B € § g . —H
S .

%G B0 FOBs P R A»H, A\ BEL B0 | &
%> awa 6' ¥Y?/ HODBP G & €,3XT E] Haling Prob-
lem} K HOPB®Pp H(pl 6O s ESBAR>h @ B4R O
BBp pl 606 Os

let x := malloc() in p; x

6 b

P . xH p'f B8&t EH s8s *! . s®> '5g” p
z )

2
Yrt E,let-B:Xd_p re€E&I T, ¥ G z¥rt (3)

¢
I
T
I
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Rt § € pH Ot BEH OPBPps
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-0 2% U Yo B'E / t
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" % id .age
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—p A0 rs + BAPBMoO) A0t kb O AOH |
s 87T p
2@ 1 &: 9 ZE | O.
199Q ®* ¢! Pl r @GC 3+ P | ®OE, 9 ZEtypechekings H
| s . ] 2@ #AOgHI| Os “! A E .M O & _
H —®&s {He &OPB®pBs m*! BPres Ut AeH ana
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t |\ YE> n . E"f UG BPRsHE,OPBps z¥V &
Y U®h Bis UBR >BOR&Y bpoH AKD & _h

OP® P _ ZYEQFE >R“X, O>RaxvHI 2eHOPs 9
O8 .81\ H® B PO € ~t, BI H>RYH
Wmi< & ceubed ¢ ~t ASh, I\« HA @
Y ODs e® G ~t.

sR>t 2e>0ps &Y & HX Ot BE aA) 9V @

t §“! € .sQG aA LY € OPBPp_ " YE Q¢EED
oot %! Al HDBELR> 34 B8 . HiA RABE& B
, Bl p"ty Os BHOP® q¥ =y EAK Qo s .

OPB pYT Oy Ut BH>Rs z¥xer LOBL) @ 7%
H®Ds -D 9Z%s .s $0H OPGA b fB) %
Hi \e'f 2868&3%HX, 0PBp B, 6 OZEE © HPGA
b f® j@bn “har-8 p . (@3 E" fQ ML,
OCaml, Haskellp s )

B,G6 9Z%! @6 OPGA b f® OE T E EBIDZE | O
Bp —A OPGA Qps E@ B8 HI OB Vo ftt H §&E
69 6. 9 7% | OE (b A 80D O LI e@f ¢

| s “! Q¢ €t 8 > [ #©s Ot §

4.5.3 9 U%%: &h

9 UVWE Uls &H OPO P! BR H G BDs . Us &H &b
Op! BR H ODPE Bh &88K4R “! BHX, 9 WUVWE DG
pbs Us &Ht) BR H2-RPDP&EEG BDs “! BA B

l* P ODE ED®BEs .J@-D® OPBGP" t) % HB
D. HEDBEE BRIC Ha@Ps :Bs [@-D) OPBPHY 8

EH P!t B> OB> £ j@-DH O&PBPps h ,HHU
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I> =8 _ O

S . \BRIC"HA»H | s BBKf . Ams [@-D O 6PB®Pps
|8 €R .s®>|s 8RB ~“OPm,Us &t GH OPBp! —
9 Qt ® Ha#k B

Example 23 &P@® pUd E_ EID®Es 60 6 “!

E ! n & A
i s VDA
j E+E
M 2+7a" H EID®BEY UH .28 Ca" Hj@-b® ~ pg! .,

TPl ot W BpUWLD. t BUs &t EHOPBPs . &
A< WODAE SBA D .2

@ _ED®BEPps T H, | E -A0 B& . Us&H PG P
P BRI\ H. BID!] QFEt EH ®EDPL MHEs . oK ®
BPEse s : +HlE>h_ Ofips =° BAUH#Q € H. s
QG EPY @G| ! @ _ \HDBE"Y H d &t BH . & &"“!
8% > pre & E % \BiD@E"_ &6 ¥f \ 9 0v%%"_ &
D BHPO A®> &HI s

\ 9 V%Y f H B BB *9 H 20PBp_ 8!

tHEPs m ,C8>8 “! pOT, WBD t H ALK H
PuUb * 9K ¢ . 9 UV“WE 9! EPUD *9G .VIDP®,
\x+1"s Us &HOPOPps9€ « AxHEBEAT! " « ME €

90 OuWE x &ATG! t H@BYfB8 Ush “! BRC
0 OUWE Oy GHBGps Tt 2e>>R&H OPBP“t) b
BKi .0POp 2zZYEOQHE >Bs!' D>RBxy UPET 2&>
EQ « .81 >BYH® ps, Bs H>BYHTi< £
€Xd >BYyH €06 06 Ps , Adf, >Ry HO6 * " s ,plp .
D 81\« i< & pb® €R&* A8H, D6 K )
2 € BA
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454 K= K-+ 9 O¥%%

- f @, 9 UYPtypesysten] ¥ Kf Ho&“ A0l m k b

A

D! A+ ® RD . 9 ZEtyechakings R +, ¥.

A, kB 9 ZEdynamictypechekingg U "D . K-_ _p&_ @D
¥ H zZ ¥ interpreterl Y®p €,z ¥ b 0] %" K HO&Ss
T > p .»! 88§ E;+E,_ ¢ UPE RAG! Bp@®? HUD" &
A.8 8| "WE AR L zZ¥ 8 BA“t) % G B »t
"¥& @ . OPrdRGAP Y f(E)ETf_Z% @OPr4dR“ t) z V¥
Y B G B fiPs 9O A& . Z2% pB-o A¥“ DY
A € fipPs 9@OH A O .sR>z%¥xy & &8 Ve@b E
Om Ht) % H ! k& 9 ZEdynamictypechekings “! G

(72} w N

HO ,pvf s | G@Db,% H &h P Z E static type checkings 8

T . OPB®p zY Y 9 ZEI . zV¥ B LMy H
P HE]) m D2+ A &e! B G B zZ¥! r€E H s
g1 .se | ®' &h 9 ZE static type checkings “! &

ZEZ1 OPBGP! T SKf \z¥xr 9O O " &"s ! p
' Me 8 D06 b[ z¥wv*“! z . 8EH HZE1 H b/ Bsound
€ Bx . 9 7Z o Bl] O! " s “! PHX z¥a&y BI] LO

HaA 0OSWBE X
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¥ Zop 3| HHdNL,

2R 2 Pk 2z 2301y
e ¥

) 2 Wl an

- _aYes, it ry withat
— & s v5jp”
= S Ne

« Stabic .\"dfe checking @ before  eneuction
2y A T

% GunamiC pe dhecking thna exewdion
ﬂr_{aﬁmﬁi %"‘-3

m s | t B8,%0 K-¥YfHD! BsoundE 9 ZE1) B8p®O
R H®E . K-HB, G 9 ZEI soundtypechekey & B f @)
HB®) %68« t“! n “ R fOH M . &F @O _
|l eHOPCA b f® s -,

Q¢ r®p_ 9 M%%Ws SN t & BHt) K-] ¥Kf §R
D . &F @0t _ ODGA b fO®_ —Pps B> Kf ® —ps &%
Ht .
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Dre =]

e

t{xind, »de}
D i = i«lg: ik, i&:iu\‘}z

m “>»> mmm

+ uwt
/\ '
TAYAN
TAVAWAY :)1\::}
ANNIN N
T\;Pg Hiqujnies

5 e
' B,

{

-

4541 K-¥f >R&H &GP _ &EB

pYf sl G K-Yf OP@Gp dps >B HODPp_ &AOH 5t &

Val = Z+ B+ fg + Record + Addr
Record = Id !" Addr

| t @ primitive value. & @ s8) is .s bs It O primitive
typeps . @ ! Weix¥H ¥ 8 & compundvalued | , O 9 E WeixYs O
Bib OUPBDP®” ¥# 9 compundtypess B . B0 D¥H !
Pa “! &* B-o A QE D& “! BHO PR i 8¢
¥#% P compundtypes . @Pr4RH K-¥'f BE mt 8, 9!
00

t“! AiPlps |@-D s Ht B BET & . * )
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OUD bR ¥ P compoundtypes R

Type I int j bool j unit
] loc location type
j fg j fx! ;y! g recordtype

! proceduretype

45.4.2 0 7% B§

K- 90 0UWE 6 _ &8 typing judgment

"7 HWHo Eps .606PBP p & @EOG KOG HA R3S

0 8 4 type environment

21d 1" Type
s “! DoH H 6PG P Hsg8b_ 9! " .sMs
0 B8

T E:
E

908a ¥vf 8 E |J@-bzv¥&"' B9 §8 € 9

g >gC
H z' w@€ . @D D .¢&EH_ %\e m &
aRE .
© skip : unit
T E: (x)= loc
Tx=E:
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‘El:l ‘E2:2
TEi Exloo
" E : bool T Eqc =P

" if Ethen Eqelse E;:

) E,: bool ) E,:
" while E; do E, : unit

T Eq:int T Es:int
fx 7'intlocg” E :
" for x:= E;to E,dOoE : unit

‘El:l fx 7! 1g‘ E,:
“let x:=Eqin Ej:

ff 7! 1! zng7| 19\ Ei: > ff 7! 1! 29\ E :
“let proc f(x) =E;in E:

(f)= 1! 2 TE g
“f(E):

( x) = int loc
" read X :int

=
T write E

“n:int
(x) loc
X

) El:int : Ez:int
T Ei+Esc:int

T E :int
- E :int

T Eqint T Esint
) E1<E2:k‘.00|

" E : bool
* not E : bool
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~{}:fg

) Ei: 1 ) E,: >
T{x:=Epyi= By} i fx 7 qloc;y 7! 5 locg

“E: (x) = %loc
TEx: ©

Y Eqc: TEyx: O )= %oc
TE;x = E,: O

=
" malloc E : loc

& (X)

" E:
T &E X (X)

"E: loc
T *E
" Eq: loc D =P
‘*El::Ez:

B 9 wu%w RO D . %k OB> BtH 6 K¥Yf W

8 s . HAGHO U%u%UPT "D . ODGP
0! & H"“! BB ABHLt.

%3 %8s B

B 9 UVME Gt B BH zs & . 8OPGA Q TR
@"f &PG p WUDRY ¢« VE s ¥ O

455 K- 9 0%%_ WHok B

Opw t 8 1t €s & . ¢t HJ & . B, soundt ¢, B¢
., B

& , completet e
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455.1 0O 7% s B, t B

B 9 UUWE B! Bt 6 wunsound B_ 9 0%%s BI] O “!
BRC DG ps z¥aey 9 ANODP3IPAR AO0OZEs bl A
OH s

* Jr.j[e Ysg = it x, Yse next}

(et
e e = Jx:=1, et = {1}

nede , next x
endh

'h’iﬁ?ﬁ - checkad 1 budt comnot  run iy

Whet woud you do Yo meks .
tye s e

- whot did we wisy ?

s BjHtRt \@i AfrYf" "vet O KYfTHK B®BAD
. f®)Y n “ BEMA. s B]) WA ¢! Un “K K

BAeHEH]s . 5@ f s o6& A B s . OB>88_ [0
s B]) K €#0€ 9 %% PpAeBHt >©F ~s

s 9 M%%s B, t BEEAaAAH 60 €@
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I> =8 _ O

kg uge = {utx, e nef]

et
e mole = fxi= 1, naat = {1}

n

node . nextr. x
endh

fupe - dekad | bt camnch  run

Wht woud you do to meks .
tye sypion Sofe

- whot did we misy ?

0 %% B, > BpOHU AHRE . OR> &€ &P [ t
B > Ft s .B,> &l AKf K-} BAZO> B . tu
. . OR> &€ 8 @K- Hf® —Hps U s .qwg s |
X, EG rFE,B, G 9 0uU% 'R " %&id &>&€ O
90 Uv%%! ¥0 HK-OPGPpERB. & s .HQEG K-8
OPpEK-f®_]16h I pB t“! ESR &PBPHPs F s . ¢
E ¢rE,B, > &l BKf B° &8¢ 9 0% 1‘13> E
¢! O RSEs BY BKT e tR_I>-DH %&E A OH
£ s
6§ sev'f 9 U%%_ B .$Si ' A ¢! ODGA b fO) n
‘K €1 586 606) RN s .BOB>2zRK" 88 _ O
s Bj])l K €#o0o€ 9 0wuw 68 &%Ht U "D . &PO

Ab f®&r _ & HBOs
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455.2 0O 7% s a, t B

K- 9 ®fF %P B] H,J@-D + H &PB® p ¥ B 9 %
P! X6 H E 9O incomplets . U f PO p ! ° 0 ZE¥®
AeH>m .jJ@-b 9 AOOs Ui &PBP! ., B 9 0w

%E 9s O“! BRE A B . 9 UuWws B8 HOODs -A° 8
8¢ s

i) 32}

Okervochoﬂ

* oMby ey YR S S
A AR
let x:=1| N
n iz true w

x ey SMY S

let Vm&ne $6 = x et "
o 0y Flime)
let rnmlure 0y = X2 =219
m £ {age:=1, Wiz oel})
+ ( {aa.::;lhﬁr\-'.:lml)

.ﬁﬁ! L

Bo A 9s  BBA ©O .B-o AWM. %EUP Pa &
Hide @O 0s O seAeHUTD_  QUD"* &R
e AH D@D TOBE 9 ®BRPaBARH s
ORt 6E OPOPE 9 Z¥s 236

s Bl]) K BA B&HBE BRs § ?
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9¢ OPraRH “© 0O Oy @a0s z¥F A eH OPr4R p
s & .sQ@G O&@Pr4dRH &€ 9 _ “ ) Ruer Ao H]

z%¥E A& . sQG OPraRH B 9 VWY T H 9O ZE
P YadE A D
s B] ) K BAe&HBE BBs §y ?

