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Abstract. We present a differential fixpoint iteration method to be
used in static program analyses. The differential method consists of two
phases: first we transform the program analysis equations into differential
ones, and then we apply a differential fixpoint iteration to the equations
computing with the differences from the previous iterations.

We implemented the method for the exception analysis of ML programs
and also for the constant propagation and alias analysis of C and Fortran
programs. For the exception analysis, our differential method saves about
20-50% computations. For the constant propagation and alias analysis,
our method has a linear asymptotic performance: its cost remains linear
to the height of the lattice structures. Our algorithm is not yet formally
proven correct, but for the experiments the analysis results are confirmed
identical to those from a non-differential fixpoint algorithm. Both anal-
yses are for realistic ML/C/Fortran programs.

1 Introduction

Program analysis is estimating runtime behaviors of a program before executing
it. The purpose of program analysis is to ensure the safety of a program, or
to give an information for compiler to optimize a program. We can formalize
various program analysis techniques on abstract interpretation framework [4,
5]. In abstract interpretation framework, we abstract the domain of semantic
function, and interpret the program abstractly by abstract semantic function.

Program analysis is finding the least fixpoint of abstract semantic function.
A fixpoint of function f is an element x such that applying f to that element
leads to the same x, i.e. f(x) = x. The least fixpoint is the least element among
those fixpoints. For every cpo(complete partial ordered) sets, every monotone
function f has the least fixpoint.
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A basic algorithm for computing least fixpoint of function f is as follows.
First, we initialize x with the least element ⊥, and then repeatedly applying
function f until x does not change:

x←⊥
repeat

x← f(x)
until x does not change

In fixpoint iteration, we redundantly repeat the same computation for the
elements in the previous result. For example, let’s consider a function F =
λX.{0} ∪ (X ⊕ {1}). where X ⊕ Y = {x + y | x ∈ X, y ∈ Y }. The domain of
the function is ℘(N0), where N0 = {0} ∪ N. Although we can not compute the
least fixpoint of F because the height of ℘(N0) is infinite, we can see where the
redundancy occurs. The fixpoint iteration steps are:

F 0 ∅ let= X0 = ∅
F 1 ∅ let= X1 = {0} ∪ (X0 ⊕ {1}) = {0}
F 2 ∅ let= X2 = {0} ∪ (X1 ⊕ {1}) = {0} ∪ {1} = {0, 1}
F 3 ∅ let= X3 = {0} ∪ (X2 ⊕ {1}) = {0} ∪ {1, 2} = {0, 1, 2}
F 4 ∅ let= X4 = {0} ∪ (X2 ⊕ {1}) = {0} ∪ {1, 2, 3} = {0, 1, 2, 3}

...

lfp F
let= X∞ = N0

For computing X2, X3, X4, and so on, we compute 0+1 repeatedly and for X3,
X4, and so on, we compute 1 + 1 again and again.

If we compute the only difference of current result and previous result, we
can compute next result more efficiently without computing much of redundant
part. Let ∆Xi = Xi \ Xi−1. We can get ∆Xi+1 by applying function F to
the previous difference ∆Xi and removing the previous result Xi from it, i.e.
∆Xi+1 = F (∆Xi) \Xi:

∆X0 = ∅
∆X1 = ({0} ∪ (∆X0 ⊕ {1})) \X0 = {0}
∆X2 = ({0} ∪ (∆X1 ⊕ {1})) \X1 = {1}
∆X3 = ({0} ∪ (∆X2 ⊕ {1})) \X2 = {2}
∆X4 = ({0} ∪ (∆X3 ⊕ {1})) \X3 = {3}
...

The least fixpoint of function F is

∆X0 ∪∆X1 ∪∆X2 ∪∆X3 ∪∆X4 ∪ ... =
⋃

i∈N0

∆Xi

In differential method, we compute 0 + 1, 1 + 1, 2 + 1, ... only once.



1.1 Related Works

Differential fixpoint iteration is an instance of incrementalization. The key idea
of incrementalization is to compute each iteration incrementally using stored
results of the previous iteration. Liu [7] classifies works on incrementalization
into three categories: incrementalization by incremental algorithms, incremental
evaluations, and transformations. In this classification, our work is an incre-
mentalization by both of algorithm and transformation. Our work is not just
incremental but differential because we compute the difference of current results
and previous results.

The idea of differential fixpoint iteration has been developed in the deductive
database community. Balbin and Ramamohanarao [3] generalizes a differential
approach to the n-ary relations. We extend their idea to handle general lattice
operations. Apt [2] reformulated the idea of a differential approach in fixpoint
iteration algorithm. The idea is similar to ours but his algorithm is not work-list
based.

