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1 Problem 1

1.1 Abstract syntax of C---

E → n (n ∈ Z)
| x variable
| E + E
| -E
| let x E E local binding
| if E E E

1.2 Collecting Semantics

1.2.1 Domains

Collecting semantics of C---(V) is defined on the following domains

V ∈ Exp → 2Env → 2Z

Σ ∈ 2Env

σ ∈ Env = Var
fin
→ Z

1.2.2 Collecting semantics

Collecting semantics(V) is defined compositionally:

V n Σ = {n}

V x Σ = {σx | σ ∈ Σ}

V E1+E2Σ = {z1 + z2 | zi ∈ VEiΣ}

V -EΣ = {−z | z ∈ VEΣ}

V let x E1 E2 Σ = VE2{σ{x 7→ v} | σ ∈ Σ, v ∈ VE1Σ}

V if E1 E2 E3 = VE2(BE1Σ) ∪ VE3(¬BE1Σ)

BEΣ = ∪{Σ′ | 0 /∈ VEΣ′,Σ′ ⊆ Σ}

¬BEΣ = ∪{Σ′ | {0} = VEΣ′,Σ′ ⊆ Σ}

We can rewrite above definition using operators u, −̇, ·{x 7→ ·} for simplicity:
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u ∈ 2Z × 2Z → 2Z

u〈Z1, Z2〉 = {z1 + z2 | z1 ∈ Z1, z2 ∈ Z2}

−̇ ∈ 2Z → 2Z

−̇〈Z〉 = {−z | z ∈ Z}

·{x 7→ ·} ∈ 2Env × 2Z → 2Env

·{x 7→ ·}〈Σ, Z〉 = {σ{x 7→ v} | σ ∈ Σ, v ∈ Z}

V n Σ = {n}

V x Σ = {σx | σ ∈ Σ}

V E1+E2Σ = u〈VE1Σ,VE2Σ〉

V -EΣ = −̇〈VEΣ〉

V let x E1 E2 Σ = (VE2 ◦ ·{x 7→ ·})〈Σ,VE1Σ〉

V if E1 E2 E3 = VE2(BE1Σ) ∪ VE3(¬BE1Σ)

BEΣ = ∪{Σ′ | 0 /∈ VEΣ′,Σ′ ⊆ Σ}

¬BEΣ = ∪{Σ′ | {0} = VEΣ′,Σ′ ⊆ Σ}

1.3 Abstract Semantics

1.3.1 Domains

Abstract semantics of C---(V̂) is defined on the following domains

V̂ ∈ Exp → ˆEnv → Ẑ

Σ̂ ∈ ˆEnv

1.3.2 Galois connection

We assume that two Galois connections - 2Env
−−−→←−−−

α1

γ1 ˆEnv , 2Z
−−−→←−−−

α2

γ2

Ẑ - are

established. Thus the Galois connection 2Env → 2Z
−−−→←−−−α

γ ˆEnv → Ẑ can be
defined compositionally with α1, γ1, α2, γ2.

α(m) = α2 ◦m ◦ γ1

γ(m̂) = γ2 ◦ m̂ ◦ α1

1.3.3 Abstract semantics

Abstract semantics of C--- is defined compositionally:
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V̂nΣ̂ = α2{n}

V̂ x Σ̂ = α2{σx | σ ∈ γ1Σ̂}

V̂ E1+E2Σ̂ = α2(u〈γ2(V̂E1Σ̂), γ2(VE2Σ̂)〉)

V̂ -EΣ̂ = α2(−̇〈γ2(V̂EΣ̂〉)

V̂ let x E1 E2 Σ̂ = (V̂E2 ◦ α1 ◦ ·{x 7→ ·})〈γ1Σ̂, γ2(V̂E1Σ̂)〉

V̂ if E1 E2 E3 = V̂E2(α1(BE1(γ1Σ̂))) t V̂E3(α1(BE1(γ1Σ̂)))

1.4 Proof of correctness

To show the correctness of abstract semantics it’s sufficient to show (1) in ab-
stract interpretation framework.

α(VE) v V̂E

1.4.1 Proof

α(VE) v V̂E is proved by structural induction on E.

Throughout the proof, two forms of induction hypothesis are used

VE v γ(V̂E) (i.h.1)

VE(γ1Σ̂) v γ2(V̂EΣ̂) (i.h.2)

(i.h.1) is obtained by the Galois connection of α, γ.

α(VE) v V̂E ⇔ VE v γ(V̂E)

(i.h.2) is obtained by the following equivalents.