WixY, 9 a° Kfe, 9 ZEs -A° v . B _ H] &

H@Hh Xs ) ®% H X 8s H Weix¥s 9s Aft 6
¥izh xs HADF)RUD & &H Xs ps (V,dwd

Aoss ). YD dwD) g el T g A Aoy gt
B! Ts .se %, | WixVD %% “DE,CYT B, Weixy,
g6 8xw O F))! gH ' R (V, dY%D 'xY%_ \next" 8
¥ A%>  "xY,  \sub-tree " 8%). B H,® 8% 9s

_ WeixY, QUD BKRTHER . O 8wH e\ H " Wi
w! P s .F)RUD g BH s OH s .F) U
s 0 Wixus . HQ z¥ &y & Wixy, 8% E Y
v\ > F s . F) %, ) &> &H s .VIb®,

Ist := {val = 0, next = {}}
Ist.next = {val := 100, next = {}}

B Ist _ next8%_  OE ‘ Wix¥ 9UP*&E AOD . e
Ne ¢ Weix¥)l t > &%t B B H#QO g% E 9 _  Weixy,
1 t> &uUP. O ! 2+ Pt BB MBEY Weixys 9 fval7!
int;next7! fgg ¥PHs, * &F A O . te _ * WeixWgk 9s @t
§! £ 8Q Istnextnext | ¥Kf ¢ E Wix¥ * @) 7
D Akl MBS

s Bl]) K BA B&HBE BRs §y 2

SNU 4190.310Programming Languages ¢ Kwangkeun Yi, SeoulNational Univ., 2006



45 f @ Aol 111: K

111

9 rU%% B, $i soundness B _u 6H €,8  B]) K H

BDE 1> HQZ! A& . Z sB>*RBh BDps &F_ @AOF
_OPGA b RO BE&S . O WR! N T

[«PB]) 606 6@6s K A, ,OPGA Q 0! &
*'sg! t! Ae.¥ .o Hsg8s 9 & YV F)BRBRUD
Bt Ak ¥ . OQE F) Xs )| %% H WixVh'f ‘o Wi

P HE¥ 9y s8! 8 €., 58w @' B! F) Us)
Oy %Qt B> h

Vi bR

type list = fint val, list nextg

“1 & R list OE Wixy) w@€ ,8A) t Hval 8%k F) &
Whlist | @ AeHnext8%. F) ol Pa&H %D _ UsH
D& 8T ©

@D pYF ®H 906 9O & H 60 BE ED! @0 ¥

t ! int j bool j unit
j tloc
j tid type name
I type tid ={tx;ty} type declaration

P! TE program
O s8p_ A0OBAHOPBP , % &+EpP . 9 sgbs & _
&H BIE &PB® p _ %6 BF £s . 9 s8&_ AosAo E s 8

pbls 0 ATYUP]EG&> H ¢« R Xkt 8,

! ' WixWLHUE & oub &t Ak “! 0 BE' &

~{}:fg
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e

B. " UWeix¥) de\le t > &H list Weix¥_ next8 %H list 9s
&H ~UD BR&H ~ s
s> &€ ,0Yf R &PB P

Ist := {val = 0, next := {}};
Ist.next = {val := 100, next := {}}

¥f Ist . QE listlocd BRE A &* 3 «P Xk t BB 0
ZE! X®C . Istnext ¢ listlocd)VsD .
B K PUP A A°H&EITE sn#QHsE! B H s
Oy s8! ;¢! DsgubPBR PR T .F)BR" % | %
o H Weix%H F) fo &' H 8% & .8 _  UsbD Wixy
| B AeHOEgW 9. .0A@EF) Us) 0%t 3 &t
§1 BKf s 8 8 H s

Q0 0 KOps OPE A»H, 9 Uwu%s B, t BE H]

K &t §EI MBs . 9 WUWW%_ B ,$i soundness & “! s
R> *RBh BDbps &F_ @AOF _ OPGA b fO- BB &
5@y f Hi@-Dh KOp! WWYE s . 9 0%WW%_ B ,$i soundnesh

b@ €71 B B] P! K KB o6p. &PGA b f®_ 9 Uv%uW
f% pd! D> ¢ s . B, €f p@G s 9 AOOs z V¥
t &P@pp! ZEK AH %% Bp* €78  o0p.s o0&
C URD s

456 K- 9 rO%%_ Y&o Bl ]

GC% , D& Bis ! BC K- 9 %% OB> %k “ 2?2 %&4
90 WUVWE K-OPG P! A"f V/ImS,) P86G . &OC ET BE
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¥ "f DOPB P _ %3 %3 Os |[@-D &BHt ET K g A &
WeE \WW", m € \ms§, "

Qg 271 ) OB> L&k A &' 2K- 9 BEPE p @
GOH E ®&@s & . 0 ZE| %&E K- _p ' P9 z2¥
| interpreterl Yo%ofe NI< Bs B&R t H B

%% E]) B¥> A® H BDE,OPGA Q 0 Z¥%'! {-H
P POl OPOp pUD. VENV. F@ H s .di< 8E &d
Wb % h fO C,C++ Pascal,Javap  f®ps .s 6&! @b

K-¥f @ B " s

K- 0 r0%%_%%s BB U BE A») TRD . A, K %&, A
' OEK D . 9 &R

T E:
KT Y& H 97Z% EA_ B4E 2 E~ s ::80PBD
B EE . & ¢ h B4y @"f OZE EAH B 9 BER:Y
K@ H eHt) O>h . 984 H OPOG P Hs8

b o9py @"f u9” ( &> R)PBs .s ! t“! &PO
b %ud E 9 |\ pPABHt 9 EY T Kf U "DH s
. OPBPp , %t @"'fHTIrE HOr Q! ~s . 97% E
A OPBP_ ADipy @"f F)RYD AnP&E? ¥ &P As
£ s

o 0 %Y T Y%s B9F F»H B _ BEYF WQB

ff 7! 1! zng7| 19\ Ei: > ff 7! 1! zg\E:
“let proc f(x) =E;in E:

F(f s R 9€,| (t Oy eH)BBPps zs#Q €
B,OPr4R BY Eis 9 ) 7 H s % & € .| &8
bs z“t) % H E, r 0Z% EA) F
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I> =8 _ O

Ep % u? ® 6 , ®, .O®3% 9ps OPr$e _
9! % | MHEs . @BuUR .PsUD U2 B ' B4UDP
Vve: € ? Rt 6

OB> K ,0& fis I-D O AH@B! 9Z7Z% EAf L&k

Akl 2?2 80G Qe PB! Ul . &OPGA Q or Tr o ¥
0 ZEE ®20v lodK"f . ®PbrdR & _¥'f OPGA Q
96 B 9!'Tr e ® !, 9ZEEDH ' mRG @

Ne'f @PrdaR BYX! 9 ZE6 . sR>:

ff 7! 7! zng7| 1g‘ Ei: > ff 7! 1! 29‘ E :
“let procf( 1x): ,=E;in E:

- Z ¥ | interpreter_ % %0 O Ss 8 ¥ .9
I AB®E R . &Pr4dR b 9! b
Wi OPGA Q T K ZE ! ®E R

s R> &€ H&E %1
ZE BE "f F)

K
NP
H 6 ,H &PBG P ud

~

§j tRt %@&®t K-fO) § %K@Kf, 9! &b
OPB b D W EN - ¥ . OPr4Rik « A f ¥ f

& g
B O
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0! ®PGBA Q Tr o F G . K Hf®"!

E |
j let tx:=Ein E
j let procf(tx):t=Ein E
t ! int j bool j unit
j tloc
j tid type name
I type tid ={t x; ty} type declaration
P! TE program
gi 6§06 tis &PB p “ O ZEs X6F s

@j} nype_ b = { int nome bosl L&P} i
let bbs x := { nome:= o, zap i= e ]
n if‘ x.m? then 1

else  x.name

type bt = { b x, sk nedt]
let st g = { xi=o, met =i}

eﬂ)
» 2&“"" = { 'ﬁ::i‘ nu.+ ":{H ’
£nu’1’nﬁt = {F'-:lJ next :-"'{}l

e.j.) 'h?e vee = 1§ intree & ik x, itree r |
Jet rm:\me shake ( titree ‘.*-'):"'“'\'-"e
= & 4 = {§ +then *
e let wvee §’ =1}

n = call shake (%.0);
£.9 := coll shake(t.¥);
t.r i= k°

™ ol shake ({ L=t} w1, o= {0l xe, el
b

GERDE Os B@R Kf®_ O 7% BEE 66 ¢

4 type environmentt. ®-DG p ¢ Hs8b(( A, OPrdR s 8, YeixY,
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9%) Oy a€ s%HW ,JjAOH 9 s8b_ B PB( O

@¢ 8a+ 8K
2 I1d!" Type +A 983
2 Typeld!" Type 9s8_ 98a
Type I int j bool j unit
| loc location type
j td jfg jfx! ;y! g recordtype
joo ! proceduretype
Typeld tid
T - E
5, T E

TTiTr o

“type fid ={t; Xy L xa] - Tlid 71 Tx, 70 1, 100 %, 71 T, locgg <+ © %2

;. E: ( tid)fx 7! locg
;  {x:=E} :td

S

ff 7! v Lofx7' 190 " Ey: o fETV 41 o0, CE:
; let procf( 1x): ,=E;in E:
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ofli I
Obgevvetions

x let xi=fa=i, b2} in X end
x tye E ={wtx, %€ net}
1"3]3! EYr = {int x, ®@4 Pw}
le'f' in::[) rul':ﬂ}
§r=g, pevisld

*  hype =ty Htﬁ
*‘ﬂf‘e 't:_:{hﬂblih{‘xj
let i‘;::l} la::‘hue}

& dpe W -_-{:.d-x,*&_nk
tpe BE = { ol %, A} 2]

let J&x::{%*‘ll ‘3:3 “k

B xi= = e, e=ily
n Xy

X, %

od

i

w5
X

457 s8 RB8,6E 9

OPGA b f® ¢t A») A_“! s @& u . S & R8name
spaced O E O typeequivalene & Y @"f .

A, sBRBY ®"f.KfOfHEE y sg! t! Ae
B-o A® (s A) Wixy, 8%, 0POp xuU@Pr4aR), 9. 9 s 8
E&O&PBpP , % A0BAsoph* ,» A s806 OPrdaR_ s 8E A0
8 Asope) G& B A 863

K¥f HBE s g 0 s8s <As8BUD BK, O&POP W
BO'f B] Os i A & .G s88s &PBp WD 9 s
8UD Bas Ht « A sB8UD s Ht i R . 9 s8s e © A
PRE 9s8 8a

2 Typeld I" Type
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| By € &', A s8s%He-A_ 9 8a
21d!" Type

1 B; €R .se aA, 9s803p0 A®_ sSsBE EsER
£ name space] Tt @ . Typeldg I1dB Y2t & H. @% K f BV f o
A sS80 OPDrdR s 8E B E s 8 BBnamesmpe ld] RAG . s8s

« AD Ht ODr4aRD BeoHt ) i BA Bt B. ° «A 9
g8a] A; ¢
BE ©9Osb Ad 2 9%y s8! ;9 MOPEs 68

Es8) i9Aew

type a = fint x; int yg
type b =fint y; int xg

PRE 6itB8 s8s @GOE E 9 ~Ub & ¥E A « B* (name
equivalene), P 88 Bt € BE 9s “! & W A e« BX (structural
equivalene). K f® 9 WU%WE 9 s8s @ BE 9 ~ W
PROCLES

46 &o

seviHey Yf &PBA b f®) n “‘Up O6&! DE
. %oF @Ot _ Vo Bs HTEH+ph OPGA b fOps BPpO” G &s
Bole . O @R A C HfO®s .9OB> 06PGA b O

' n “K Ht Ads Bl] 9t %Qt BE @N'f A" n
th 26 #> 8 | B »%-DPf OPGA b fO) n “Up
o

SR> O Bp% O&KE @-Df H B\° @Rhg B8 &R «f

"PE€ JBs B .%F_OPGA b O Oy 1I@#HQDPE QO
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B} HOpP® .s 68! &4 SE€T O Bl pbs eHt TRDE

~

o Hoavf, tRt § TE xxTCh¥.DP! TRDE&E
n & ZBe HI> ,F”“8 [> VonNeumanmachineg D#8 p _

>  universal machine, ®-D® b

B-o A®¥. s8 ;4 ,s8 A08ABsope,sSB_ 7% &K
AH 84 envionment, A»-DF s & free named € 8 H s & bound name,

DB %, syntactic sugar

87 BlY s 8 i34 , &PrdRprocedure i P, F) A Precursive call, ®
PBraRfiPs s8 _ A08AY p H O,k B/&h UD &A&H

s 8 A0 8 A dynamic/static soping
B-o | &ub AOl ,Xs -Pf _p-o Aw™
B-0 8 o0,B-0 F ©B8 gartagecollection

&PGp_ HNOl @ ZEI , 9 A0, 9 %%, 9 0w

B ,$i soundnes® @ ,$i completeness 9% s 8 ;i d
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> @

o et

O&PGA b f®) J@-Pn “KD .1 B ZBeli< o )} ¢ .|

>) #o0 > 8 9 f®) n “ H> m .8 FE B Zs)
t L8002 B]) K KOH OPGA b f®OY n “K D
ESGC OPBpY A0 BHLt) kD ZEBA R B “! 7

o H7ZEs B, H™ ! pe“! z
E & BEZSf "Brfo.® oHZpG AF ¥ I> )
> sEAR>Ki .\>  #oG g8"Opb|!' X &
m €fHUsBA O3 0. 8E U E §®y (E'E Ad > )
E BUD LU fo€? 8> &
sR>n “ B fOHRYt 6 .I> =8_ fODb Bp 0Pk
Wb zv¥&* & FB8OC @8 #8002 OH EBY Vo B&* &
] 2@ &k AOZ%Z | s O&PGA b f O BRY O EO” s

>l fR_ 8

OPGA b fOH Zz,Z2B« HI> [& 1 , 0« p BB
.O0PGA b f® IZBe) [0 BKEBDPO® > m*! , zB
OPGA b fO®) [0 BKBDPBA & BAR W BUD &P
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A bf® €% BARI MBS

E_ )\— Colculus

To learn : 'l'ninirm\ lomauaae for
qemml ~purpase M"""“"‘“ﬁ
© semanfic vavicttion$
: reduction s'hruh@es
* bosis  for 'h\ahehmler & yped,

progreny

Def. A funchon is empchide s

- [Gadel] it s vecunive,

- [Toing] T rung on o T waghine |
~ [cweh] it 5 definable W A-Glewlws,

. Abowe fhee definikions are proved o be egivelent.
Hewe we “baliave” Hhat u-?uh\-\t functions
e nro merg than thet,

*AGlalus as The  progrumming Q"’ﬂ"“]e
is o ?.J_ I‘ﬁ.