Fecht and Seidl [6] devised a differential fixpoint iteration algorithm for dis-
tributive constraint systems. Because they maintain only a table of results, not
differences, their algorithm is inefficient for a program point which depends on
more than one program point. In comparison to their work, we can compute a
fixpoint of non-distributive systems by transforming analysis specification, and
we can compute a fixpoint more efficiently by maintaining both of results and
differences.

Ahn’s differential evaluation [1] is a combination of differential evaluation
rules for analysis specification and a differential fixpoint algorithm for non-
distributive equation systems. He derives a system of equations from analysis
specification and then solve it, while we compute a fixpoint of analysis spec-
ification on-line. His work is not differential but just incremental, because he
does not have a difference operation. Instead of computing a difference of pre-
vious results, he just reuses previous results. To get a next result, he evaluates
a semantic function differentially, while we transform the analysis specification
into a differential one. Because he always applies same evaluation rules for differ-
ent analysis specifications, there’s no room for optimization tailored to particular
analysis specification. We can optimize transformed analysis by simple optimiza-
tion rules.

1.2 Our Solution

The features of our work are:

– Our work can compute the solution of a non-distributive program analysis.
For non-distributive analysis specifications, we have to transform it into a
differential one. We give a condition which differential specifications must
satisfy.

– We can optimize transformed analysis specification. Our transformation rule
is very similar to the differential evaluation rules in [1]. Differential evaluation
rules can not be specialized to given analysis specification, while we can.



– We develop an on-line differential fixpoint algorithm. From a given analysis
specification, we compute a fixpoint of it on-line: We compute the solution
without deriving equations or constraints from it.

– We give conditions on the order of program points to be computed. Fecht
and Seidl [6] get over these conditions by passing the differences into work-
lists. Ahn’s algorithm [1] and ours satisfy these conditions because he and
we use a first-in-first-out strategy. If he or we use another strategy such as
last-in-first-out, the differential algorithm is not safe. He did not mention it.

– Our experimental results show that our method is effective. Our method
saves 28–53% of execution time for an exception analysis [10] of a higher-
order language. For a constant propagation and alias analysis of imperative
languages, our method is linearly scalable to the maximal length of chains
in the analysis domain.

Example 1 gives an idea of our transformation.

Example 1. Let’s consider a set of equations X = {0} ∪ (X ⊕ Y ) and Y =
X ∪ {1}. The solution of this set of equations is the least fixpoint of function
F = λ(X, Y ).({0}∪(X⊕Y ), X∪{1}). The fixpoint iteration steps are as follows:

i 0 1 2 3 4 5 ...
Xi ∅ {0} {0, 1} {0, 1, 2} {0, 1, 2, 3} {0, 1, 2, 3, 4, 5} ...
Yi ∅ {1} {0, 1} {0, 1} {0, 1, 2} {0, 1, 2, 3} ...

The differences of each iteration is computed as follows:

i 0 1 2 3 4 5 ...
∆Xi ∅ {0} {1} {2} {3} {4, 5} ...
∆Yi ∅ {1} {0} ∅ {2} {3} ...

∆Xi = Xi \Xi−1 = ({0} ∪ (Xi−1 ⊕ Yi−1)) \Xi−1

∆Yi = Yi \ Yi−1 = (Xi−1 ∪ {1}) \ Yi−1

We can compute ∆Xi and ∆Yi more efficiently if we reuse previous computation
Xi−2 ⊕ Yi−2 for computing Xi−1 ⊕ Yi−1. Because Xi−1 = Xi−2 ∪ ∆Xi−1 and
Yi−1 = Yi−2 ∪∆Yi−1,

∆Xi = ({0} ∪ ((Xi−2 ∪∆Xi−1)⊕ (Yi−2 ∪∆Yi−1))) \Xi−1

∆Yi = (Xi−2 ∪∆Xi−1 ∪ {1}) \ Yi−1

and because ⊕ is distributive over ∪,

∆Xi = ({0} ∪ (Xi−2 ⊕ Yi−2) ∪ (∆Xi−1 ⊕ Yi−2)
∪ (Xi−2 ⊕∆Yi−1) ∪ (∆Xi−1 ⊕∆Yi−1)) \Xi−1.

Because we know that Xi−2 ⊕ Yi−2 ⊆ Xi−1 and Xi−2 ⊆ Yi−1, we don’t need to
recompute them. Note that Xi−2 ⊕ Yi−2 is the largest subpart of Xi−1 ⊕ Yi−1

and Xi−2 is the largest subpart of Xi−1. We also remove constants {0} and {1}



when i ≥ 2, because {0} ⊆ Xi−1 and {1} ⊆ Yi−1 for i ≥ 2. Thus, after removing
those redundant part, we can efficiently compute differences for i ≥ 2.

