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1 Problem 2.

1.1 Abstract Semantics

V̂ n Σ̂ = α2{n}
V̂ x Σ̂ = α2{σ x | σ ∈ γ1(Σ̂)}

V̂ E1 + E2 Σ̂ = (V̂ E1 Σ̂)+̂(V̂ E2 Σ̂)

V̂ − E Σ̂ = −̂(V̂ E Σ̂)

V̂ let x E1 E2 Σ̂ = V̂ E2 (Σ̂{x ˆ7→V̂ E1 Σ̂})
V̂ if E1 E2 E3 Σ̂ = (V̂ E2 Σ̂) t (V̂ E3 Σ̂)

Here,
+̂ ∈ Ẑ× Ẑ→ Ẑ
−̂ ∈ Ẑ→ Ẑ

.{x ˆ7→.} ∈ ˆEnv × Ẑ→ ˆEnv

are safely abstracted from concrete materials +,−, .{x 7→ .}

1.2 Correctness Proof

To proof that the abstractions are correct, we have to show for all expression E

α(V E) v V̂ E

is hold. Here we assume α and γ is compositionally defined1:

α = λf.α2 ◦ f ◦ γ1

γ = λf̂ .γ2 ◦ f̂ ◦ α1

For convenience, we define the following pair abstraction,

αa×b = λ〈A, B〉.〈αaA,αbB〉
γa×b = λ〈A, B〉.〈γaA, γbB〉

1Just soundness condition of α and γ is not enough for correctness proof, think of α(V E) = λΣ̂.>, which is

sound abstraction but we cannot prove the correctness with given abstract semantics.
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• e → n
α(V n) Σ̂ = (α2 ◦ V n ◦ γ1) Σ̂ (by def. of α)

= α2(V n (γ1Σ̂))

= α2{n} (be def. of V)

= V̂ n Σ̂

• e → x
α(V x) Σ̂ = (α2 ◦ V x ◦ γ1) Σ̂ (by def. of α)

= α2(V x (γ1Σ̂))

= α2{σ x | σ ∈ γ1Σ̂} (by def. of V)

= V̂ x Σ̂

• e → E1 + E2

by I.H

α(V E1) v V̂ E1 ⇒ α2(VE1(γ1Σ̂)) v (V̂E1)Σ̂

α(V E2) v V̂ E2 ⇒ α2(VE2(γ1Σ̂)) v (V̂E2)Σ̂

Let +̇ to be λ〈a, b〉.{v1 + v2|v1 ∈ a, v2 ∈ b}
Because +̂ is sound operator, id v γ2×2 ◦ α2×2 and α2 ◦ +̇ is monotonic, following is true.

+̂ w α2 ◦ +̇γ2×2

⇒ +̂ ◦ α2×2 w α2 ◦ +̇ · · · (1)

α(V E1 + E2) Σ̂ = (α2 ◦ V E1 + E2 ◦ γ1) Σ̂ (by def. of α)

= α2(V E1 + E2 (γ1Σ̂))

= α2{z1 + z2 | zi ∈ V Ei Σ} (by def. of V)

= (α2 ◦ +̇)〈V E1 (γ1Σ̂),V E2 (γ1Σ̂)〉
v (+̂ ◦ α2×2)〈V E1 (γ1Σ̂),V E2 (γ1Σ̂)〉 (by (1) )

= +̂〈α2(V E1 (γ1Σ̂)), α2(V E2 (γ1Σ̂))〉
v +̂〈V̂ E1 Σ̂, V̂ E2 Σ̂〉 (by I.H.)

= (V̂ E1 Σ̂)+̂(V̂ E2 Σ̂)

= V̂ E1 + E2 Σ̂ (by def. of V̂)

∴ V̂ E1 + E2 Σ̂ w α(V E1 + E2) Σ̂

• e → −E

by I.H

α(V E) v V̂ E ⇒ α2(VE(γ1Σ̂)) v (V̂E)Σ̂

Let −̇ to be λZ.{−z|z ∈ Z}
+̂ is sound operator, id v γ ◦ α and α2 ◦ +̇ is monotonic

−̂ w α2 ◦ −̇ ◦ γ2

⇒ −̂ ◦ α2 w α2 ◦ −̇ · · · (1)
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α(V − E) Σ̂ = (α2 ◦ (V − E) ◦ γ0) Σ̂ (by def. of α)

= α2(V − E (γ1Σ̂))

