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1. (10pts) Inductively define the set of integers.
Set of integers Z consists only of n that are inductively defined as follows:

n —0ln—1|n+1

O

2. (10pts) Inductively define the set of CNF formulars.

Set of CNF formulars consists only of C that are inductively defined as follows:

C — F|COAC
F — 0]1
| »p variable
| -p
| FVF
|
3. (15pts) Show a natural deduction proof of (p — ¢) Ar F p — ¢ using the sequent-style
(T ) Natural Deduction proof rules.

Proof)

P—=gArEpP—=gAr
pP—=q@ArkEp—gq

O

4. (15pts) Show a natural deduction proof of

FAONApPAg—=T)=(P—=T)N(@—T)

using the sequent-style (I' F ¢) Natural Deduction proof rules.



Proof)
let G=((pAg)A(PAg—T)

G,pFG G,ptG G,qFG G,qFG
Gpk(pAg) Gpkpnrng —r Gqgb(prg GagbpAg —r
G,pkr G,qFr
GkEp—r GFg—r

GFp—r)A(g—r)
FAANPAg—T)—=(DP—=T)AN(g—T)

|
. (15pts) Show the steps that you check the validity of the following argument:

If
I—=2)ANA—=y)AN(zAy—=p ApAz—T)

is true, then

is true.
Proof)

I=2)ANAL—=yYA(@Ay—=pAPAz—T)—T
9o MA=gl o] AR KHol7] YA 129 negationl

A—=2)ANA—=y)AN(xzAy—=p)ANpAz—1)—=T)

-

—~

9] unsatisfiablity S 5% 3}H ©th Horn FomularZ W2H3}o] satisfiability S & 7 8l 2 A}

I=2)AN1—=y)A(xzAhy—=p)A(pAz—=1)A(r—0) setxz=1

( )

(r—0) sety=1
(r—0) setp=1
(r —0)

satisfiable when z = 0,7 =0

A=A y—p)ANpPAz—T

)A
) A
(L—=p)ApAz—T)A
YA

(z—=7r)A(r—0
s.not valid. o

. (15pts) Show the steps that you check the validity of the following argument:
If

q,7,8,v— 8, and r — p

are true, then

p,q, and s

are true.

f
ot

Proof) 5% BRI} 2 Ao Fol

c}.
q,r,8,v— s, r—p,p—0,q¢g—0,s—>0 setqgnr,s=1
v—1,1—-pp—01—-0,1—-0 setv,p=1
1—0,1—0,1—0 wunsatisfiable

. valid. O



7. (2x5pts) O/X 2 53t}
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8. Set D C N x N is inductively defined as follows:
(a) for any n € N, (n,n) is an element of D.

(b) for any (n,m) € D, (n,n x m) is an element of D.

(¢) nothing else is an element of D.

Prove:

For any (n,m) € D, there exists i € N such that m = n'.
Proof) ¥(n,m) € Dol| thgt AdH o2 S H3ch
e Base casem=n: n=nlo]|BE =19 i7} &2)3c}

e Inductive case m' =nxm: FAg7 AN & (n,m)ol A m =nio]l m/

B2 i =i+19l o] &A%}

= nH'l O]

WA, ¥(n,m) € Dol thall m = niQl ApeA4 iz} 2 Bk