4=

1930-40 @+ 9 WHoFElU< A« PE I> BYUD >B RE s

Aot ) ¥ o | r €Ep . 6 § (GodellE BDF F) E A Partial Recursive
Functond D & & H EAP! I> BUDP >R REG ps “! &_p
% (Church)H 2 > B8 DlLamaCalculudd® >BF A B H ps “! &

_pt . BA(Turing)E BA [> TuringMachine z¥®A &H  ps “!
&_p
O

X

It > BER MW .AF F) EAHA >2DUP
>Rt Aet A EAHBPAP-DzYBAR* DA I> z ¥
HEAH BT F) EA b & W A &

QY m BPEI> BUD >B PG EA © u b
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*& ] Ast &P &O6C ps B @0t BE P AO
®. s ! \Turing-Church Thesis"“! DE

s D&Yf A >LDlamdacacuus fOH_ —! t*“! & . B

5

Dsyntaxs €Y _ p & semantics &

5.1.1 @ > 8 D Lambda Calculus

B >BDLamblacalcuuss H f O) led-D OPGA b f®O) n “ K
€ AH . Of®_ d®is &, | MBs .I> BUD >R
RGC —HA s ZB-DPiwAeH -HAOPBPs)-DOfHD ED

&H “s “! Et“! BUm.s®> a%uBOs I> & >8 _H
' D& A BH fO®) \Turing-complete "* @

PYb A >BDlamdacacuus f Hs EUD BRy \A "“! AD

B EDY%, syntaH BB

Exp E ! X variable
j  Xx:E abstraction

j E E application

xH s8s . xEH EA) w6 . xH EA_“ “! EH EA_ B:Y
s .x_ KAO0OBAHEs . xEHE" H x\ \@Qbindi "* G
. E.E,H EA) B8 HUHs .EE>RB € EA xE & “!
EHOEA “ X Z% h
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e -5 = variable
I A x. e ﬂk"bﬂ-d?mq
l e e aﬁ)\{cmkvn

« unomed funton Ax.e
b‘u\As X wn € T

SCOP&
tound. varioke
bindey

« apphaion is left-associchive :
- "e, e " ig reod (parsed)

(e, &) &)
o § hidhredwe corflict dham shiSt!

ALy x s reod (paned)

A, (x (Ay.(y»))

FEY
B p%>, semantce B8E3 . BB3d D! A, ey

Notation 3 E_ A» e« Afreevariableh FV (E)E E¥'f -8 D et

§E « Abs
FV(x) = fxg
FV(xE) = FV(E)nfxg
FV(E1E2) = FV(E)[ FV(E2)
2

Notation 4 u 8 substitutionE « A} E Wb 78H fB8s .usB
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SH+«A x) Vi@ E"H s %x7'Yp_ P s
fx, 7! Yq; 1 Xn 7! Yoo

—A xPE @ o)
Supi(S) (support setof S)H S E" H « & p fxjS(x) 6 xgs
«A x2A Y2BD 7AHusSH_ P!

Al' B

D 3 &G
«Al A YD E"HuUuB S21d) Expt ®"f ,FV(S)H 7P
Ot up_ A»e« Ap &P s

FV (S) = | FV (Ei)

1in

Notaton 5u8 S| A o E¥ B8 H | SEP ®HX 606 s

& _ & 8
S E ifx7WE2S

SXx =
X otherwise
S(xE) = y:i(Sfx7!'ygE) (newy)
S(E1E2) = (SEi1)(SEy)

Ay f \new y'B 8 Bs OH+«Ay Hps

y6ZXxg[ FV(xE )[ FV(S):

Notaton 6 ¢ h_ u8 ST} by ST “| €, TH E™| "f SB

SNU 4190.310Programming Languages ¢ Kwangkeun Yi, SeoulNational Univ., 2006



126

E°"HuB! po

ST=1fx7'S(T(x))jx2 SupaT)g[ fx 7! S(x)jx 2 SuppT) nSupp(S)g

2

Notation 7 EI® %, contextCH * 8 [|I A Bt eHA Ws
Context C ! [JJCEjEC ]| xC

‘B! BWEBR W' @ | BK\C[J'“! ®m! OBy pOLH (

r ¢ B)A W Et WQMQ \CE]"*! 5&6 .—# i HE

\CI[E]'4 P d&&H X, ©f8 4 _ OFVUPE & H ! pg .2

Trowstion Sewawhics §  A-Terms

(notoctions )
~ Free voriables
Fv(x) = i

EV(Ax.e) = Fv(e \{x}
Fv(e &) = Fv(e) v Fv(e,)
= Subetihuiton S ={@/x, - € /x §
sughivte  A-Tom € for vaviable X;
S T = e "i '?fx € s
[x o.w.
Shxe) = A¥.S{x/a}e
whre % & ul V()| efx €8]
v Su"S
v Fv(e)\{*}
S(ee) =(Se)(56)

- Gontext @ A-tem with a hole Q

¢ |ce|ec |axC

ONION

cn Cre) s
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Tronsition Semaics of A-Tevms

the trootition n\'&lvn)
(*) behuween

o (Ane)6 P [8AEG  (fokd)

o e| '_) e-l
Cle] = Clg)
" x’ & Fv(Ax.e) (d-tonversion)

Ax.e = AY. {¥Ale

i anl of
" 1::;3 m-:rd“;\l: zm*:*ha Ps ;:eﬂhs Smdions ! )
* eregion (Ax.&) e,  which fre the
(-redudion, is wlled (gim'_u, sy
*mhnwwavduhah& normal .
(euawa wmputodion 1S dome, i.e. 0 value! )

a5

6§ >R BEUPA ! 7®H s >Bo&s .>8 BEE 3h

( -reduction) (xE 1) Ex ! fx7! EogE,

x°62FV ( x:E )
( -reduction) xE | x%x7! x9E
E, ! E»
C[Ei] ! CIE2]
-f B -reductonE B EA ¢ s 8 78 B G . _peH>R
E m
_peH >R ORE §T . -f B reducton@Fs . B W

! fB REAY! D r & ,r ® 8vi fR PG A
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Pl OD"f ravt . s 6&s >B O&Rs A dWYf -fRB RGE
Bt \( XE )Ei"! Yo Uredex(reducible expression)* ! D E

A >BOGREB®t 6 &y >AE A . & . & H MH,
&

-fB RGBT (Wo Uredex)s 8 s@0D! Ms . O A 8! &e
H normalterms “! € . & @ nomaltermi%d >B' g A e H A o
' & @t nomalterm! t “! BHA Hs “! @

~

B 3t >R ®EDPps APEGE 7wl O8R! & _t HEH .BA
gy f 7 sl HHF €EQt e A& . Yo Uradex €&EQ
By &' A&l MHs

O Y0 Uredeods EOV\ - SBs @ " . >R HRA-
& @Y normal term! " AeH)RA s Dre@etub Ot @
By >B! >AB R, B

5Q A s >Bs B €, osHST €t B8 " . >B
HT @O> " W& B! A. bkl BB € ° _ & @t normal
termD B 6 B . \Church-RosseiTheorem" E“E \Con uence Theorem'"s
s | bed
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& Ntem  €'s semankies o5 the
tronsifion (reduction) — nkmr.e
is not wque,

% A-Tew €'s sewaics of it value
(rormel form | the st one In the =

enee )
i “unique’ bacause

Thw [Church - Rosser] Llonfluence Theorem ]
IF e 2% e e Q.Q‘e’
Q.IQ; * ea.y '

¥ we vl € L @ ave eyiv. wheor €€,
 er g Yo s et

one  novmal Fom,
) Thes renamivg bound-vaviekles (AA-wnvavstons) must be
g i m\na\eﬁ_
“ ; B " +he i
gg'ﬁhgﬁmc\v}ﬁd\rﬁ%g,ﬂm renaming
?'0'4 betomas Mlmfmﬁ&'l_
3 eg) (Ax. Oz 1) (agregh 1 VRS
(Ax. (Ax.x 1) xeg)d
o1
& @t normal term;] "B s €,0¢ HE-D >8! K bad

gRety cu AR’ 2?2 @HT) EAD € Be@dy 8 B ¢!
B8y ¢ A B

& @ HF normal-orderreductionD > € A . Yo Uiredex EA el M,
Oxt 0 aA] 9B Yolrded >BK H s .s HI-D >
B € &@Unomalterms e H A UE D@d &a@tt « BC
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& AMom  dos nob nlung hove
o vormadl form

Ox.x2) (A2.23) —

Ox. F (xx)) O xz) =

(m-hmtm"t‘lna progyems )

% For Aferm with o vomal fom
e ruuction - wile dws not
Mhm.\\hnm\'&m.

M[S‘l‘uhﬂm&im “Tweoren]
I o Aterm has o normal dorm

Hhen the normol-ondey reduction

amives of ‘e normal form .
#* Novwel ~ordey veduction
_& TP o e eftomast vedon

Cled = C[e] of ‘he odter-wet rediug
of Cle],

eq. (Ox.e)e,)(Oxx)y)
4-8

pEg s 8_h A fODPOPBH! @ ?I1> BUD >B REG —

& @ HF normal-order reducton® > B &H & | t “! f Ri< A/ £
' AOH fBP) 80 tis & WE A&
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-P_maw‘gq n A.‘ (alewlus
(w’d‘h hwmﬁ-mln—)
reduction
Ea“d{ g o's NJ B' 'F'llfhﬁii M,

recurdions

2 af. Axx
Az fx
Mo $x

)1 - 10
ne e

e = Ax Ny, %

falge = Ax.MY.Y

$eee = Q&8

Ab Az .My by x

AbAY, Az, blcxydy
2 Andy.n Ory) *
2 Anaf Azt (nfx)

2 A M Ax nf (WE )
S anaaw’af. nn’H) 49

IE 13
s 11

-
(v

B8 &

RG —A EA) B-DA A BRUWIE F)

t 81> BUD >8R
& vE A &

EA PGP AE® € . 606 06s FTER,
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Emod.inj o Retwsive Funchions
wn A= Colewluy

In ML, C, Jovagete.,

$un *GC(“) = if n=o thm)
else n* facinn

Ih )\- (olewlus x
foc = Y(MF . an. & nzo ) nxfen)

Y 2 A A Fx0)) (Ax.F (x2))
the Figont combinador

cf)the dewtahional semantics Lfac) is
[focd ;ﬁ\‘_hf An. i{- nzo then |

cke nx$m-1d
f) YY§ = $005) ) ie, Y fomg o fu t o
its Wﬁuﬁmﬁ wehion |
Then
fac n 5 0t

9% B A _ ZHERC REs BLROC BIDO >RDUYI t . —HA
>R RGCEAP! B-PgrgqaAe .A-Dd&k ' A >8
DD z% € 3ym HEA 06y K@ HA d&lls pe&g
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Did Yo see/fee| the
powey o A’s ?

% all "Cumrﬂubh " functions are
encoded. in  pue A- caleulus

@
* AN R K (redudion) YAl

Y

Sy Ax P R

* e £ BRI ALy B-reductiont
24 qe SR
ok A5z RSl 3%} s
o) s AR 4R SR
Ay B AR%

¢ bigh-order compotion

52 f® \A°  0: MO

B | &6bGA b f®DP P . xE HEA &R Bt .H.x D
EA sgEO .-“ x$! B:Xs E“ €% . E.E.H EA) &
8 HUs

B\e'f >B6 ODBGPYT _ 2zZYE, R @0 . A\f >8 &
Ed_ —HA %3%3Y Yo Uradex OH &aA . EAH xE _ B:¥X 8
E¥, WolW & € BYUE >8s h

®Q OPOPUDPT XxXEH P& Os . "%BPH z2¥F A@s 8
s@OH.BYE_ z2YEDEA ApPE Mgbf rER . DB P
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vf p#a B xE) | i Hcanonicalterms “! BE
@D | i 8 canonical terms @ YD #7& v(\value")d 8l X

A Coleals g Bogransing
E luotion
Retucon, 4% ann
Normol form €= m"%j:"
o 214 T o Cb;d k" 1:‘;
e 2y

. Afem € i clued ¥ F(e)=¢
T o) Bt € = Ax.e
We wil we V for ononicall ‘FO\ms_

a4y

521 ER“ Z Vlazy evaluaion 0 B G B “ Z Veager evaluation

Z H "%BDfs .z¥BO%Ks 8s@0D . EA_ BY
EODEA APE Me ¢P¥ Z¥E £
X EA APE ME{Ey,“ 8 EE f] z¥KA-D& 2
9t xps bt .98BY! z¥%¥ €7 “ ®Us 8T® M. “ W
Py L BELBRY ZzWI % H! Z¥Kf “ B! %6
B\e B:X! zW¥ |
| «P a Al &G KB “ Z ¥ lazy evaluation, normal-order evaluation EE §
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& A Pcall-by-name, call-by-needs “! “! ;¢ o P AA) BEGEB“ Z ¥ eager

evaluation E‘E &, & A Pcall-by-valus “! G

o Novmol -order ©nluakion is ako called
”lon.ﬂ evolwsion *  or 'caﬁ-kn-uhe."
A2 Ay

® E..Sq evolmshon 1§ 2RA HIY
or “'cqll-ha-w.\ue."