∆Xi = ((∆Xi−1 ⊕ Yi−2) ∪ (Xi−2 ⊕∆Yi−1) ∪ (∆Xi−1 ⊕∆Yi−1)) \Xi−1

∆Yi = ∆Xi−1 \ Yi−1

You can notice that not only ∆Xi−1 and ∆Yi−1, but also Xi−2 and Yi−2 are
necessary to compute ∆Xi. Thus we can not compute the differences by applying
F to the previous differences. That is,

∆Xi 6= F (∆Xi−1,∆Yi−1).1 \Xi−1

∆Yi 6= F (∆Xi−1,∆Yi−1).2 \ Yi−1

where (x, y).1 = x and (x, y).2 = y. We have to transform F to F∆ so that

∆Xi = F∆(Xi−2, Yi−2,∆Xi−1, ∆Yi−1).1 \Xi−1

∆Yi = F∆(Xi−2, Yi−2,∆Xi−1, ∆Yi−1).2 \ Yi−1 ut

2 Fixpoint Iteration Algorithms for Program Analysis

This section we will give an introduction of naive fixpoint iteration algorithms
used in program analysis.

Analysis specification is an abstract semantic function from a program point
and a pre-state to the post-state of that point. An abstract interpreter Î is thus
a function of type

Î : Σ → X̂ → Ŷ ,

where Σ is the set of expressions in a program, X̂ and Ŷ are the lattices of pre-
states and post-states respectively. The user-defined abstract interpretation Î is
usually a recursive function and this recursive function is regarded as specifying
its associated functional FÎ , which looks like:

FÎ = λÎ.λe.λx. case e of

e1+e2 : Î(e1, x)+̂Î(e2, x)
· · ·

Figure 1 shows a naive fixpoint iteration algorithm for abstract semantic
functional F . Procedure Tabulate(F, P ) takes a semantic functional F and an
input program P to be analyzed, and compute the least fixpoint of F with
respect to the program P . The analysis results are two tables TX and TY which
have a pre-state and a post-state of each program point. Function eval(p, x)
accumulates an pre-state x to the table TX(p) if x has an improvement compared
to TX(p). The body of the loop of Tabulate repeatedly applies the semantic
functonal F to the every program point p in a program P and maintains the
current result TY (p) of p until TX and TY do not change.



eval(p : Σ, x : X̂) : Ŷ
begin

if x 6v TX(p) then

TX(p)← TX(p) t x;
return TY (p);

end

Tabulate(F : (Σ → X̂ → Ŷ ) → Σ → X̂ → Ŷ , P : ℘(Σ)) : void

TX , T ′X : Σ → X̂;

TY , T ′Y : Σ → Ŷ ;
begin

∀p ∈ P : TX(p) = ⊥X̂ , TY (p) = ⊥Ŷ ;
repeat

〈T ′X , T ′Y 〉 ← 〈TX , TY 〉;
∀p ∈ P : TY (p)← F (eval , p, TX(p));

until (TX v T ′X) ∧ (TY v T ′Y )
end

Fig. 1. Naive Fixpoint Algorithm

In practice we use a work-list algorithm to compute only the program points
whose affecting values are increased. A work-list version of naive iteration al-
gorithm is given in figure 2. D(p) is a dependence set of each program point
p. Whenever the post-state of p increases, the post-states of program points in
D(p) may increase too. Work-list W maintains a set of program points which
should be recomputed. w is a global variable which is the current program point
selected from work-list W . Function eval(p, x) accumulates pre-state x to the
TX(p) and return the current result TY (p). When the pre-state x of program
point p is improved, we adds p into the work-list W because the post-state of
p may increase. We add the current program point w to the D(p), because the
pre-state of p increased during the computation of the post-state of w and thus
the post-state of p may affect the post-state of w. Procedure Tabulate(F, P ) ini-
tializes work-list W to the starting point p0 of program P and do the while-loop
until the work-list will be empty. In the while-loop, we first choose one program
point w from W , and apply F to w, whose result is y. When y improves the
result TY (w) of w, then we add all program points D(w) which depend on w
into work-list W . Finally, we accumulate y to TY (w).

In this paper, we will design an differential fixpoint iteration algorithm based
on work-list algorithm in figure 2.

