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1. (10pts) Inductively define the set of integers.

Set of integers Z consists only of n that are inductively defined as follows:

n → 0 | n− 1 | n + 1

2. (10pts) Inductively define the set of CNF formulars.

Set of CNF formulars consists only of C that are inductively defined as follows:

C → F | C ∧ C

F → 0 | 1

| p variable

| ¬p

| F ∨ F

3. (15pts) Show a natural deduction proof of (p → q) ∧ r ` p → q using the sequent-style

(Γ ` ϕ) Natural Deduction proof rules.

Proof )

(p → q) ∧ r ` (p → q) ∧ r

(p → q) ∧ r ` p → q

4. (15pts) Show a natural deduction proof of

` (p ∧ q) ∧ (p ∧ q → r) → (p → r) ∧ (q → r)

using the sequent-style (Γ ` ϕ) Natural Deduction proof rules.
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Proof )

let G = (p ∧ q) ∧ (p ∧ q → r)

G, p ` G

G, p ` (p ∧ q)
G, p ` G

G, p ` (p ∧ q) → r
G, p ` r

G ` p → r

G, q ` G

G, q ` (p ∧ q)
G, q ` G

G, q ` (p ∧ q) → r
G, q ` r

G ` q → r
G ` (p → r) ∧ (q → r)

` (p ∧ q) ∧ (p ∧ q → r) → (p → r) ∧ (q → r)

5. (15pts) Show the steps that you check the validity of the following argument:

If

(1 → x) ∧ (1 → y) ∧ (x ∧ y → p) ∧ (p ∧ z → r)

is true, then

r

is true.

Proof )

(1 → x) ∧ (1 → y) ∧ (x ∧ y → p) ∧ (p ∧ z → r) → r

0A_� �������7Ho�d��s� �ÃÐ���t� �Ðs�l� 0AK�"f��H Õª��_	כ negation���

¬((1 → x) ∧ (1 → y) ∧ (x ∧ y → p) ∧ (p ∧ z → r) → r)

_� unsatisfiablity\�¦ 7£x"î

���� �)a��. Horn Fomular�Ð ���8̈�
�#� satisfiability\�¦ &h����K��Ð��.

(1 → x) ∧ (1 → y) ∧ (x ∧ y → p) ∧ (p ∧ z → r) ∧ (r → 0) set x = 1

(1 → y) ∧ (y → p) ∧ (p ∧ z → r) ∧ (r → 0) set y = 1

(1 → p) ∧ (p ∧ z → r) ∧ (r → 0) set p = 1

(z → r) ∧ (r → 0) satisfiable when z = 0, r = 0

∴ not valid.

6. (15pts) Show the steps that you check the validity of the following argument:

If

q, r, s, v → s, and r → p

are true, then

p, q, and s

are true.

Proof ) 5��� ë�H]jü< °ú �Ér ~½Ód��Ü¼�Ð Û�¦s�ô�Ç��.

q, r, s, v → s, r → p, p → 0, q → 0, s → 0 set q, r, s = 1

v → 1, 1 → p, p → 0, 1 → 0, 1 → 0 set v, p = 1

1 → 0, 1 → 0, 1 → 0 unsatisfiable

∴ valid.
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7. (2×5pts) O/X�Ð ²ú�
���.

• Z>���o� î�r[j�� �½Ó�©� ú́���b��#Q��������, Z>���o� î�r[jZO��Ér ¢-a���(complete)ô�Ç ����s	כ : X,

Z>���o� î�r[j�� �½Ó�©� ú́���b��#Q��������, Z>���o� î�r[jZO��Ér îß����(sound)ô�Ç �.���s	כ

• �����Û¼���Ä»ÆÒZO�(Natural Deduction)s�Ä»ÆÒK�è­qÃº\O���H�ÃÐ����������7Ho�d��(propositional

formula)��H \O��� : O, �����Û¼��� Ä»ÆÒZO��Ér îß����(sound)
��¦ ¢-a���(complete)
���. ����

"f �̧��H �ÃÐ��� �������7Ho�d���̀¦ Ä»ÆÒK�è­q Ãº e��Ü¼ 9 Õª Ä»ÆÒ ���õ���H �½Ó�©� �ÃÐs���.

8. Set D ⊆ N× N is inductively defined as follows:

(a) for any n ∈ N, (n, n) is an element of D.

(b) for any (n, m) ∈ D, (n, n×m) is an element of D.

(c) nothing else is an element of D.

Prove:

For any (n, m) ∈ D, there exists i ∈ N such that m = ni.

Proof ) ∀(n, m) ∈ D\� @/ô�Ç )
±ú�ZO�Ü¼�Ð 7£x"î
ô�Ç��.

• Base case m = n : n = n1s�Ù¼�Ð, i = 1��� i�� �>rF�ô�Ç��.

• Inductive case m′ = n×m : )
±ú���&ñ
\� _�K� (n, m)\�"f m = nis��¦ m′ = ni+1s�

Ù¼�Ð, i′ = i + 1��� i′s� �>rF�ô�Ç��.

����"f, ∀(n, m) ∈ D\� @/K� m = ni��� �����Ãº i�� �>rF�ô�Ç��.
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