α(VE) v V̂E ⇔ α2 ◦ VE ◦ γ1 v V̂E (by def. of α) (1)

Because of (1), we can show the correctness by showing that, for all Σ̂, the
following is hold:

α2(VE(γ1Σ̂)) v V̂EΣ̂ (2)

From (2) the following is hold by Galois connection

α2(VE(γ1Σ̂)) v V̂EΣ̂⇔ VE(γ1Σ̂) v γ2(V̂EΣ̂)

E → n,

α(Vn)Σ̂ = (α2 ◦ Vn ◦ γ1)Σ̂ (by def. α)

= α2(Vn(γ1Σ̂))

= α2{n} (by def. V)

= V̂nΣ̂ (by def. V̂)
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E → x,

α(Vx)Σ̂ = (α2 ◦ Vx ◦ γ1)Σ̂ (by def. α)

= α2(Vx(γ1Σ̂))

= α2{σx | σ ∈ γ1Σ̂} (by def. V)

= V̂xΣ̂ (by def. V̂)

E → E1+E2,

α(VE1+E2)Σ̂ = (α2 ◦ VE1+E2 ◦ γ1)Σ̂ (by def. α)

= α2(VE1+E2(γ1Σ̂))

= α2(u〈VE1(γ1Σ̂),VE1(γ1Σ̂)〉) (by def. V)

v α2(u〈γ2(V̂E1Σ̂), γ2(V̂E1Σ̂)〉) (by monotonicity of α2,u and i.h.2)

= V̂E1+E2Σ̂ (by def. V̂)

E → -E,

α(V-E)Σ̂ = (α2 ◦ V-E ◦ γ1)Σ̂ (by def. α)

= α2(V-E(γ1Σ̂))

= α2(−̇〈VE(γ1Σ̂)〉) (by def. V)

v α2(−̇〈γ2(V̂EΣ̂)〉) (by monotonicity of α2, −̇ and i.h.2)

= V̂-EΣ̂ (by def. V̂)

E → let x E1 E2,

α(Vlet x E1 E2)Σ̂ = (α2 ◦ Vlet x E1 E2 ◦ γ1)Σ̂ (by def. V)

= α2(Vlet x E1 E2(γ1Σ̂))

= α2((VE2 ◦ ·{x 7→ ·})〈γ1Σ̂,VE1(γ1Σ̂)〉) (by def. V)

v α2((VE2 ◦ ·{x 7→ ·})〈γ1Σ̂, γ2(V̂E1Σ̂)〉)

(by monotonicity of α2,VE, ·{x 7→ ·} and i.h.2)

v α2((γ(V̂E2) ◦ ·{x 7→ ·})〈γ1Σ̂, γ2(V̂E1Σ̂)〉)

(by monotonicity of α2 and i.h.1)

= α2((γ2 ◦ V̂E2 ◦ α1) ◦ ·{x 7→ ·})〈γ1Σ̂, γ2(V̂E1Σ̂)〉) (by def. γ)

= (α2 ◦ γ2 ◦ V̂E2 ◦ α1 ◦ ·{x 7→ ·})〈γ1Σ̂, γ2(V̂E1Σ̂)〉)

v (V̂E2 ◦ α1 ◦ ·{x 7→ ·})〈γ1Σ̂, γ2(V̂E1Σ̂)〉) (by α2 ◦ γ2 v id)

= V̂let x E1 E2Σ̂ (by def.V̂)
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E → if E1 E2 E3,

α(Vif E1 E2 E3)Σ̂ = (α2 ◦ Vif E1 E2 E3 ◦ γ1)Σ̂ (by def. α)

= α2(Vif E1 E2 E3(γ1Σ̂))

= α2(VE2(BE1(γ1Σ̂)) ∪ VE3(¬BE1(γ1Σ̂)) (by def. V)

= α2(VE2(BE1(γ1Σ̂))) t α2(VE3(¬BE1(γ1Σ̂))) (∵ α2 is continuous)

v α2((γ(V̂E2))(BE1(γ1Σ̂))) t α2((γ(V̂E3))(¬BE1(γ1Σ̂)))

(by monotonicity of α2 and i.h.1)

= (α2 ◦ (γ(V̂E2)))(BE1(γ1Σ̂))

t (α2 ◦ (γ(V̂E3)))(¬BE1(γ1Σ̂))

= (α2 ◦ γ2 ◦ V̂E2 ◦ α1)(BE1(γ1Σ̂))

t (α2 ◦ γ2 ◦ V̂E3 ◦ α1)(¬BE1(γ1Σ̂)) (by def. γ)

v (V̂E2 ◦ α1)(BE1(γ1Σ̂)) t (V̂E3 ◦ α1)(¬BE1(γ1Σ̂)) (∵ α2 ◦ γ2 v id)

= V̂E2(α1(BE1(γ1Σ̂))) t V̂E3(α1(¬BE1(γ1Σ̂)))

= V̂if E1 E2 E3Σ̂ (by def. V̂)
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