3 Differential Computation of Fixpoint

We devise a differential fixpoint iteration method by transforming a semantic
function into a differential one and joining only the differences of previous results
to make a result. We use a core of specification language used in system Z1 [11,
12]. We can define domains and semantic functions by using this specification



eval(p, x)
begin

if x 6v TX(p) then

W ←W ∪ {p};
TX(p)← TX(p) t x;

endif

D(p)←D(p) ∪ {w};
return TY (p);

end

Tabulate(F, P )
begin

∀p ∈ P : TX(p)←⊥X̂ , TY (p)←⊥Ŷ ;
W ←{p0};
while W 6= ∅ do

w← choose(W );
y ← F (eval , w, TX(w));
if y 6v TY (w) then

W ←W ∪D(w)
TY (w)← TY (w) t y

endif

od

end

Fig. 2. Naive Fixpoint Algorithm - Work-list Version

language. We design a transformation which transforms an abstract semantic
function into a differential one. If a semantic fucntion is distributive, we don’t
need to transform it. However, because program analysis is usually not distribu-
tive, we should transform it to be applied to fixpoint algorithm. Our differential
fixpoint algorithm uses the transformed semantic function to computes the dif-
ferences of results. Join of the differences and the previous results can make
current results.

3.1 Specification Language

Domains We have five ways to define domains from sets or other lattices. A
flat lattice S>⊥ consists of the least element ⊥ (bottom), the greatest element
> (top), and incomparable elements of set S in between. A powerset lattices
℘(S) is a lattice whose elements are subsets of set S. A product lattice A×B is
the cartesian product of two lattices A and B with the component-wise order.

The monotonic function lattice in general is problematic for program analysis
because the lattice height, which determines the analysis complexity, becomes
exponential. Instead, We use atomic function lattices. Atoms are elements im-
mediately above the bottom. A lattice is atomic if every non-bottom element is
the join of some of atoms. Atomic function lattice A → B is a set of functions
f from an atomic lattice A to a lattice B such that f is strict (f(⊥) = ⊥) and



atomic (f(
⊔

ai) =
⊔

f(ai), where ais are atoms). It can be represented as prod-
ucts of B’s and thus the partial order operation has a polynomial complexity.

A lattice L is distributive if u-operation distributes t-operation over L:
∀a, b, c ∈ L.a u (b t c) = (a t b) u (a t c). Powerset lattices are distributive
and flat lattices are non-distributive. Product lattices and atomic function lat-
tices which consists of distributive sublattices are distributve. For distributive
lattices, we can define differentializing transformation of u-operation. But for
non-distributive lattices, we can not.

Specifciations We consider a call-by-value, first-order language with lattice
operations. An analysis specification is a set of function definitions fun f x = e:
one of them is an abstract sematic function and the others are auxiliary func-
tions. Expressions in the language are either lattice elements, variables, function
applications, join operations, meet operations, tulpes, selections, updates, appli-
cations of function lattice, mapjoin-operations, let-bindings, or if-branches:

analysis ::= (fun f x = e)∗

e ::= l | x | f e | e t e | e u e | (e, e) | e.n | e[e/e] | e@e
| mapjoin λx.e e
| let x = e in e
| if e v e ? e : e

Value l is a constant lattice element. We assume that every variable x in an
analysis specification is different each other. f e is an application of function f
to the argument e. e1 t e2 and e1 u e2 are join (lub) and meet (glb) operations.
(e1, e2) constitute a tuple of expressions e1 and e2. e.i selects the ith element of
tuple e. e1[e2/e3] updates the entry e3 of function lattice e1 with value e2. e1@e2

is an application of function lattice e1 to the atom e2. Because function lattices
can be applied only to atoms, we need an operator mapjoin in order to apply
function lattices to non-atom values. mapjoin λx.e1 e2 applies function λx.e1 to
every atoms of e2 and joins them. We also have let-bindings and if-branches.
Semantics of specification language is given in Figure 3.

3.2 Transformation

Transformation T∆ transforms an analysis specification f into a differential one
which satisfies

f(v t∆v) = f(v) t T∆(f)(v, ∆v). (1)

When f is distributive, T∆(f)(v, ∆v) = f(∆v) so that f(vt∆v) = f(v)tf(∆v).
However, when f is monotone, i.e. f(v t∆v) w f(v) t f(∆v), T∆(f) should be
greater than f and thus it needs both of v and ∆v as its arguments.