* Eoﬂev evollwadion & not "normal.*
The normod (oomomieed. ) Lorm connct be
Sound.  somehimes,
) (Axy) (OAx. % %) (Ax.x%))
wde
* 1) Y evaluokion we Cﬂh_ﬁ an
isne:?:! ond. recunive fumchians  Hhe same

os beleve,
%) i’s’ e @ &

teee

v i (ofter)
& ea.?ui Ae’?l};

OPGA b fOPT B _ &BRB"“ Z ¥ lazyevaluation, normal-order evalua-
tond B B8 “ Z ¥ eagerevaluation &  H BEE Al< 8 . 3P @
s ¢ z¥ B4 _ s | PuEr .+ P BEE EA 8 se@ezV¥E
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Ofs OHOE! & ! &

lazy evaluation eagerevaluation
xE ) n XE xE ) g xXE

Ei) v XE fX7IEgE) n V Ei) e XE E;) gv fx7!vgE) n VO
E1E2) NV EiEz) g VO

MR Z2¥0 BERY ZYE @ KBs &b . &ERUD zY € &
Bk a%Pp Ao >B&H aA e* Ob@ ak, & . A )
MERYD zZY¥ £

(x: 7)((x:x X)(x:x X)) N7

¢ B BKEBERUD z¥ € By H

(x: 7)((x:x x)(x:x X))
) e (X2 7)(( x:xx x)(x:x X))
) e

G#H, A | cRBRUD zV¥ €
(xx(x x)E) n(E  E)) n
E} ¢ « Z¥K Xt B, BERUD z2¥ € G B z¥%¥ € R

(xx(x XPE) e (xx(x x)Pv) e (v V)) e
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522 r€EfO: TE §1T EA
B f® EDUP T E

E ! x variable
] xtE function

j E E application

~

s fOf s8t! AeH EUBrs .s8] \« A"« e
A x AoB8AsopeH © s 8! DE EA xE_ BX Es . ¢E - A
AHT! @ HtH, &« A\ OE EA APt M, 8&H"“ Ts

A @ HUs h
_p&_HOPOGD WUD) cowvt BUET & . I> =
F®_ _ps>, ) &_Pp) N<BE W 9s .8 E_ _p &8

"E) v

E8a ¥f o EH® v] >BC ,H ms
8 4 envionmentE « A @w H B! &AKT . _p&_¥f 8a!
Dt H»H,&PB®pH! «arnvt EI MBs .« AH @b
OP@ py ® 2H .V,bt0s &PB®p s88s WudDf K@t ub
74 H®BUs m

OE RAI< EArs . EA TG pBRclosue” | HX, EA xE
PohdD " %&l O EA 8 [ Mstatic soping 8as . 8a_ WBE
«Ap_@!

xEYf A»DTt &n Kt
2 Env = |d!" Vval
v 2 Val = Closure
hx:E ; i 2 Closure = Exp Env

P BEPE 606 . BBRB“ Z ¥ egerevauaton@§ ! ”
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"E) v

xX)=v
TX) Vv

" xE ) hxE;

“Ei1) hxE; 9 "Ey) v Y¥xT7'vgt E) VO
" E1Ez) VO

Couin Rls - SLT50,
T, || s
\G‘-e#u— ‘ Cy(\uahg
¢ € EBw = Vav 225 Vo
v € Vol = lombda X Env dosures”

G(x) =V
GFx V0

6} ae = {Me,6)

6 l- el % (Ai'eit 6’>
stz V
6/Lu/x] L'V’
cHee. v’
Dunamic. seoprg | F1L? YT S me

cre e CHepv

6[wfz Le'Du
' T L

417

53 f® Ao |1 M1

MOl t*“! —A &PB®Pp! A Aets D# . MOy O3 TP E
=° DP%, syntacticsugat 8 ,OPDGA b # | AK'
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5.3.1 ET: &8A A/ f

~

&BA B/ £ ,F)EA recf xE,; |8 if EEE,®&“! »t 8 E+E
O kudtdl E=SE. I 6 Rur m gt Y ¢H®“! ps ° A
B xt B8 gBRCH_| AK OBC )

E |
j n integer
] true | false
j let x=Ein E
j if EEE
j recf xE
j E+E
i E=E

DB BE ° MOFOPD d& A EXUW O "%b &-D 62
gy

let X=E; in E,

H 6_ pPBs
(XE 2) Ex

Jj GPE] 28 & : EAGO BRA D! B/ .

v 2 Val = Closue+ Z+ B
z 2 Z the integer set
b 2 B = ftrue;falseg
2 Env = 1d!" val
OP@Gp_ - HAUPEWT! >BC . _p BEPE
—~h) n
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" true ) true

" false ) false

TEy) v fx7'vig Ep) v
“let x=E;in E;) Vv

T Ep) true TEx) v
Tif E1E2E3) \'

" E;) false " E3z) v
Tif E1E2E3) \%

“recf xE ) hrecf xE ; i

"Ei1) 7z TEy) o
TEi1t+Ey) nnt+ 7

"Ei1) v TEx) w
TE1=Ey) vi= v,

! EA_ Apd_ _p Y FITEA aAd 8T
“Ei) hrecf xE; 9 "Ey,) v %¥f 7'hecf xE ; Ygfx7'vgT E) VO
TE1Ez) VO

z1+2H BASf & R »bs . vi=wvHRu“t «t ) >RC

M VBPE ° &A B/ £ 0#Q € .EATDP" afA ku)
ERE ADOD .0bRUD Q EA) DY BE “ \e @"f BE &)
ber ZHEA“tHI> BUD BR D B R €EH ! s

8 Kf 3X7T B Halting Problery BH DG p' & ¥ A &l MES

54 f & A% |1} M2

541 %, &H O: &par

%l " Xs ) &PGP I %> . & 8p* B8 H Y
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] R .s bs Pre 8
E |
i (E,E)
j E.1
j E.2

 EAD ,8A A/ & ,EEQ T .

Jj GHE[ t &A &

v 2 Val = Closure+ Z+ B+ Pair
hv;vd 2 Pair = Val Val
2 Env = Id!" Vval
(8,8 Valp® & se . Vals | Tt el 8 &%

Val= Vval Vval. © p# ValE ®r BPFG . RpBe =« .0
#HOH X=X!" X! B& HRPEBs + piXs BFG )

_PLOBE Bs ' R
: ‘

Ei) W E2) W

" (B, E2) ) hvijva
: E) h\/l;Vzi
) El) V1
TE) hvg i
) E2) \/)

& B8p! p Aes ¥ B_. “PE =° DBs
P2 @B> OE Q!

<}
B_ E@DE) o A e

H . B> Q9
HeOPG® P! MOt “! B8p Ae! 2

(Ey, Ep) =

m: (mé)é

El = E(xy )

E.2

E(xy )
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@8 eUBE R % O 8p Al . VD, d&izA R
o, DB A BY A0, DRBARY EA .sMNe i A R

Example 24 V) p®, VD) %&K P . O¢ dWvd e, ¢ t 8

RWE BDp A B ¢ AVDK %D (v » i £ BDDT ADYD
| B%H 8D. s ¢ h) EEnl 6 link “! . nil E 04D &
(%D B8P 0s B&t EHY! &6 ) linkH & _ €A
P&

x: | st:(x, Ist)

OQ€ \link 1nil "E 1 @ H dvdD [1) ,\link 1 (link 2 nil) "E
[1,2] v} 8 A
8 H BDUPH WD FQeHt BR H @D isNiI? 6 dY%
O 986 B&< OQt & >R HEAD head tail 8 & L€ R
60 Ols HEER € B

isNil? head tail

| st:(Ist =nil ) | st:(Ist.1) | st:(Ist.2)

Example 25 ¢ E V-D,2 B A A% binarytresl %&K D . 8 ¥UH
BDE[ t : emptyleaf ,node 8 H®BDE][ t : isEmpty?,left ,
right . 60 6s & Wi A &

empty leaf node

0 X:X [ t:r t:(link It rt)
iISEmpty? left right

t: (t =empty) t (t.1) t (t.2)
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55 f® Ao [11: M3

551 B-o A®™ @: 8+h O —P

zBe B-o ) 8 H §i+A f O _ —fp imperative features & W€ #i0
. bps 8 G .&OPGA b #m_ ) BKT .

E !
j malloc E
i 'E
j E==E
j E;E
BHt B-o A®) B@h* B0 AWM. s@p 0! * B-o A
&e B! > B B0 ) t €7 OPBPp z¥ HA . "fE

8) >8> F Ak . A% @ "f 9O 0 "f L\

Jj T RBYHPRo A® WER

v 2 Val = Closue+ Z+ B+ Pair + Loc
2 Loc an in nite coutable set
2 Env = Id!" Vval

B-o A% @s &€T ,06PBPp BH_ _p BRY H B-oO gT
Bo\-H &PBH_ Ups >R&ET 0OB bebs >B H&EB
_p B8

‘M E) v;M°

E8E 8a & B-o MYf vl >8 “! 8 B~o H MZO%s
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B-o HAM:f D HAG EA
M 2 Memory = Loc!" Val

_p EE 60 0

‘M E) v;MO‘

. N . 0
'M,‘Mmal:f)c) En)'M\.Mo”> 0f;"+1 ;"+n 196 DomM?®

M*E) ;M
M IE) MY)MO

M~ E;) M1 Mi Ez) v My
M E, = Ez) V2;M2f‘7! Vog 2 bomM.

M T E;) M ;M;T Ez) M
M T Ep; Ez) My

E—Adp_ _poOfFy, B0 bEs AFE H s dke& B
s . Vibe,

‘M E;) hxE; 9;M; " ExMi1) viM, Fx7'vg M,  E) VveMj
;M " E1E;) VEM;

Exercise 2B-0 | AOH ps =° Ppo Ae . @B> MBOHD
2! B9 Ael 7
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M3_ BID] r &o €:

E ! x variable
i xE function
] EE application
j n integer

j true | false  boolean
j let x=Ein E

j if EEE
j recf xE
j E+E

i E=E

j (E,E)

i E.1

i E.2

j malloc E

i 'E

j E:==E

j E;E

A " si 3hBsE@BM G pes 8,0PGA b_#_ (E'E 0PB
Ab e ,EE @ ODPGA b) BKf PPUD | R&%H . s

j 88T6¢ ps e €qw> pPpRUHP' K B Ae! ~s

Exercise 3 b ¥6H while E do E + DPips . A, M3 A9 A &
M3H =° MOP B! A BB ©¥WD, BY H MOP f >h
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56 A0 ZE  H]
M3H At B,z¥&T HEBEL &PB®Bpps & .z¥xr 0s &
t §"f z¥! 38 &H aAaA) " OPOBPDs

Types
(%A, 3. 3)

- zmgawe W B WY

- zaaqy @P) Mk B & @
¥ 4 & ek
g R ) (PSOL, UL Al @, )
* mavy) CHRSE Qunes A7 BEk

- M gar| DR RS

%
& A AR TR

M3OPOBPE S A Tps &* FET B4e> EQ . €6

Ai0H EA &A A/ £, & B0 DA™ | EARBSBUY E.E,
v 8 E, O UEEME € .»tH E.+E, ¢ BgUp _
oH&ME G .| Udif EJE;Es E;. O6HACH £9Q
¢ .e&¥f i+ PEOB!' w HHY ELIYf E. 0 BE @&#Q €
B-o\e &#H U E,:=EX'fT E; 06 UE B0 A®WE ¢

M3ODB® ps BEBE 9 > | ! z¥xy B@BE Ht) p
o WP ZE H s pRppuUe g .¢aedZgeDs b 8 p
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we @
@ static B, sound> ZE H @QQ‘, 9 Y% %s M3 @"f H
B K

5.6.1 &h ) 0%, Postatic type system

&h 9 rU%%static typesystenE Us &H &PB® p“t ) PG p WD
BUD BB HGE BDs .z¥&Y B H s m ,z% % p
0 %o H U%%bs

& h 9 UY%uWE &h _ p5>, static semantics* ! OB, € . s
Y BK,tRt _ p& _H OPBDp z¥y @6  LUuUb k& p

%%, dynamtic semantics” | @
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[V Yo I A )

OPB®ps Us &Ht) @ Z% H ODPE Bh &8K4R “! @&
HX, & 9 OWWE ¢+ PD 886G BDs “! BA B

l* P BDEED ZEs .jJ@-P® 6OPBOP" t) % H B
Ds .ED Z%Zs % H EDBEE BRC ra®EDs : O@s
@-b OPBGpd B8 €H p! t* OB> OB> £ |J@-b
P OPBGPps h ,HUs .\BRC"HA»H | s 8RBKf . D@
sj@-b® OPBpd B € h .sB>|s BLR “Bm,T
s &t EHOPOP! ° Qn ® HAaAaA §

Example 26 &P@ ptl E_ BID®Es 606 6 !