= α2{−z | z ∈ V E Σ} (by def. ofV)

= (α2 ◦ −̇)(V E (γ1Σ̂)) (by def. of −̇)

v (−̂ ◦ α2)(V E (γ1Σ̂)) (by (1))

= −̂(α2(V E (γ1Σ̂)))

v −̂(V̂ E Σ̂) (by I.H. and mono. of −̂)

= V̂ − E Σ̂ (by def. of V̂)

∴ V̂ − E Σ̂ w α(V − E) Σ̂

• e → let x E1 E2

by I.H

α(V E1) v V̂ E1 ⇒ α2(VE1(γ1Σ̂)) v (V̂E1)Σ̂

α(V E2) v V̂ E2 ⇒ α2(VE2(γ1Σ̂)) v (V̂E2)Σ̂

Let { x 7→ .} = λ〈Σ, V 〉.{σ{x 7→ v}|σ ∈ Σ, v ∈ V }

Because operator ·{x ˆ7→·} is sound operator, id v γ ◦ α and α1 ◦ ·{x 7→ ·} is monotonic

·{x ˆ7→·} w α1 ◦ ·{x 7→ ·} ◦ γ1×2

⇒ ·{x ˆ7→·} ◦ α1×2 w α1 ◦ ·{x 7→ ·} · · · (1)

α(V let x E1 E2) Σ̂ = (α2 ◦ V let x E1 E2) Σ̂ (by def. of α)

= α2(V let x E1 E2 (γ1Σ̂))

= α2(V E2{σ{x 7→ v} | σ ∈ γ1Σ̂, v ∈ V E1 (γ1Σ̂)}) (by def. of V)

= (α2 ◦ VE2 ◦ ·{x 7→ ·})(γ1Σ̂,V E1 γ1Σ̂) (by def. of · {x 7→ ·})
v (α2 ◦ γ(V̂E2) ◦ ·{x 7→ ·})(γ1Σ̂,V E1 γ1Σ̂) (by I.H. & mono. of α2)

= (α2 ◦ γ2 ◦ V̂E2 ◦ α1 ◦ ·{x 7→ ·})(γ1Σ̂,V E1 γ1Σ̂) (by def. of γ)

v (V̂E2 ◦ α1 ◦ ·{x 7→ ·})(γ1Σ̂,V E1 γ1Σ̂) (by α2 ◦ γ2 v id &

assume V̂E2 is monotone)

v (V̂E2 ◦ ·{x ˆ7→·} ◦ α1×2)(γ1Σ̂,V E1 γ1Σ̂) (by (1))

= V̂E2(·{x ˆ7→·}(α1(γ1Σ̂), α2(V E1 γ1Σ̂)))

v V̂E2(·{x ˆ7→·}(Σ̂, V̂ E1 Σ̂))) (by α1 ◦ γ1 v id & I.H.

& V̂E2, ·{x ˆ7→·} are monotone.)

= V̂ E2(Σ̂{x ˆ7→V̂ E1Σ̂}) (by def. of ·{x ˆ7→·})
= V̂ let E1 E2 Σ̂

∴ V̂ let E1 E2 Σ̂ w α(V let E1 E2) Σ̂

• e → if E1 E2 E3

by I.H

3



α(V E1) v V̂ E1 ⇒ α2(VE1(γ1Σ̂)) v (V̂E1)Σ̂

α(V E2) v V̂ E2 ⇒ α2(VE2(γ1Σ̂)) v (V̂E2)Σ̂

α(V E3) v V̂ E3 ⇒ α3(VE3(γ1Σ̂)) v (V̂E3)Σ̂

α(V if E1 E2 E3) Σ̂ = (α2 ◦ V if E1 E2 E3 ◦ γ1) Σ̂ (by def. of α)

= α2(V if E1 E2 E3 (γ1Σ̂))

= α2(V E2 (B E1 γ1Σ̂) ∪ V E3 (¬B E1 γ1Σ̂))

= α2(V E2 (B E1 γ1Σ̂)) t α2(V E3 (¬B E1 γ1Σ̂)) (α2 is cont.)

v α2(V E2 (γ1Σ̂)) t α2(V E3 (γ1Σ̂)) (by def. of B)

v (V̂ E2 Σ̂) t (V̂ E3 Σ̂) (by I.H.)

∴ V̂ if E1 E2 E3 Σ̂ w α(V if E1 E2 E3) Σ̂

¤
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