Transformation rules are given in figure 4. We transform every function def-
inition fun f x = e into differential function fun f∆ (x,∆x) = T∆(e). And we



E ` l ⇓ l
E(x) = v

E ` x ⇓ v

E ` e ⇓ v

E ` f e ⇓ f v

E ` e1 ⇓ v1 E ` e2 ⇓ v2

E ` e1 t e2 ⇓ v1 t v2

E ` e1 ⇓ v1 E ` e2 ⇓ v2

E ` e1 u e2 ⇓ v1 u v2

E ` e1 ⇓ v1 E ` e2 ⇓ v2

E ` (e1, e2) ⇓ (v1, v2)

E ` e ⇓ (v1, v2)

E ` e.i ⇓ vi
(i = 1 or 2)

E ` e1 ⇓ v1 E ` e2 ⇓ v2

E ` e1[e2/e3] ⇓ v1[v2/v3]

E ` e1 ⇓ v1 E ` e2 ⇓ v2

E ` e1@e2 ⇓ (v1@v2)

E ` e2 ⇓
F

ai E + {x 7→ ai} ` e1 ⇓ vi

E ` mapjoin λx.e1 e2 ⇓
F

vi
(ai is an atom)

E ` e1 ⇓ v1 E + {x 7→ v1} ` e2 ⇓ v

E ` let x = e1 in e2 ⇓ v

E ` e1 ⇓ v1 E ` e2 ⇓ v2 v1 v v2 E ` e3 ⇓ v3

E ` if e1 v e2 ? e3 : e4 ⇓ v3

E ` e1 ⇓ v1 E ` e2 ⇓ v2 v1 6v v2 E ` e4 ⇓ v4

E ` if e1 v e2 ? e3 : e4 ⇓ v4

Fig. 3. Semantics of specification language

T∆(fun f x = e) = fun f∆ (x, ∆x) = T∆(e)

T∆(l) = ⊥
T∆(x) =

�
x, if mapjoin λx.e e′ ∈ analysis
∆x, otherwise

T∆(f e) = f∆ (e, T∆(e))
T∆(e1 t e2) = T∆(e1) t T∆(e2)

T∆(e1 u e2) =

8<: (T∆(e1) u e2) t (e1 u T∆(e2)) t (T∆(e1) u T∆(e2)),
if e1 and e2 are of distributive lattice

(e1 t T∆(e1)) u (e2 t T∆(e2)), otherwise
T∆((e1, e2)) = (T∆(e1), T∆(e2))
T∆(e.n) = T∆(e).n
T∆(e1[e2/e3]) = T∆(e1)[T∆(e2)/e3]
T∆(e1@e2) = T∆(e1)@e2

T∆(mapjoin λx.e e′) = mapjoin λx.T∆(e) e′

t mapjoin λx.e T∆(e′)
t mapjoin λx.T∆(e) T∆(e′)

T∆(let x = e1 in e2) = let x = e1 in let ∆x = T∆(e1) in T∆(e2)
T∆(if e1 v e2 ? e3 : e4) = if (e1 t T∆(e1)) v (e2 t T∆(e2)) ? T∆(e3) : T∆(e4)

Fig. 4. Transformation T∆ from F to F∆



transform function application f e into an application of differential function
f∆ to the previous previous result e and previous difference T∆(e) so that
T∆(f e) = f∆(e, T∆(e)). We transform a constant l into ⊥. We transform
let x = e1 in e2 into let x = e1 in let ∆x = T∆(e1) in T∆(e2). For e1 t e2,
(e1, e2), we just replace each subexpression into a differential one ,because they
are always distributive over t-operation: T∆(e1)tT∆(e2), (T∆(e1), T∆(e2)), and
T∆(e).n.

For a subexpression which is an atom of a lattice, we do not transform it.
Variable x should be transformed into a differential one: ∆x. However, for the
mapping function λx.e used in mapjoin-operation, the argument x is always
an atom. Thus we do not transform such atom variables. For function lattice
application e1@e2 and function lattice update e1[e3/e2], e2s in both cases are
atoms. We transform e1@e2 and e1[e3/e2] into T∆(e1)@e2 and T∆(e1)[T∆(e3)/e2]
respectively.

Transformation of e1 u e2 is not straightforward. For u-operations over dis-
tributive lattices, we can transform e1 u e2 by distributive law. For u-operations
over non-distributive lattices, we should be conservative and thus T∆(e1 u e2) =
(e1tT∆(e1))u(e2tT∆(e2)). The transformation of mapjoin λx.e1 e2 is similar to
the transformation of u-operation over distributive lattices, and if e1 v e2 ? e3 :
e4 is similar to the u-operation over non-distributive lattices.

Example 2. Let’s consider a control flow analysis of core-ML programs. We de-
fine the domains of control flow analysis by:

Id = ℘(identifier)
V = ℘(ftn expr)
S = Id → V
POST = V × S.