E ! n & A
i s ud A
] E+E
M 2+7a" H EID®BEY UH .28 a" Hij@-D® ~ pg! ,d
Pl ot W BpRUWLD. t BUs &t EHOPBPs . &
A< WODAE SBA D .2
@ _ED®BEpPps W H, | E -A° 8& . Us&H &PB P
P BB I\ H. BED!] QFEt EH @EDPY MBEs .t oK ®

BBPE s+ s : HlE%h_ Q§Ups =° BAUHQ € H.s
QC EPY @€ | ' ® _ \BIDBE"Y H ® &%t 6EH . 8 &"“!
&% > hre O E % \BlD@E" &k ¥'f \&h 9 0wu»%"
_ B WP BHPO A®> &HIs

\&h 9 Uu»"'Yf HBOL BP' *9 H 2606PBp_ 8

't HEBPs m ,CG8>8 “! p@T , %ud t HABAPR!
BPUD *9K @ . &h 9 OWWE 9! EPUD Y9G .V
Ub®,\x+1l's Us &H OPB ps9€ « A xH &AT! 7 « ME
€ . 9 UUWE x &RAG! t H @BYfB8 Ush “! BRC

PELD E#D ®pY jsHs8s

SNU 4190.310Programming Languages ¢ Kwangkeun Yi, SeoulNational Univ., 2006



56 A0 Zg _ H] 149

0 OUME Oy 8HBGps T 2> >R&H OPOBP“t) b
BKi .0POp 2zZYEQHER >Bs! D>Rxt OPET &>
EQ « .81 >BYH® ps, Bs H>RYH®EiI< E
€¥d >BYH €06 06 Ps , A8, >By H O6 +» " s, plp.

® 81 \e i< & pb® € R&* ASHL, DO & )
® €Bh .sT2E8PF BEBA . B . Bs H>BRYH
S 20s “ i< &£ , €&%d4 >ByH € , © 500cc

RA, O “t D&s B _ 08s Bk ¢ HU_.

9 UVYE Q& &h OHPO p i $ static program analysis . O-DO
pbs z¥®r t HO®L P! z¥ 1 v VB H s .18
HSPE OPBPpPs 9 81> 2¥E ~ “t ED

@0t &6PBPp I 3s O®Ws ,AOF _ &h 9 UUWE 4,
t & incomplete. Q%Y 8> 0 z¥&H &P pgs 8 9 0%

U RD" P D\ BOXx " BABRH s . ORtB,B
,sound H ED@p .\V"“! ERph OPBPE bwr OV &
>z¥h H s Dbe@eph . m be&: ¥ D 9 V%! ¢ B
> R

&h 9 rU% Postatic type systenE B 8 # o0 formal logic 0% %s . H o
8 9"b,Hod __p@EE £) A" Hod! I> BUD &
H @§ P inference rules, proofrules,® @§ps & HET (B.$/ 6 & .37 £
f soundnessand/or completenes}D 2§ B

OR>n “s @ € ,%&> b . L&k 9 UUWE Qe 0P

&b fODESR . ODPOBP! B4uD R p RO B!t
O] t) ZEG . %&&H o Es n “ ¢ ¢ 0% ]j@-b
%G s H z: %' > R .n "V Bt B86C 5A&!
fiH
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56.2 BAd Ho r0%4 Potormal logic A0

pd Ho v A, ¥pK D

bt Ho UWWE 6 _ ~pBD %Hh :Hol P®BE_ & ,HoOU

_p_ & ,AWoH P& ,AA0UY & ©D,&r BD 1

,f  # o0 propostional logic 0% %' B . Aot PBE 66 6 E 8§
@YD & _h

f I TjF

jof
j At
j f_f
j f) f

Hod &_H 60 @7 :

[T] = true

[F]1 = false
[: f1 = notff]

[f.~fo] = [fi]andalsoff,]
[f._f21 = [f.]orelseff]
[f1) f21 = [f.implies(f.]
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4j A" Aodp_ P®B &OC :B,& (ffy; ;f.gf)@ :\
fYp _ Pps . A“ 8 f, A L) D PEED:
“F S f
T 7ff2 S f S f
fl fz \flAfZ
R ERAN P T
T fy 1) [ ffig" f3 [ ffog™ f3
T fy_fo T fs
[ ffig™ f, T f) o Ty
) fo P
[ ffg  F f N i
T f T F

s BEPE A W] BwH BES! ,s
& inference rules E'E £ T @ § proof ruless “! @

' Ho vy f H & @

EI"f KE E ak: APoY P! BWH OGRE B,AAoY!] A

FGC ET ! B¥H 6&S -
PH s

5

V) bO.ET B

Cfy t,

CET D

R ERAR P

EEZT! BwH ta ®F ~f.@  f,
£E7! 8H

P! BwH & ®F U

ETp, oty fih i
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SR> B8pOt HET! ET A° prooftree” ! @

fp! :pjpg” p! :p fp! ‘pipg p

fp! :p;pg” p fp! p;pg” i p
fp! :p;pg” F
fp! :pg :p

4j ®0g \I> B“ "(A° OFEOH, p) OFEt EH)ET BF

E‘E &Fr @F proof rules, inferenceruless & U 86E 2 " . B,Er B
bbb 8¥Hfg, gg FHRL p* ?2V)[m" "g) f]=true
?&El ,>h_ 1T s &

&y @ B ,$i soundness

"fs€ [ ) f]= true

ars & @& ,$i completeness

"fE€s [ ) f]= true

57 Q H 9 rU% %simple type system

MOB —A | OPOpPpBA XY ,OE ST EA DY O3 . O
oub EA< &RAB BEH ML+ 8 OF

E ! n
j X
] XxE
i EE
j E+E
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B_ _p 28
"E) v
!\ sBA . 2, 9 UwuW BS$I ET YT #0o€ BH! BAK
T &P P UD) r ¢ HBY p & ) .BE _p & _
& B8 Z ¥ ElBevaluationcontextt s 8 K f 60 s & _
Value v ! n
j  XxE
EvaluationContext C ! ]
j CE
j vC
j C+E
j v+C

ZY%¥ BIPE BGBR"“ Z ¥ eagerevaluatonHM ¢ | K f §Y Z¥YK ®A
Pl &AKT

OPB P ¥ BEE 606 0
E! EO°
CIE]! CI[E]
(xE )v! fx 7! vgE
21t 71+ 2o
O@PB® P E. _pHBH  BE:Y " f
E! E%

"Y&H OBUD & R
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571 8H 9 & B

§j T gH & . 9 %% &

O&P® p WuDB! t ¢! 90 A00s z¥&H &PB P “t) Z
£ HWHo W%%Ws . OPBO P UDe Hs Trh s O . &
« O o UUWE &PB P 3% 9s OB> I> BRUD ADE
AerHLt) &06C

O A UVuPs BB > & Ht ,0f %% AHEH |t B
Yy @"fH &= HAH_| -b .PBE ®WHo %W U n “ &
BE Box . b1 A eH U%U%s BUVE trx . Oe t ] €6 %" G
Be &7 Bzy %k BR!] —O X

9 HOPBp UDPs z¥ 6Bt HEUp_ &OBps . %
FOEH 6 " DPBWBIE s

Type ! primitiv e type
j ! function type
AHod ©O™DH
TE:
S
H 9 84 typeenvionmentdd « Ap _ 09" o1 t ] &
21d!" Type

Notation 8 9 8a&a Y @®"f fx7 g@ Kf +x: Be X
X7 2 @ %Y x: 2 PBe @k .2

5
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Hod  pH
[ E: ]=true
[
8 F Es o8y f~ .00 >BE! v € " v:
§j B Aot ( o BR) AD H®E' & .9 EFF BE type
inferene ruless “ | @
n:
(x)=
TX:

+x: 1 E: >
T xXE !,

TErr ! T Exloa
TE1Ex: oo

Eii 1! o Ex: o
Ei1+Ex: 2

Example 27 9 A SHR&HOB! GHTEGTXxE Al< @

X:X +:1: ! ‘(y::y)2:
S (xx +1)((yy) 2):

Example 28 9 A® D RpEG aAH Al< &

: !
: yiy: ! T zz:
XX +1: | “(ywy)(z:2):
S (xx +1)((yy) (z:2):
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& 2t f 8
2
B BE EH! TRD
8 E_ 9" DB §f _®Es & .s ZEET®E &
p! €T &b o )\ %> € .V) p®OF ~ xE : ! &
MDY € byvwr € aA WyrHO : xE_  9AM BES

Wy oD, & BEY tH, | s BEG aAWTrHO . B,

xE : ! 0 s€s +x: “E: ©

EEY: s€s T E 01 N Y EOD: O

p¢ o Ex @"f, “E: “ FEA P

fx: g x: fx: ! g x: |
Toxix ool Txxoo(!PH)r (v o)

Bl] Os z¥&H &6PBPps 9 A D pGga’ e . a
, completet H B s

: : ~ 0
ff: 1 % f: 1 O ff: 1 % f:

ff. 1 Q@ ff: 0

Cfffi(Cr 910
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572 & ®§ B .S$i

% H & BF B, $i soundness ET A B . R .$isb,0POp
s O &rs R € OOPOGPE 9 AO0Ds z¥h H s e
#h,s .B8,0P@0p (A» «A OHU)EY ®"f

s @y F ARk €, 60PBp EH B] Os z¥&* 88 € 6 0s
9s H s

0 %% _ BSIi' E7T HODUP @R ¢t ) GRD
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5721 B .$i ET @D |

>h _ &o) ET H s

ProgressLemma: @ s "Mt BjOs "¥@g

“e: ¢! e s m € bwr el €&

Subject ReductionLemma: ” ¥E 9! DB Qg

e 8§ e! s € €&
B % Bo ET &€ 9 AMD BF B, %7 soundness ET & H ~ s

0O MO GHRGC OPBPE @ E] Os z¥&H ¢! ,88
€ AG UeBY TUDP o) PH b ® o6H ADG OPB P _
01 " .9 Bo_E7T0&!) URD . ° (rEDUD " YV&H
/T T s

Lemma 1 (Progress) "E: &/ E &s m € bwwr ¥ E! E°Q

Proof. "E: _ET%Y @G *8DuD. (T s E_ %, |
®8 Uv%ud ,\E_ %\ @G & DWPD "(\By structural induction on E")
KR )

E=E.E af&: E,E,: b 9&F BT K  E;: 9!
g1 T Ep: % . "f, 8 &Y _ Kf

E;s is m€”"¥ E;! E?9“! sHB®O®@PB®p z¥ ! & _

Y K E;E,! E%E,0 @

Bt-D,E;s s E; s m € "¥ E,! ES“! ,sH
BoOPBp z¥ ! & Y _KEE,! E;EY @

Ed E, ° Ois €, E;: % 9 AeHTTEEZST xe®
Ars . "f @POPp z¥ ! & Y Kb¥r " ¥ EE,=
x:E °E,! fv=xgE®Q
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Eakh, bBt-bDET.2

Lemma 2 (Subject Reduction, Preservation) " E: &/ E! E°s €
CEO:

Proof. "E: _ £7T%Y @G radDub " "¥g .1
e=E.E,* aA:  E;E,: %P 9&r BEY K E;: Ol s
:‘ \Ez: Os . E1E>! ES% €[t é%\ﬂ]’\ O

E;! Efs "f E;E,! EJE,* aA. x& &Y K EJ: O
TEy: WD, 9&F ®EY _ K W EYE;:

E.£ Bg! E,! E% "f E;E,! E,EQ* af. B afu< A

Ed E, =° B ad&d. E;: % *“ @ E.E 9&r BF:
K XxE°Wy HO . B ,E;E;=(xE9veg! ,(xEQv! fv=xgE®
s . xE% %1 s € 9@ BEY ®@®x: ° E°:

v °4vP, \Preservation under Substitution Lemma™ _ K

* fv=xgE®: s

USE o' PBE

Lemma 3 (Preserv ation under Substitution) Cv: g +x: O

E: s€ = fv=xge:

Proof. +x: 9 E: _ETY @G e DUD ET G
E=y:E’ ad: @@ y62ixg[] FVv* yED 80® A & LD
fv=xgy :E°= y:fv=xge® "f P9 " E = y:fv=xg®% 2= !
& +x: 9 y:E° ;1 L,uPOe 9&F BEY K +x:

O+y: VE%: L8, Cv: ® ye2RV (V) DO +y:  v: @
127 ®Es e %, ) ra U%D,\e %\ @ LED®D " ¥§ "t K
: R

2() | WeakeningLemma&o (& _& T s & )
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VP, 8 &Y K +y: i fu=xgE®: .. B, 9@ BEY K

y fv=xgE®: ;! .
EafAH 8p BHG & .2
5722 B.$i 7 ©D Il
§ %h 8 Ub- 0 AMD (0Y%U% B ,$i soundnessE T s R
E! errorl] & 6C

Subject ReductionLemma: ” ¥E 9! A& € ,) E7 @

"E: ¢! E! E% € " E% s

BSisb,is 8 E Os 2W€E EHEB] Os "¥ 98
B €6 9 0s#Q €@
is e« 8 E 0s & “! .Y H 2

OR ,E ! errorP "Y¥YB®B A O . = €, 0R> "Y¥@Q €
\Subject ReductionLemma™ _ Kf —H4d MEl's . error 9
s &® HX error . 9! &\ H ®EE Ol MEs

! "¥s 9! @bk ULD,OUD "¥s > &€ ©
B BE P

573 &Ff BEF Yoo

B BH 9 rUV%simpletypesystenE Ho 0v%% WD % H )
t“! &R ET®BA B3 . dj H Y%ks
t B Thks BRK BDst HEH . 6_ ®@F! De OR

+x: 1 E:
XE 1! >
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EA_ BYE) 9 AD 9« _ 9 ,Vured ¢ .60

E % pak¥b ADK BEA 9 98Bs

ADK? / H 'm u*e® € .08B>K ? A inference)
¥ K ?2 OPGA Q> EA f “ op! OPBp Wk
O ¢8 “! @K ?

sepZ Tt Bs & . 9oy @G fwBRKRH' [A™! D® H
08&s

Oo&sZ T A»HEt AL, 9 kWD ABK BAH T
‘o B4 MEs . OPBPp udDe oy ®"'f ODGA Q A°
e Tr8T O . KD AD B

E d»H, 9 Uwuw @zy %&%GC t'o Ed MEs . @z
y? 9 %%s ADBARH ! Du'o BE & Gis ADK ¥
Ob® BSwg€ .uU'o Es AMOK P e 9 %% BE ! A
K § Ak . EDi a>b Ao r%%06 Y%& r0%%s D9 &

5731 fw &l _ P

R &PB®p E) D ¢ ET EARUD_ 9% @C fwBRY!

