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1 Problem 1

1.1 Abstract syntax of C---

E — n (neZ)
| = variable
| E+E
| -E
| letx EE local binding
| fEEE

1.2 Collecting Semantics

1.2.1 Domains

Collecting semantics of C---()) is defined on the following domains
Y € Ezp— 28w 97

s e 2fm

fi
o € Ew=Var>7Z

1.2.2 Collecting semantics

Collecting semantics(V) is defined compositionally:

VnY = {n}
V¥ = {ox|oceX}
V E\+EY = {42 |2 € VES)
V-EY = {-z|2eVES}
Viletax Ey Es ¥ = VEx{o{x—v}|oeX veVE X}
Vif By By B3 = VEy(BEY)UVE;(-BE.Y)

BEY = U{Y|0¢VEY Y C%}
-BEY. = U{Y|{0}=VEY, ¥ C¥x}

We can rewrite above definition using operators +, —, -{z + -} for simplicity:



+ e 922x9% 9L

—i—<Zl,ZQ> = {2’1 + 29 I 21 € Zy,720 € ZQ}
e 2227
“2) = (z)zez)
{(E — } c 2Env X QZ N 2En'u
fx— 32,Z2) = {o{zr—v}|oceBveZ}
VnY = {n}
VX = {ox|oceX}
V E1+EY. = +<VE12,VE22>
V-EY = ~(VEY)
Viletz E1 B, ¥ = (VEQ o {I — })(E,VE12>

Vif By By By = VEy,(BE\X)UVEs(—BE;Y)
BEY = U{Y|0¢VEY,Y Cx%}
-BEY. = U{Y|{0}=VEY,¥ Cx}

1.3 Abstract Semantics
1.3.1 Domains

Abstract semantics of C———(f/) is defined on the following domains

Ezp — Env — 7.
Env

M <

c
S
1.3.2 Galois connection

Y2
We assume that two Galois connections - 28" «— L Env 9Z <—_, 7 - are

established. Thus the Galois connection 2770 — QZ “J' Env — 7 can be
defined compositionally with aq,v1, as,ys.

a(m) = azomom
Y(m) = yeomowm

1.3.3 Abstract semantics

Abstract semantics of C-—- is defined compositionally:



Vny = ag{n}

V¥ = afor|ocemnd}
V Ei+EY = as(+H{12(VELY), 12(VE:Y)))
O VES = aClevER)
Viletz Ey B2 ¥ = (VEyoajo{x+— -})(mE,12(VELY))
Vif By By B3 = VEy(a1(BEi (1)) UVEs(a1(BE1 (1))

1.4 Proof of correctness

To show the correctness of abstract semantics it’s sufficient to show (1) in ab-
stract interpretation framework.

a(VE)C VE
1.4.1 Proof
a(VE) C VE is proved by structural induction on E.
Throughout the proof, two forms of induction hypothesis are used

C ~(VE)  (ih1)
VE(mY) C 7 (VEY) (ih.2)

(4.h.1) is obtained by the Galois connection of «, .
a(VE) C VE < VE C ~(VE)
(i.h.2) is obtained by the following equivalents.
a(VE)CVE < ayoVEoy CVE (by def. of a) (1)

Because of (1), we can show the correctness by showing that, for all i], the
following is hold: R o
a2 (VE(712)) CVEY (2)

From (2) the following is hold by Galois connection

ay(VE(mY)) C VES < VE(1X) T 72(VEY)

a(Vn)S = (azoVnoy)S (by def. a)
= ay(Vn(n))
= as{n} (by def. V)
= Vn¥ (by def. V)



a(Vr)L = (azoVromy)s (by def. )

FE — E1+E2,

O[(VEl +E2)Z

Ir

11

= ax(Ve(n¥))
= ayf{ox|oenS} (bydef. V)
= V¥ (by def. V)

(g 0o VE1+E5 091)% (by def. o)
as(VE1+E5(13))

a(HVEI(1E), VEL(1))) (by def. V)
a2 (F(72(VELS), 72 (VELS)))  (by monotonicity of as,+ and i.h.2)
VE+Ey% (by def. V)

(g o V-Eoy)8 (by def. «)
ax(V-E(mY))

a2 (=(VE(m3))) (by def. V)
az(=(12(VEY)))  (by monotonicity of as, — and i.h.2)
V-ES. (by def. V)

E — let z Eq B>,

a(Vlet ¢ By E9)YX = (azoVletx Ey; Faovy)X (by def. V)

= w(Viet z By Ey(mY))
= a((VEyo{z— - (3, VEI (1Y) (by def. V)
C ax((VEso{z— })(mE,12(VEY))

(by monotonicity of ag, VE, -{x — -} and i.h.2)
C a((Y(VE) o {z = -}, 12(VED)))

(by monotonicity of as and i.h.1)
= (2o VEyoa)o{z = (M, n(VEY)) (by def. v)
= (az0m0VE 0ar0{z = })(mE,»(VEY))
C (VEyoajo-{z— })(1E,7(VEL))) (by aa 0 7o C id)
= Vet z E; EoX (by def.V)



E — if E1 E2 E3,

a(Vif By By E3)Y = (agoVif E; Ey E3o0y)X (by def. @)
= wa(Vif E| Ey E3(nY))
= aa(VEy(BE\(11%)) UVE;(-BE (1Y) (by def. V)
= ay(VEy(BE)(3))) U aa(VEs(-BE; (113%))) (" ag is continuous)
L az((V(VE2))(BE((n X)) U az((v(VEs)) (-BE1 (1Y)

(by monotonicity of ag and i.h.1)
(a2 0 (+(VE2))) (BEx (115)
U (02 0 (+(VE3))(~BEy (15))
(30720 VEy 0 1) (BE1 (1Y)

U (g 0y2 0 VE3 0 o) (~BE (113)) (by def. )
C (VEyoa1)(BE/(mY)) U (VEs3oa1)(-BE (1Y) (v azonye Cid)
= VEy (a1 (BE\(Y))) U VEs(ai(-BEi (1Y)
= Vif By Ey, Es% (by def. V)