We transform above specification into differential one:

Fapp(e1 e2, s) =
let post1 = eval(e1, s) in
let post2 = eval(e2, post1.2) in
let s = post2.2 in
let v = post2.1 in

mapjoin(λ(λx.e′). eval(e′,s[v//x])) post1.1

Transformed differential analysis specification for function application is as fol-
lows:

Fapp∆(e1 e2, s, ∆s) =
let post1 = eval(e1, s) in
let ∆post1 = eval∆(e1, ∆s) in
let post2 = eval(e2, post1.2) in
let ∆post2 = eval∆(e2, ∆post1.2) in
let s = post2.2 in



let ∆s = ∆post2.2 in
let v = post2.1 in
let ∆v = ∆post2.1 in

mapjoin(λ(λx.e′). eval∆(e′,∆s[∆v//x])) post1.1
t mapjoin(λ(λx.e′). eval(e′,s[v//x])) ∆post1.1
t mapjoin(λ(λx.e′). eval∆(e′,∆s[∆v//x])) ∆post1.1 ut

Theorem 1 shows that our transformation rule guarantees to generate a dif-
ferential semantic function which satisfies condition (1). To show this property,
we define a transformation T∆ on environment E as follows:

T∆({x 7→ v}) = {∆x 7→ v}
T∆(E + E′) = T∆(E) + T∆(E′)

Theorem 1. For all environments E and ∆E, and expression e, if E ` e ⇓ v
and E t∆E ` e ⇓ v′ then E + T∆(∆E) ` T∆(e) ⇓ ∆v and v′ = v t∆v.

Proof. We can prove the correctness of transformation by structural induction
on expression e. ut

Optimization A transformed analysis specification T∆(e) may have inefficien-
cies such as dead codes or useless arithmetic operations like at a. For example,
when we transform T∆(let x = e1 in e2) = let x = e1 in let ∆x = T∆(e1) in T∆(e2),
T∆(e1) is a dead code if T∆(e2) does not have a variable ∆x.

Example 3 shows an example of optimization followed by transformation.

Example 3. When mapjoin operation is nested, our transformation generates
much of redundant codes. Let’s consider an analysis specification which adds
every atoms of two lattices X and Y . We transform it as follows:

T∆(mapjoin λx.(mapjoin (λy.x + y) Y ) X)
= mapjoin λx.(mapjoin (λy.x + y) Y ) ∆X

t mapjoin




λx.(mapjoin (λy.x + y) ∆Y )
t λx.(mapjoin (λy.x + y) Y )
t λx.(mapjoin (λy.x + y) ∆Y )


 X

t mapjoin




λx.(mapjoin (λy.x + y) ∆Y )
t λx.(mapjoin (λy.x + y) Y )
t λx.(mapjoin (λy.x + y) ∆Y )


 ∆X

We raise t-operations up to the outside of nested mapjoin-operations:

= mapjoin λx.(mapjoin (λy.x + y) Y ) ∆X
t mapjoin λx.(mapjoin (λy.x + y) ∆Y ) X
t mapjoin λx.(mapjoin (λy.x + y) Y ) X
t mapjoin λx.(mapjoin (λy.x + y) ∆Y ) X
t mapjoin λx.(mapjoin (λy.x + y) ∆Y ) ∆X
t mapjoin λx.(mapjoin (λy.x + y) Y ) ∆X
t mapjoin λx.(mapjoin (λy.x + y) ∆Y ) ∆X



We remove redundant expressions by a t a = a:

= mapjoin λx.(mapjoin (λy.x + y) Y ) ∆X
t mapjoin λx.(mapjoin (λy.x + y) ∆Y ) X
t mapjoin λx.(mapjoin (λy.x + y) Y ) X
t mapjoin λx.(mapjoin (λy.x + y) ∆Y ) ∆X

We remove mapjoin λx.(mapjoin (λy.x+ y) Y ) X, because it is equal to the
previous result. Then, we finally get an optimized differential expression:

= mapjoin λx.(mapjoin (λy.x + y) Y ) ∆X
t mapjoin λx.(mapjoin (λy.x + y) ∆Y ) X
t mapjoin λx.(mapjoin (λy.x + y) ∆Y ) ∆X ut

3.3 Differential Fixpoint Algorithm

The difference of values is determined by some operator \ : L×L → L satisfying

(a \ b) t b = a t b and (a \ b) v a

In worst case, a \ b = a, and in best case (a \ b) u b = ⊥. For example, when
domain L is a powerset lattice, we use set minus operation over sets. For a flat
lattice, a \ b = ⊥ if a v b, and a \ b = a otherwise.