+ P68 . DEls -D % BHED! YKf Dda_ Os ®#¢ 9s

& Bt QCB&EYU( € ®)s + P . O fwBRYE! PER

O fw syl g AoH OPB P _ EDLEY me* A
me .OQ0§U6 A 9! m Hpg AS

Example 29 V) p®, 6 _ ! OEKD . £ O0POGD

1+(xx 1)0
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|{%} (x kd) |{§’}

| 2{z-0}
I {z2 )
I “{z }
I {z2 }

gy i 4R H 9 & +«Ax 4R H 9§ ,' @6 B&
8 \lhs=rhs"H £ 0 0

0o — 1 —
2 = 3 = !
-  x -~ 5
—_ 4 - 2
4 — 5 — 2
6 = x s = 1 °
°= 5 °=
7=
p B&EY KHO . ,H d. K “! (=,p@e) ! 4
e K UYBD( 6= B B°) 2
9 fw®atl uH 60 GE —ps
TyEgn u ! = 0 B&Y
j u”™u fw
Type ! 2 Tyvar 9 « A
j !
O fw B&H _ K S| u 8 substitutionthD & %o € ¥ . TyVar!
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Type® E" H. B,
S2 TyvVar ' Type

n

“.(A)Y BH AYf BB Hu8p_ Ppts )

Notation 9 SF UE \SH &8 u_ Kmode' Hms . 66 s &
_h _ _ .
Ss,=S, SEFuUu SFuW SFfS( )= qu
SF 1= 2 SFu ™ u SF9uw
&I f
8
< if 7 2s
S =
otherwise
S =
S(! 9 =) (89
S = fx71'S jx7 2 ¢
2

fweagd! [A°H U B V(;e;)H 806 @

V(i;n ) = =
V(;x; ) = =9 ifx: °2
V(i Ei+Ez ) = = " V(Eyg) " V(Ez)
V(ixE; ) = = 1! 27 V( +Xx: 1€ 2) new g, »
V(E1Ez ) = V(Ey ! )M V(,E2 ) new
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V( ;e )H SE 2?28,

SEV( E;) , S "E:S

Proof. E. %\ @G &8 DUD.
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xE*“ af\: SEFV(;xE;)E

1! 2N V( + X o€ ) new g5 o

S
, S !

[
j: 1 2
NSEV( +Xx: o€ 2)
, S =S,;! S,

NS +x:S, E:S, (8 &)
, S =S,;! S,

NS T xE S ! S,

, S T xE :S:
Eask, q@> .2

5732 fw®&tl _ K

%o [AcH 9 fw®it! B> DA ! 2
A, fwBR&YE KH % & 0C Types H P BE&E €
OpPBRE Y t BUUP HERUP AGC> BpBt H Pp_AGE P
Bs
Type ! primitiv e type

] ! function type
O KH, k9o U 'fo Eunicatonalgorithm! s 8 Kf [J A &

\A Machine-Orierted Logic Basedon the ResolutionPrinciplE", J.A.Robinson,
Journal of ACM, Vol.12,No.1, pp.23-41,1965.

0 BRUD (=95 K RB (Type)E B FH&H _ K 9 0 unication U *
OBUD D A BHPAYS

o B UH TE U TaeYf @9 b k“ Kmostgenealunier) ¥
KT
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{u'o B U B&EYH v ®@"f KS) B8p® LUE

{fu EKTH®@RP A t :TFus€ T=RS*®
Rs &

"f L 810 &PB®p (A« A OHUYU)E. 9 B&H' BH U
o g
U:TyEgn! (Tyvar " Type)

UNVGSE; ) (new )

P sw oW g U & H
U(u) = unify-all  (u;;):
&E|" f

unify-all (= %9S)

(unify (; 9)S
unify-all (U~ u%S) = let T = unify-all (u;S) in unify-all (Tu®T)

S9,8 Pounicatont fo E

unify ( ; 9 :Tyvar |' Type
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& H

unify (; ) = ;

unify ( ; ) or unifty (; )
unify (1! 5 21 ) = let S=unify (1; 9

S%= unify (S 2,S 9

f 7! g if doesnot occurin

in SS°

fail

unify ()

B U'o BE® _ BH 9 rU%Psimpletypesystem &7 € sound&

complete 72 %oS

B, sound UV( ;e ))=S s€ S E:S

9

U(V( ;e ) =S 3
&, complete ~ 0=RS €s oCCE: O
n 0= RS

W
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5733 t “ t'o B[p

9 AU + P €F Dt D PO HU' B R

M :TyEnv Exp Type! (TyVar! Type)
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M( ;n; ) = unify(; )
M( ;x; ) = unify( ; 9 ifx: %2
M(;xE; ) = letS=unify( ;! 5 ) new ;; »
S°= M(S +x:S 1;eS )
in S
M(;EE% ) = letS=M( ;e; ! ) new
S°= M(S ;E®S)
in S
M( ;E+E% ) = letS= unify(; )
S%= M(S ;e;)
S%= M (S%S E%)
in S°8%

B U'o Be: BH 9 rU%Wsimpletypesystem 2 G sound& complete V2

B, sound M(;e;):g's s€ S E:S
M( ;e )=S3
@ , complete 2~ 0=RS § €s A —

A 0= RS
EE, &€l 20> .

W :TyEnv Exp! Type (TyVar ! Type)

SNU 4190.310Programming Languages ¢ Kwangkeun Yi, SeoulNational Univ., 2006



170 [V Yo I A )

W(in) = (53)
W( ;x) = (;;) ifx7 2
W(;xE) = let(;S)=W( +x: ;€ new
n(S ! ;9
W( ;EEY) = let(;S)=W( ;e
(58)=w(s E9
SO= unify( °!  ;S°) new
in (S°8%; S%)
W( ;E+E% = let(;S)=W( ;e

S°= unify( ;)
( 58%=w(ss ;E9
S%% unify( %)

in (; S°°8%5%)

B uto B BH 9 rU%Psimpletypesystem &2 @ sound& complete %2
#oS

B, sound W ( ;e)z(;%) s€ S "E:

W( :e)=(:9S) 5

@, complete A 0= RS €s ocCE: O
3
AN OZR y

574 B, 6 ®Q ath

BH 9 Mw%u%s B, | Ht B8 [/ §s B

a, t o .9 v X®C ( 9 AMPDe S RE)OPB P E
z¥xy 9 A0 Lt EH H s ber .t 8, 9§ 0
Os U z¥t AeH —A &PB®BPps BH 9 %MW ¥6 H E
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m . B, soundt B d%o H &PO b ps & Hincomplete” s . &%
oH> 8y §

Aft ® Oy @a0s z¥&H EAps s & . O
- EAPps BH 9 0w ¥6 €7 H . oUP AR
& 9 “\. BB&H AA ODBGPrY & € B8H 9 wuUW
X &% & O

6y Vps &

Example 30 §_ &PB@®p!' D . B8H 9 %% ¥Xak A OH,
t BUz¥E AeHOPBPs

(* polymorphic functions *)
let

I = \x.x

const = \n.10

const 1 + const true
end

Example 31 6 _ &PB@ps BH 9 %Y H 9 AD D B
cafdA .t B8 E] Os z¥&H OPBPps .2

(* S K1 combinators *)

let
| = \x.x
K = \X.(\y.x)
. S= \X.(\y.(\z.(x z2)(y 2)))
in
SK(ESI) (S KK D 1 (\xxtl)
end
Example 32 & AOH f®P B8H 9 W%%s R@p “! K, , 9

%% Y6t & HABG &PB P! 2> 8> h .2
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(* polymorphic swap *)

let
swap =
\order_pair.
if order_pair.1 order_pair.2
then order_pair.2
else (order_pair.2.2, order_pair.2.1)
in

swap(\pair.(pair.1 + 1 = pair.2), (1,2);
swap(\pair.(pair.1 or pair.2), (true, false))
end

575 M3B %o |
5751 F) EA

F) EAH Y ZgMs' « Y combinator] ¥ Kf & &ofz A B3 . Y Z g\
SeH
f(xf (xx)(xf (xx))

g!  OpydrH ! —DPRAHEA BB \xx"s &
BH 9 Uwuwy'f H EA ' _pRAHUE 9 ABD ¢
a
2 B
| {22}
0

Vi EARYE i 4R H 9 | 4RDE

._‘
|
x
-
|||

N}
||
x
N}
|||

s &HX, B ! =1 8& H 9' TypxfHO' A0 . k9
Ounicaont o B'E B @& ! B> 8%wH & | DH ¥ 2J €

"f ,BH 9 MVi%s 6 @O fOf H F)YEA) YZ gMs
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D d&KFH 9 0w Yak A0 . F)EA

recf xE

H8 s@pPPs m
0 AD BEE B8

+f:1! 2\ XE : ¢! 2
“recf xXE 1! >

Exercise 4 B ,$7 soundnessE T « B aA. ®"f | B_ Oh (Progress
Lemmad Subject Reduction Lemma ¥ & € A

Exercise 5380 “ u'o Bot “ U'o BE 9B> %@ A &!
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5752 B-o Aw® @

Bo A% P B8 HAaAAH 9 %% B> %@k A &

5
E |
j  malloc E
i 'E
j E==E
j E;E
A 90 &8 H . B0 A® @ 9D.
Type ! primitiv e type
] ! function type
] loc  pointer type

9 locH B-o A% 9 x,® A®. H 9 fOs s@&H 9
s .®“!', 9 MDBEDPs fUR> %@ . 606 0
-
" malloc E: loc

"E: loc
T IE
T E1: loc T Es:
‘El::Ez:

\El:l ‘E2:2
T E1; Bl

Exercise 6 B ,$/ soundnessE T + B ad&A. @"f | B_ OBk (Progress
Lemmaé& Subject Reduction Lemma)d ¥ & € h

Exercise 780 “ u'o Bot “ U'o BE 9B> %@ A &!
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175

5 . 8 ﬁ 9 rU% % polymorphic type system

BH 9 rU%%simpletypesysten] &8 > Ho@ RS OA €7
\t BOXx "t HaAl k&ED B, €F Af€ 9 U%%s 8
T

B 9 0% Ppolymorphictypesystens ©QE 9 %%s . 8y,
9 AD R “! 2] O 28BUD %&f AH B 9 0UW

s let- A 9 rU% slet-polymorphic type systens
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o rUva%r'f H
\ @BOx "=\ ¢BRYW_ K O "

s . A 9 rU%%polymorphic type systen(’ ¥ T H T 20x " H
aA B8H 9 U%Psimpletypesysten(')D & . B,

"E: s € "pE:
s .se aAl "H) ¥FD €F S@onservativeextensiof a A “ |

B 9 rU%Pbpolymorphictypesystemt” f H A& H 9s A 9 polymorphic
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wpe) A& . B OPBE 60 GE ps

8 O «Ae ;i O d&&H s . —HABH 9 adA)l ° V¥
P H 90s Hmws .B, p 9 p[B8:]H 606 BE @D
_pies ! M AR

—B 9 v@"'f 9 upD.

Vip®,8: ! _  pH:

\
8 :]= I[f 7'tg ]

t2 SimpleType

Viip e,

T
|[8 o ]I = tZSimpIeType[t! t]l

[! ]\ [oool! bool]\

fxx; xi 1, xix +1;, g\

f x:x; g

BH 9 Ouwmy'f zJGg aA B> B 9 U%UBYIHAS®
BAeHt V) p®DP . A ¢ aAHBH 9 rOwuwmy'fH 9
AMDE A OH a s

ff: 1 @ f: 1 ©°ff: 1 % f:
ff. 1 Q@ ff: 0
DR B A B G A N A
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ff: ! g.‘f:! ff:!-g‘f:

ff. 1 g ff: 1!
R I U A (O R I A (O B
C(f ) (xex ) !

B 0! SEBKf B_ 2 V) 0 ADBAX B> h

ff:8:1 g f:(! )! (1! ) ff:8:1 g f:1

ff:8: 1 g ff:
Cfff(@ )
f_ 9s B 98: ! s g1 "f(! ) () 9Ub
s B&Y, ! oub. B8R . A _a%, Bt
‘f:ff:(8::! )Io( ! )‘x:x::!
T(f ) (xx ) !

