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1 Problem 2.
1.1 Abstract Semantics
Vns = ax{n}
V¥ = aoz|ocen®)}
VE,+E Y = (VE D4V E L)
V-EY = Z(VEY)
Vietz Ey B2 ¥ = V Ey (S{asV B 3))
Vit Bl E, B3y = (VE %) U (VEY)
Here,
+ € Zx7—17
Z e -7
Az} € EnvxZ— Env
are safely abstracted from concrete materials 4+, —, .{z — .}

1.2 Correctness Proof

To proof that the abstractions are correct, we have to show for all expression F
aVE)CVE
is hold. Here we assume a and 7 is compositionally defined®:
a=Af.ago foy

y=Apofom

For convenience, we define the following pair abstraction,

aaxy = MA, B){a,A, apB)
Yaxv = MA, B).(vaA,1B)

1Just soundness condition of o and v is not enough for correctness proof, think of a(V E) = Af).T, which is

sound abstraction but we cannot prove the correctness with given abstract semantics.



e c—nNn

aVn)S = (agoVnomy) (by def. of a)
= WV n )
= as{n} (be def. of V)
= Vn3
ec—x R R
aVz)X = (woVzoy)X (by def. of «)
= Ve (7153»
= ay{ox|oemnd} (by def. of V)
= VzX
e c— ki + FEy
by IL.H
a(V E})EV E; = aa(VE, (1Y) E (VE)E
a(V E) TV Ey = ay(VEy (1)) C (VE)S

Let + to be Xa, b).{v1 + va|v1 € a,vq € b}

Because + is sound operator, id T Yaxa © Qaxa and ag o 4 is monotonic, following is true.

+ Jag o +y2x2
Jo

= Qoxz Jago+ ---(1)
a(VE +E)Y = (agoV E +Eyomy)% (by def. of «)
= a(V B+ Fx (mY))
= aw{nt+xnlznecVE X} (by def. of V)
= (20 )V Er (mE),V Bz (1))
C (Fooax)(V Er ),V Ex (%)) (by (1))
= Haa(V BEr (mY)),aa(V By (1))
C f(VE SVEY (by I.H.)
= VE £)+HV E )
= VE +E Y (by def. of V)

S VE +ES2aVE +E)%

e ¢c— —F
by IL.H
a(VE)CV E = aa(VE(mY)) C (VE)X

Let — to be AZ.{—z|z € Z}

+ is sound operator, id C v o o and s o + is monotonic

~Jago—ovy

= ;OOZQQOZQO; (1)



aV —E)Y = (azo(V —E)ov) Y (by def. of a)
(V- E ()
ag{—2|2€V EX} (by def. ofV)

(g0 )V E (mY)) (by def. of -)
VE

C (coa)(VEmY) (by (1))

= “(wVEMmY)

C i(f/EZA]) (by I.H. and mono. of =)
= V-EX (by def. of V)

2V —ESJalV —E)%

e ¢c —~let x Fy Ey

by L.H
a(V E1)EV B = axs(VE1 () C (VE)E
a(V E) EV By = ay(VEy (1Y) E (VE,)E

Let {x— .} = A&, V){o{z —v}lc €eZ,veV}
Because operator -{a+>-} is sound operator, id C v o « and «; o -{x — -} is monotonic

fr>} Jago{x— -} ovyixe

= dz>joaixe dajo{z—-} (1)

a(V let x By E3) ¥ (g oV let z By Ep) ¥ (by def. of «)
Oéz(v let x E1 E2 (’712))
ax(V Ex{o{z v} |cemnS,veV B (mD)})

by def. of V)

(
= (agoVEyo-{z— NN,V E 1Y) (by def. of -{z+ -})
C (agoy(VEy) o{x— -}, V El 1) (by I.H. & mono. of ag2)
= (momoVEoaio{z— -} )(m,V B nY) (by def. of 7)
C (1>E2 oayo-{x— -})(’ylf],V E, fylf]) (by agoy Cid &

assume VE, is monotone)
C (VEyo{z>}oaix)(n®,V B mY) (by (1))

VE(-{z-Hau(mE), as(V Er mY)))

C VE({z> S,V E %)) (by ag 0y E id & I.H.

& VE2,-{z+"-} are monotone.
= V E,({z>Y B3} (by def. of -{z})
= Vlet Ei Ey )y

f} let E1 E2 2 | Oé(V let E1 EQ) 5]

e ¢ — if E1 E2 E3
by I.LH



OZ(V El) E
OZ(V EQ) E
a(V E3) E

> < <

oV if By By E3) &

E1 = OéQ(VEl (")/1
E2 = QQ(VEQ (’}/1
E3 = O3 (VEg (’yl
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(g oV if Fy Ey E307q) )y (by def. of «)
ay(V if By By E3 ()

as(V Ey (B Ey 'ylZ) UV Es (B E; 712))
as(V By (B Ey 13))Uas(V Es (-B Ey 113)) (az is cont.)
as(V 2 (M) Uaz(V Es (1)) (by def. of B)
(VE,S)U(V Es %) (by I.H.)

f} if B Ey Eg i;a(v if B Es Eg) i