Figure 5 shows a differential fixpoint iteration algorithm derived from algo-
rithm in figure 2. We introduce two tables ∆TX and ∆TY for differences between
current result and previous result. TX and TY have previous results, not the cur-
rent results. So the current results are TX t∆TX and TY t∆TY .

We change the function eval(p, x) to update the differences x of pre-states and
return the previous result TY (p). We also need a differential function eval∆ such
that eval∆(p, x) returns the difference ∆TY (p). In eval and eval∆, we accumulate
the difference x \ TX(p) into ∆TX(p).

Main procedure Tabulate(F, F∆, P ) computes the least fixpoint of function
F by repeatedly applying differential function F∆. First we initialize TY (p) of
each program point p to the intial value F (eval , p,⊥X̂) and other tables to ⊥.
Without this initialization by F , we can not compute the least fixpoint because
we transform every constant l into ⊥ in F∆. The current differential result y
of program point w is computed by F∆(eval , eval∆, w, TX(w),∆TX(w)). After
applying F∆ to w, we accumulate ∆TX(w) to TX(w) and initialize ∆TX(w) to
⊥. Without this initialization, ∆TX(w) keeps all the pre-states of w and thus we
can not achieve any advantages of differential computation. Initialization of ∆TX

right after F∆ is safe because ∆TX is used only by F∆. If y has an improvement
to previous result TY (w) t ∆TY (w), we update TY (w) to the join of previous
previous result TY (w) and previous difference ∆TY (w), and update ∆TY (w) to
the difference of current result y and previous result TY (w).

To be safe, differential algorithm should be careful not to lose the differences.
For example, let’s consider two program points p1 and p2 depend on p, i.e. D(p) =
{p1, p2}. And let’s assume that we destructively update ∆TX , i.e. ∆TX(p)← x\



eval(p, x)
begin

if x 6v (TX(p) t∆TX(p)) then

W ←W ∪ {p}
∆TX(p)←∆TX(p) t (x \ TX(p));

endif

D(p)←D(p) ∪ {w};
return TY (p);

end

eval∆(p, x)
begin

if x 6v (TX(p) t∆TX(p)) then

W ←W ∪ {p}
∆TX(p)←∆TX(p) t (x \ TX(p));

endif

D(p)←D(p) ∪ {w};
return ∆TY (p);

end

Tabulate(F, F∆, P )
begin

∀p ∈ P : TX(p)←⊥X̂ , TY (p)← F (eval , p,⊥X̂);
∆TX(p)←⊥X̂ , ∆TY (p)←⊥Ŷ ;

W ←{p0};
while W 6= ∅ do

w← choose(W );
y ← F∆(eval , eval∆, w, TX(w), ∆TX(w));
TX(w)← TX(w) t∆TX(w);
∆TX(w) = ←⊥X̂ ;
if y 6v (TY (w) t∆TY (w)) then

W ←W ∪D(w);
TY (w)← TY (w) t∆TY (w);
∆TY (w)← y \ TY (w);

endif

od

end

Fig. 5. Differential Fixpoint Iteration Algorithm

TX(p). If we compute p2 right after computing p1, we may lose the difference
∆TX(p) affected by p1. Similar problem can occur for the difference of post-state
∆TY .

We give two conditions to make differential algorithm safe. Let TXi and TY i

be pre-states and post-states of ith iteration. In naive fixpoint iteration, TXi

and TY i are always greater than or equal to TXi−1 and TY i−1 respectively. Thus
we can choose a program point w from work-list W in arbitrary order. For the
differential algorithm, ∆TXi (or ∆TY i)and ∆TY i−1(or ∆TY i−1) have no relation.



We may loose ∆TX or ∆TY if we do not take care about the order of program
points. We give two conditions which differential algorithm must satisfy.

1. For every iteration i, values in ∆TXi(p) must be used by F∆ at least once.
2. For every iteration i, values in ∆TY i(p) must be propagated to every program

points which depends on p.

Our algorithm satisfies condition 1. Instead of destructively updating ∆TX ,
our algorithm accumulates every pre-states into ∆TX and initialize it right after
it is used. Thus we do not lose any differences of pre-states.

We can rewrite condition 2 as a condition on the order of selecting a program
point from work-list. Work-list W must satisfy following condition

If p ∈ D(p′) and p, p′ ∈ W, then we must choose p before p′. (2)

In order to satisfy condition (2), we use two queues to implement work-list.
One queue, Wf , is for a program point which is added by improvement of pre-
state of itself (in function eval and eval∆). The other, Wb, is for a program
point which is added by improvement of post-state of other program points (in
procedure Tabulate). By selecting a program point from Wb first, we can satisfy
the condition (2). In fact, Wb first two queue algorithm is more efficient than
Wf first two queue algorithm or one queue algorithm in naive fixpoint iteration
method too.