HQ 4K 6 .6@ 9 %% _ %@E B $i ! AK o)
. EAP Y9BoO) €R,t BE>hR . 6_ 9 & 68&' D
D

OboKf pB,,unsound(tHé.Sis . A _ VK bs,
0 A0 eHAOPBPpL B 9Os ADh

ff:8 : ! 'g‘f:!

ff:8: 1 g f1:
ff:8: 1! g (f Lf true): :
Sf(f Lftrue): (8 ) ( ) T oxxx +1: !

(f (f L f true))( xix +1):

B, t BE¢ EVH §_ 060PBPps .y 9s A 9ub
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obo&e 9 AP 8RE . OQ 9 A0 eBH OPBPs

T (x:(let y=xin (y 1;y:true)))( z:z+1): bool

581 B 0 & B

Hindley-Milner 4 9 _ let- A 9 let-polymorphism &E¢ @ § s
O&P@® ps 82y ) aAB OR> REQC 1T $s €k -, ¥ G
EA oOn'f AH -D®OB> g&Ht) U AeHad g,

(x| X zX })E
EO

let x=E in E°

“afB8 x_ 9! B SUPObor T

s af E B 00 AeHt \R, > "I 36 B\«  ERYT
x B> B&Ht AMDK B8 .M x 9s &G E
oub RBE A e

B 9 E 18 rank-1polymorphismt 8 s 8 @

B,85 ]9 &t joH P prenexformB B G
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let- A 9 rU% Plet-polymorphic type systemt" f H let-i s P®Bs m

~

g A

E ! n
j X
] XxE
i EE
] let x=Ein E
j recf xE
j E+E
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D typed 0 H typeschem& £ 0 €

Type ! primitiv e type
| ! function type
| type variable
TypeScheme ! simple type
j 8: generalizedtype

O Htypeschem& BH 906 B 9! VEG

Notation 10 ~H f 1; ; ,9! ,8~ H 8 ; )l e

0 f typescheme =8~ @"f ftv( )H Y &H A»-DTF 0 .
Ap ftv( )n~s

09«
a»

9 v @"f ftv()H Y eH 9 «&p_ pies . @
S
Y@L fv() = ,pom V(X))

O us8 St ®"f itv(S)=f j 2supp(S); 2f g[ ftv(S )gs

9 u8 So P H type scheme ¥ @®"f S =87:Sf~7'"gs, ,s
M ~\ (itv(S)[ ftv( ) =; “ a A

9 u8 S8 98a y@"f,S =fx7'S jx7' 2 gs

8~ H 9oH_ @€V R oH 3 . BBy H, 9 usB
S BOF SO0= &' SupS) ~“ adl mpo
GEN ()=8~ | m*“! ~=ftv()nftv()“ as% . 2
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let- A 9 rO%Plet-polymorphic type system . O @&Fr BEE £ 6 €

~

&rr @ inferenceruesE \ T E: ") AMD H®EPps . HeAp
P Htypescheméd @¢ &) t “| &

2 1d !I" TypeScheme

SNU 4190.310Programming Languages ¢ Kwangkeun Yi, SeoulNational Univ., 2006



58 B/ 9 rU%Pbpolymorphic type system 183

P X 2
n X :
+x: “E: 9 Y E;: O T Ep: O
xE ;10 CE,E,:
“E: +x:GEN ()" E°:

“let x=E in E°:

+f: 1 O xE 1 0
“recf xXE : 1 O
T Eqc T Ey:

‘E1+E2:

Fr 5§ R $i ' BKfH B QUDBD M xh©DK €
Ao 9s A° M b oUP Obo&fT HER

= 9 1 \9bo"8: v HX [ € U@k ® 2
GEN ()=81 ;o &EI"f f 4  ng=ftv()nftv()
O A» H:
Y B (x: )s " &H aAH xE_ aA@y O
Y eH &' B HAaAaAH EARYI EA 0! AD
B M
EA - 9! 9borw! "f EABYs 9 AMDLKE PR
HK”
EA fnp&er ,AHZz] “ ps Obof AeH 9 _ @
s U A&l MHs
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Vi b @,
X: (let y=xin (y1,ytrue))

1 9 AMD HX,* x_ 9! B 98:! UbP9bown
€ BEABY:s =° 9 AP &', B EA piEa 9E

8:( ! )! (int bool)

DAM pEB s .H6Q PR, K” .B EA B psH-“
HB B 9! pAeHEA U Ael MBS

B EA -DP zz+1y BER “! K., 9O ADH BE] Os h
1\ B oYf )| inth BW%oKf 9 AMD ¥ | apPAel M
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Bls .t BOQC EARB HE z¥&2 9 A0 LO6G

58.2 &r BF B S$i

BH 9 Uwuwy'f 87 H D! @D sg HX, B 98P %
@h rs

Lemma 4 (Progress) " E: &)/ e Bs m € bwr ¥ el E°Q

Lemma 5 (Subject Reduction, Preservation) " E: &/ E! E°s €
CEO:
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583 &F B Yk

r “ 'E'J :‘O E

W :TyEnv Exp! ((TyVar ' Type) Type)

W( ;n) = (i)
W( ;x) = (;f i7" gL, ) where (x)=8~:; new™
W( ; xE) = let (S;; 1)=W( +x: ;E); new
in (S;S1 ! 1)
W( ;E; Ey) = let (Sy; 1) = W( ;E)

(S2; 2) = W(S1 ;E»)
S3=U(S21; 2! ); new
N (S:$5:51;Ss )
W( ;let x=E;in E) =
let (Si; 1) = W( ;Ey)
(Sz; 2) = W(S; + x:GENs, (1);E2)
N (S2Sy; 2)
W( ;recf xE) = let (S;; 1)=W( +f: ; xE); new
S:=U(S: ;1)
in (S:S1;S; 1)
B U'o BEBH 9 AMDu'o EW_\ f®QT " %u@s
0O Waz ¢ Y2t&os

[

B, sound Wp(;E):(;§) s€ S " E:
Wo( ;E)=(;S) 3
@, complete A 0= RS 5 €s O E: O

MR(GENs (1)) %
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584 M3 %@ |

B-o Aw)| b & HaAaAH ph 9 %% OB> %@k A
gl 2

E |
j  malloc E
j 'E
j E==E
j E;E
A 0 &8 H .B-o Aw g Op.
Type ! primitiv e type
] type variable
] ! function type

] loc  pointer type
9 HE @b

TypeScheme ! simpletype
] 8 : generalizedtype

O locH B-o A® 9 X, O A™m. H 9 Os s@&H 9

0O AD BEDPs [fUR> %@K D . B8H 9 %% _adH<

=
" malloc E : loc

" E: loc
T 1E
T E1: loc T Es:
\El::Ez:
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188 0 =et_ 8O

T Ei g =
TE1 Exroo

>, s®> fWQT %&s 9 9bo d&RK! u €7 B,
$slt > n
6§06 BE 9 A0 eHOPBPs 9 AD &

let
| = malloc \x.x
in
I = \X.x+1;
(')  true
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SeY» BH 90! B OUDPO9bo BEM dWQe P

“E: +x:GEN ()" E°:
“let x=Ein E°:

| @ BBAEH> m“! HE z¥a& Bo A™| BDVv> B
@hAH 9s OH adA-8 B,

Bl H, B 9 OUWE 2% Y 9! AMDK P € . 8OH Y
E z¥&Y B-o A®) @h>t t) B> A ?

BBy HBEAO . D B R €O ! sBKf 3XT #
j Halting Problen] BH &PO® p! & YE A Bl MBS

t 8,B, > HERE A e .pB-o H®) @At §H H
S %zG a8 9! 9bo . D %oz €9bo vt

(e}

\"f let-d . 9 AD®BEs 606 06s [Toh

“E: +x:GEN ()" E°: .
“let x=E in EO:  exmnsive(E)
CE +x: E% :
et x=E in E0;  cxmnsive(E)

&EI"f exmnsivgE)_ & _

ex@nsive(n) = false
ex@mnsive(x) = false
exmnsiveg( XXE ) = false
ex@nsive(rec f xE ) = false

ex@mnsive(E, E,) = true
ex@nsive(let x=E;in E;) = exmnsivgE;) _ exmnsive(E,)
ex@nsiveE; + E;) = exmnsivegE;) _ exmnsive(E,)
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[V Yo I A )

s€ B, . exmnsivgE) falses € 8§ EH z ¥ =Y K@D BHT B
o A®w) @At 6H .t 8,8 E exmnsivdE) “! Kf E 2
Yy byvr B-~o A®)| BD B¥H E m

59 &o

s @'f HODPBA b f®) |@-DPn “ HORE! DE . |
>R >B OR! ° D%BARLHBRC —8§fO A >BDLamda
Calculu"f B P P .s fOHEAB EH f® .BEST EA
Fs .O®0Q EA A» V  rstclass value EA “ —D . &I,

* EA BB 6D EA 31, @

Dot ,z] & OPGA bs #o0 o, ¥ £Qt D Psyntactic sugap
DA . &RAY,A/ £d,; | 8, letd, FYTEA, &pair! AOH
8,®“! B-o A™) 8 HB+A f®_—Hp. B~o Aw™)
OHWH+A f® —Ppe s O HBR“! [fUR>VYDR .2z]
B OPBA b! #0> [E g AEH O h

SR> %@h fOH_ _pHB° 88 . —RAUp_z¥ OoHB®
¢ o 8p@p . &A A/ £, EA,2 0 & EE RBo A®w. _
p BB UWD,f®) @1 % . p B8& Uwub PG P! «
| 3 . 8é3 H EB° @ _ O H o6 @XQg . & B8R
t8 @3¢ f @

s>n “ 6 fO® \|[@-D" ?2s. fO @"f % Ro"
“1 zE TE,s fOD #E O6PBGPDP_ 9 AOZE! B, > p
0o kubBAEXD H s

sB®d B, 9rmM%u%_n “06 @B27C %GB! D?/ €7

U6 &% . A, BRC BH 9 rU%Wsimpletypesysten] n  “  Po¥
ORI ETKDPE . ©& 9 0uWw_ @26 %&e U "DE . O
W%uWBE &P pY'f 9! RuUb AMOBAB®3Y, 9 A0 e

€ kub A0l O x A &3 . OPGA QH DB p MuD. A°
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- 28) ' ®E8T O

9 U%uWs f O @A&KET DB %, syntacticsuga  ps 8 A

&H afA & .V) p®,F) EA Y-ZJMs' + Y combinatory ¥
Kf B!Qo € 8BH 9V fH 9 ZF! Y3 AO>h . F
) EA) 8% HUs fOf | R&E B] 0B

s BH 9 MUWER, | Ht B ABSis s b®” . 9
SAOOs 1 Z¥Y&H BEE PO PDPs 9 v’ X6t BE

BH 9 %% &% > pE let- A 9 rU% Pblet-polymorphic type
systen] U "D&E . B8H 9 UvuWUD 9 MDD BARH —A 6P
Op! A pgs!  ©D B8 EE ODBP! 9 AMDBAR> &%

s 9 Mv%% BSis Pet Ae! O L&kBRBR: U "D&E . 9
s kub AD&! 9§ A0 kb O
90 %% &% > pBeEr (88 @, G complete—p ¥ Bt

¥ B8 EE|J@-DzV¥&H OPG P! A po A e+ ¥)RSis
+>1t HadA & .Bo A 8 HOPGDP_ B 9 r
BWWHE fUQT %@UPHRB SI ' PeRA O3 .[HgdH 8

T p
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ODGA b f®) n Up € ,%&"! z .OfOD #E &PB P

P z¥wve ! zE s . Bs z¥BA . BX . _p & ) K
H As €.06Q Or %o HEZB.) ¥XKf z¥wnv*! z
OPB@ p! 7B @A BA4RA! A+ ¥ “! B4p OPBP

'y ¥ HBD! fBK 6

6.1 &PG p B4

A, OPBG P! 7B\ 84 H BDs 8T . &oF 7B Y%
Vi B4ABA eH BDEE p_ 9 § CPUYH O . VD¥ @u
| XKf 0P P ud) E=D Dt % HA PYHO . OR> H
9 § B Ps PGP _ @®4pl

59 § B Ps ¢ 9"b_0OPGP“t) €EKP G . s
OBs BIDZEpasings H BDUD K UD AOH " . (s BDY @
KfHs @& YfH AOt BH ) s 6&! u € @4h OPB P s
O —p OPBP“t €ER . OPBG P! BwH BD(ED BE)D s
B> ; B&OT %5 G ODO P “ t .