We can use any other work-list selection strategy, if it satisfies (2).

4 Implementation and Experiments

We implemented our fixpoint algorithm on system Z1 [11, 12]. System Z1 auto-
matically generates a program analyzer from analysis specification. System Z1 is
general in the sense that it can analyze most of program analyses on any kind of
languages include imperative languages and higher-order applicative languages.

We experimented two different analyses: exception analysis of SML, and con-
stant propagation and alias analysis of C or Fortran. Experiment on the first one
shows that our method is effective for an analysis which requires control flow
analysis of higher-order language. Experiment on the second one shows that our
method is more effective when the size of domain is very large. We experimented
on a Sun Enterprise 450 server with dual Ultra Sparc 400MHz CPUs and 2GBs
memory. The analysis results from our differential method are confirmed identi-
cal to those from non-differential method.

Exception Analysis of SML programs We implemented and experimented
an exception analysis [10] of SML [8]. Exception analysis is detecting potential
runtime exceptions that are raised and never handled inside SML programs.
Although there are more cost-effective exception analyses [13, 9], we choose [10]
because it is formalized on abstract interpretation framework and thus we can
easily implement it on system Z1.



program exprsa exnsb naive (secsc) differential (secsd) speed upe

lexgen.sml 14527 8 281.60 135.54 52%
mlyacc.sml 74198 21 1733.21 815.86 53%
libkin.sml 15837 21 115.70 76.50 33%
libkin2.sml 15837 21 89.57 64.18 28%

a the number of expressions in a program
b the number of exceptions in a program
c CPU execution time (seconds) for naive method
d CPU execution time (seconds) for differential method
e speed up = (c− d)/c

Fig. 6. Time for exception analysis of SML programs

Our method is effective for exception analysis of SML programs. Figure 6
shows an experimental results of exception analysis. The results are CPU execu-
tion times for analyzing benchmark programs. For each case differential method
saves about 28–53% of execution time.

Constant Propagation and Alias Analysis of C or Fortran programs
We also implemented and experimented a cp-alias(constant propagation and
alias) analysis of ifi, which is an intermediate form of C or Fortran. We use a
powerset lattice of integer set ranged from -999999 to 999999 as a domain of
integer values. Because heights of this lattice is too big, our analysis may not
terminate. System Z1 supports a projection which makes a lattice have a shorter
chain than the original one. If we project a lattice by “height>10”, we convert
an element of height greater than 10 into >. By projecting lattices, we can get
a fast but rather inaccurate analyzer.

Experimental results in figure 7 show that differential method is scalable to
the height of value domain, but naive method is not. They show differential al-
gorithm is almost linear to the size of lattice height, but naive algorithm grows
faster than linear(it looks like exponential). Note that time complexity of fix-
point iteration is O(h× n)× T (F ), where h is the height of value domain, n is
program size, and T (F ) is cost for applying F to the previous result. Thus our
experimental result says that in differential method semantic function F∆ takes
almost constant time, i.e. T (F∆) = O(1), while semantic function F in naive
method has O(f(h)) time complexity, where f(h) is not a constant function.

5 Conclusion

We presented a method of differential fixpoint computation. We can compute the
least fixpoint of non-distributive analysis by transforming it into a differential
one. Transformed analysis can be further optimized by simple optimization rules.
We proved the correctness of transformation. Our differential iteration algorithm
can avoid the redundancy of recomputing previously computed results. Our al-
gorithm is safe in the sense that we do not lose any differences and propagate
them to every program point which depends on it.



amoeba.f (6062a) TIS.f (6028)

gauss.f (4710) gauss1.f (1863)

wator.c (3467) matmul.f (513)

a the number of expressions in a program
b the maximal length of chains of integer domain

Fig. 7. Time for constant propagation and alias analysis of C and Fortran programs

Differential iteration method is effective in practice. We experimented two
non-trivial analyses. Our experiment on exception analysis of SML programs
shows that our method is effective for a complex program analysis of a higher-
order language. Experiment on cp-alias analysis of C and Fortran programs
shows that differential fixpoint method is effective when the size of abstract
domain is very large.



We have to formally prove the correctness of differential algorithm. We have
to implement the automatic transformation of analysis specification because we
transformed two analyses by hand. In order to transform automatically we need
further research on optimization too.
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