\OPBPp'EJj] D%, WNpg —pu¥bPiqg h .2 8 A
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-b. 31K AY)

62 OPBPp z V¥
B4ph OPOP! ® p&B _@PPZYK € .2t ©BDs &

C BDE N “QG O A_ ZzZ¥I interpretey B —D B%H ~ s
Az¥N\Ne AODB D! VODOE HOHPB P! Z¥K Kk s . O
X O AZVYI) OB> kB A B! 2
P zVYI eH f® tWE D fFODP AZYI) BPpE h
Vip®,n B 726« I>#QH 9 2z ¥ g ., 8 kD W
%o x@%0 @ucpu I>#Q_ Z ¥/ interpreters . s I>#QD A
z%l) ES € R .OAZYI Hcpu Z¥K K s . m
€EAZYI) S kD LEkBh, & .s aAOQE cpu
res AzV¥I &H s
EBDE E f®_ z%l) s8 H s
P Ef® z¥%l & €.,05f9Db 9% KOH 9 | compiler
BpbeER .BfO®_Zz¥I interpreter BFG “! . A®DHB p
' BOPBGPUD % ‘! Bz¥Ne VOOE B
VI p®,n B 7B =@%0 @ucpH I>#Q_ Z ¥ interpreters
O >\ AF®) zZ¥ v H BDE AOPB P! I>#Q B
POPUD U H s . Y 0) x@%0 @ucp z ¥ v
€ R

6.21 =z 37/ interpr eter

2 ¥ interpreterd 8”7 PO P! Z¥KTP . _p & z ¥l &
“1 N A g
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_zZ¥ | interpreterH @@ f O _ —HA OPB® P! zZ¥K Kk A b

Z T 9s .oefeb cHtrAeH OPBps AGy s & A
B HX, _zWl z° z¥K§gAeéem

S s RGE HA»HY ? H8%, MBEs . _ p &_ semantcs @
@fH —BAoOPBp_  pl & Kk AB ~ 06 06E e
Ae_  OPBPEAGCE A ,wod' t“! 8p®” .|t
Dgibs & ,O®! t“! O Bp!'.s 6R! YK _ 8P
Ops ; wh

OPB®p_ z¥e. OPOP! BWH 8 BE! PA .zV¥ ®
BE OPOG P! BwH 8 BF m& h . &"f &PBPs
> wh 0 &! "f LA zY o zY¥p A® >wKE& .1t A
Bb_ z¥ BEs & . ek ; w BF ,ZY ®fs & . zVY
R AF t! ®B>,w € Z¥R , % S5, Ht.

z ¥ t Hz¥ EE @55, semantics& ) &@-D g

6.2.2 96 | compiler

% | compilerH B#)” OPG P! E fO_ BE PG p WP E#Qi
. 5O D! GA DD E#QMWs . @@ O o6 fH_ 6 &
_ 9% | compiler €T
_ % | compilerH % | @@ f®_ —HA OPB P! 0 f8_
K@obGpub E#Qi . A OPBP! HAE H>E 1
0s . o@efAPb EsBAeH OPBpPps AGy Bs ! A bkHX,
ol 2 % Kg AR m
S s REHA»HYy 2?2 xa% MEs . —HAe_ OPOPE
AGE £A L, wep! t“! 8pO®” .|t AFps &t O
Pt AE Bpr.s 6B XKI _ PGB ps > wh
% E OPB® p! B¥H i BF! PA . % BEE 0B
b! B¥H 8 BF m& B .&"f 6OPBPs  wh &
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&! "f LA Y ) % o AF swK B It A§b_ .
P BEs & . AR > w BF % BEs B . % h A

t“! ®B> W € Y% R, % . Ht.

5

6.2.3 L,

B-D.,p HBEE BOK' 2 n b 7B gt O E\>#Q"_ 2z ¥
| interpretery t “! & . ®@%0 @ucpu |I>#Q_ Z ¥ | interpreters

6.2.31 9 | _ u,,

fO A n “Up . Al I>#QD E#QDOH 94 | compiler 87T
Bp® € . OBDE §7 . I>#Q)Y 8B A @Y O . I>#Q
DAY |) EBK € . %63 MBEY @Rs O

B, PEE ER &I 8 H 9% | complers € B . dDPRS! &E G
% Oy "M B, @ .B0E Q! HI>#QD + 8K AH «46 |
4 B €R .s %l §. €., AGPBP! ! z¥EBA
B> R . AOPBP! I>#QD YU “! 1>\« VOOE

dj ,8e_ AbOPBPp! z¥BABR> &% .OR €, A%
s, Af®D r ESBAR .s MAf® I>#QD HD e
B #oG fOSUVD,B 8 0PBR Y BEEG U ODs S, F Lk
Ae! s .sR>AP %SG REEG AN I+, AODB p %P O
FzZ¥r~ AR %8y DHQD OEBHA A% I'D H % o}
Mo B~ s

6.2.32 Z¥I _ [
fF® A n ‘Up . A z¥& BH z¥I interpreter 87T . 8D
H € . BDE §1 . >#QD AzZWIl ) EEK G . 908

4§ MelyY @Bs O

SNU 4190.310Programming Languages ¢ Kwangkeun Yi, SeoulNational Univ., 2006



6.3 9% : PD$i Pinvariant At |

197

B, %6'E ELk &I B8 HZ¥/| interpreters € B . 0 P& zZ¥! %
Bot e, 8 . p&B _@PPZYKAH ZV¥ISI B € R . s
z VI . €E,6_ ABOPBP! ! z¥BA B> h . ABOPB
bl © Z ¥/ interpreter VOO E R

djH,&e_ AGPBPp! z¥BBAE> &% . OQE AzZVYI
s Af®P r EPBAE s MAf® I>#QDP HD &6
_ #oQ fOUYD, 8 8 0PRUD 2V o F L&l A B! " s
SR> AD %R BEG AZYI ) z¥EBA L . %6Y I>#QHD OE
BAAzZYl ADPBA&SG AzZWYI) zZ¥K Kk ~ s

6.3 9 : p’$ll p invariant At |

DEYT , %D, D$/ Pinvariant At | . s s U _ >k&s . P
et /17T %4 _ P s MéE#s

pY'f s | G @Db,% E OPB p! BwuH i @F! PHA
. Y% BHE PG P! B¥H *d BEF m& & . @&"f
OPB@ps ; wh 0 &! "L O Y% ! %R BAE ; wK 8
lr AED Y BEs B . xERY > w BF % BF s
B . % R AF t“ ®B> ,w € YU R , % S, Ht) T
r ¢.

M E U BF b@t&t HSEP! t“! BWE, V% s 0>
LA B Y os OsP! tl et Y% R BFDs ; wE M
Osp! sBKf #o >  wh

u 6068 .@E-B_ "%l G*“! . @G B_ "%
HeE:s “%) > €p .FE:_ "BHEH "%l ; €&
73 6H B@ 10ZOWD B B& H $Ps & “! B
81 t“! , % _ 6} Bpl 0>" . EH_ “Bl, 6

6) 10ZO_ ®-b P @ _“WBHEH_ “%® p_ 10Z0

Bse€p .10ZOWD ° ! S U4PB-D8 €p .O 5)
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% 6 z ¥

r 10Z0_ ® -D B &Kf ! 2 .pEABYD @G B_ " %H E+ _
“1) V€ R . % . 10ZO0WD B&%h Ee _ “ % Al 10ZOW
b €4

@D p W+ Bt s . OPG PE DEDP > whs . &P
Op % E % h Ofip_ ; whhs . —ADE AU h O t
H&Ps & KR & “| . OBP! te, R EDE Y Kf
re OSSP xpY,! t % AW —"fT D HOAE %! %
8 H s 10>" . ORK"f %Eh % O, BRtvI -D G HP
s+ Qg .0 % Y r AaP'e . t % A#b &
Pl s8Kf r %>, wh

V! p®D . &BAY ) >#QD YU H ! OFE . &AY
fOH 66 86 . pH WD

E ! n integer
j -E negation
j E +E addition

I>#QH 66 @

C | (¢ 181 8)
j pushn:C (n2 2)
j popC
j addC
j rev:C

I>#Q_ _pH I>#Q) z¥% HI> _ ERO&EYUD & O6C . I> H
\BpQ' "s .OI> H WP S§ 181 HCP % &H @

hS; Ci
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UWPE BADPs B BA“ " s

S |
j
I> €K& _ ¢ WeeE:

hS; pushn:Ci !
m:S; pop.Ci !
q:n,:S;addCi !
m:S;rev:Ci |

Cr eH I 18T ®) AY €7 I> @ -

( @p)

nS (n22)

m:S; Ci
hS; Ci
m:S; Ci
h n:S;Ci

(n=ny+ ny)

H O0&s

4j &AW E} I>#Q 187 CP % KOH ®E! 8pO D . &A

D% % s tv HBSPE s

BAUS 96 h 18T ' z ¥
pBY Z“

B BPs tve,

n

B HPps At h

¥ % @§ E .

.8 \n"_ BE ns

E
-E

S

(@)}

vV

§>
=

€ O8AY

(@}
(@)

Cy Bpe 6

. pushn

. \pushn"E nl @Bt ! ¢

C

. Crrev

B BPs A h

. DY E_ Y 5"

BBY §] "s .B#Qrevisi! z¥ €\-E'd_ & b
Yy 20> h

Ei1. C E,. C,

E,+E, . C]_:Cz:add

Cl z%¥ €E_ o6 W
a
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B BPs A B . OEY E. Y 6“ C) z¥% € E,_ TUs
Wp By §) s . fH#QE, % 6 C))\ z% € E, &
wp By A . Jj] wp_6M® ¢ hHE@ E, 0&6ps .Bs
f addf§7 ' z¥%¥ € \E;+E," & @p By §) s

Exercise 8 @t %o B s& . E;+E) % § CuC)) z¥%¥ €,
Wp_ 6@\ HE, Bs A .®! & -p A E. & #0Q
€ . Upr A EB6 E, @ s\e E 8Os AgFEet U B e
s S . O ETBARH 2

64 @ I> virtual machine

\ @ [> "vitual machineH f®9 s . =\I> " 2O0fO @
\I>#Q"AF WP il MBs .=\ @' ?2O1>#Q_ 2z ¥ interpreter
x22@(, FKk)D HY By 6! ,800D30D %E &0 &IM Hs

@ [> virtual machine. 8+ H A% 2 OPGA b f O] %k H

X, 9% compilaion € Z o MWB € . X Hf®) n “Up “!
B n B ZBe >DHQZBD Y% K € . X) ZBPB-D

Bl HO s Ao B =B B> fOY) °oKf OB aA
CXYE YD Y% YN ZD % .€EE s )} | -H-
MEH s ) oY | -9H 9% D H#%

Example 33 6.3K_ Wp Q' E @ I>s 2

Example 34 6 I> H K- K-OPO P! U H X 8t §!
f@) &0C
SM5“! A® . \SM"E \Stack Machine"! & “! ,\5"H & > _ A
g:1s 5hsl MB s
(S;M;E;C;K)
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SH ¥k ,ME B-0o ,EH 84 ,CH 181 ®,KH #E ©® 9 (\continuation"s
“} Bg) w*] 6 PpEBp_ B

Stack Svaluelist

Memory Loc! Value

Environment (Var (Loc + Proc)) list

Cmd list

Command

S
M
E
C
K

N N N N DN

Continuation (Command Environment) list

v 2 Value Integer + Bool + Unit + Record + Loc

X 2 Var
Ho;oi;l 2 Loc = Base O set
Oset = Integer
z 2 Integer
b 2 Bool
r 2 Record = (Var Loc) list
w 2 Svalue = Value+ Proc+ (Var Loc) (* stadckable values®)
p 2 Proc = Var Command Environment

Cmd = fpush v, push x, push(x, C),
pop, store, load, jtr( C,C),
malloc, box z, unbox x, bind x, unbind, get, put, call,

add, sub, mul, div, eq, less, notg

>  ¢ERE 606 6GsI> @ 0 HOBUD & VWE A B

(SSM;E;C;K)) (S%MS%ESC%KY
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fl @B>08_ I> Et_ G ue))s 9® HtH 60 6

(S; M; E; pushv : C; K)
) (v:iS M: E; C; K)
(S; M; E; pushx :: C; K)
) (w:S; M; E; C; K) if (x;w) isthe rst sud ertry in E
(S; M; E; push(x;C9 :C; K)
) ((x;C%E)::S; M; E; C; K)
(w::'S; M; E; pop:: C; K)
) (S M; E; C; K)
(IzviS M; E; store ::C; K)
) (S M[v=I]; E; G K)
(I:s; M: E; load :: C; K)
) (M) S M; E; C, K)
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(true ;' S; M; E; jtr (Cy;Cy) i C; K)
) (S M; E; C::C; K)
(false:: S; M; E; jtr (Cy;Cy) i C; K)
) (S M C,:C; K)
(S; M; E; malloc :: C; K)
) (hb0i &S M; C; K) newb
(wy DWW, S M; E; boxz:: C; K)
) (wi swe] S M C; K)
(wy;  swg] S M; E; unboxx :: C; K)
) (WS M; C, K) we=(x;w);1 K
(w::'S; M; E; bind x :: C; K)
) (S M; (x;w) @ E; C; K)
(S; M; (x;w):: E; unbind :: C; K)
) ((xw) S M; E; C, K)
(I:v:i(x;C%E9 :: S; M; E; call ::C; K)
) (S Mv=Il; (x1):ES C% (GE):K)
(S; M E; empty; (C;E9 1K)
) (S M ES C; K)
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(S; M; E; get:C; K)

) (z:S; M; E; C; K) readz from outside
(z::S; M; E; put:C; K)

) (S M; E; C; K) print z and newline
(Vo:ivq it S M; E; add:C; K)

) (plus(vy; Vo) =i S; M; E; C;, K)
(Vo iivy i S M; E; sub:C; K)

) (minus(vy; Vo) S, M; E; C; K)
(22211 S M; E; mul:C; K)

) (zs 2):S; M; E; C; K) similar for div
(vo:ivy it S M; E; eq: C; K)

) (egual(vi;vo) =S; M; E; C;, K)
(v2:ivy i S M; E; less ::C; K)

) (lesqvi;vp) 1S, M; E; C; K)
(b::'S; M; E; not:C; K)

) (b:S M; E; C; K)

SM5 OP@®p Cl z¥G H E, CB t“! BH ' I> @l ) At
T 8 0C WD « 8KE Hwps

(empty; empty; empty; C; empty) )

SNU 4190.310Programming Languages ¢ Kwangkeun Yi, SeoulNational Univ., 2006



6.4 @ _ [> virtual machine 205

K- @P® p! SM51>#Qb % H @F! & W A& . 2
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