SNU 4541.664A

HW6 T #}Ql =i &

ES IR

skip

r:=FE

xr 1= F

c,;C

iftECC
while £ C

n (neZ)
true

false

*T

&x
E+FE
-F
E<FE

o

T



m € Memory
Value

Loc

ccC

VE

B E

X 2HALR AHejdnt

Loc 23 Value
Z UB U Loc
Var

2Mem07‘y N 2Memory
2Memory N 2Value

2Memory — 2Memory

C skip M
Cx:=EM
Cxx:=EM
CCr; Ca M

Cift EC; Co M
Cwhile EC M
VnM
V true M
V false M
VoM
V *xx M
V&x M
VE +E, M

V-EM

VE <E, M
BEM
-BEM

M e 2Memory

M

{m{z —v}|meMAveVEM}
{m{m(z) »v} | meMAveVEM}
CCy(CCy M)
CCi(BEM)UCCy (-BEM)
~BE (fuAX.M UC C (B E X))
fn}

{true}

{false}

{m(z) [ m € M}

{m(m(x)) | m € M}

{z}

{z1+ 2|z €V E {m}AmeM}
{-2z|z€eVEM}
{z1<20|2 €V E; {m} Ame M}
{m |V E {m} > true Am e M}
{m |V E {m} > false A\m € M}



2Z<£>Z
Rest& 112 Whz Ul A1e] Rgtolo.
Rest ={0,1,2,3,4,5,6,7,8,9,10}
Z={(a,b) |a<bAabe Rest} U{L,T}
e
Va,b € Rest : L C (a,b) C T

(0,10)=T

Va,-,bi € Rest : if ag < a; A by < by then (al,bl) C (CLQ,bQ)

==

A

BN
rlr

1 if Z=1{},

aZ =T if min({n mod 11 | n € Z}) = 0 Amaz({n mod 11 | n € Z}) = 10,
(a,b) i min({nmod 11| n € Z}) =aAmazx({nmod 11 | n € Z}) =b.

{ if 2

VE=4{llm+n|meZAa<n<b} if

N>
Il

L,
(a,b),
T.

{Ilm+n|meZA0<n<10} if2

s, V.= Z2o} dZolth

3.1.2 B

Q]BNL—I)}I[AB

ap

B = {L, true, false, T}

L CtrueC T LEfaAlseET
L iB={),
true if B = {true},
false if B = {false},
T if B = {true, false}.



st ifh=1
. {true} if b= true,
b = .
{false} if b = false,
{true, false} ifb=T

ap, e RO dZolth

3.1.3 Loc
Loc n -
27%¢ =—= Loc
ag
Loc = 2Loe
BEAQ £AE W3] ZaEAe 2t

3.1.4 Value
g Value 41_—U> Value

Value = 7 x B x Loc

V2,b0: L (z bl) C
(Les Loy Lo) = (Tme,Tl) =T
VZAl,bAl,lAl,ZAQ,bAQ,lQ if Z1 I: 22 N\ bl E bg AN ll E l2 then (Zl,bl,ll) (ZQ,bQ,lQ)

clfy(classify) 845 A8l clfydtes V e 2Values ox12 wbo} Z3te] 9
25 (Z,B,L) € Z x B x Loc3} Zro] Vel 1 d84= clfy 'o|th

dfyV)=({z|2€ZnzeV}{b|beBAbeV},{l|l€ LocAleV})
cfy " (Z,B,L)=ZUBUL

ay = (az xap xap)oclfy  yp=clfy” o (v X7 x %)
Ay, FYU’_“ 7]_;-01' O‘jéo]q



3.1.5 Memory
9Memory .(L M. -
£ Memory
m
fin 5 fin ~
gLoc= Value «—— T oc 28 Value
Qam

nRAel ¢AE Test 2ot

it VI € dom(mq) : my(l) = LV myi(l) E mao(l) then my C my

Qm AMMN.a,({m(l) | 1 € dom(m) Am € M})
Ym = Amdm |Vl € dom(m):m(l) € v, (m(l))}

Oy Y 20} AZo|t}

3.2 Qof ou|gs

CC € Mer;wry — Mer;zory
VE € Meﬁwry — Value
BE ¢ Meﬁwry — Memory
¢ skipm = m
Cx:=Em = m{zsVEmm}
L if () = (2,6, {}),
- m{y >V E m} if m(z) = (2,b,{y}),

mfyr > (VE Uiy} {ya > (V E U i(ya))}
if m(x) = (2,0, {y1, -+ yn})-
CC; Com = CCy(CCym)
Cif EC,Cym = CCy (BEm)UCCy (B E )
Cwhile ECm = -BE (fiuhzonUCC (BE #))



o)
t
S)
I
o o

lf

J
&
t
3)
I
-

m{z v (L, true, 1)}

ay{n}

ay {true}
ay{false}
m(z)
| Jri(y) [y € Lnm(e) = (2,5,0)}
av{z}
(V Eym) + (V By )
= (V Em)
(V Er ) < (V By 1)
if £ = false,

if E=aAnm(z)=(20b1) AbLC false,

ifE=2’1<2’2/\2122’2,

if B = Am(z) = (5 Ty ),
otherwise.
if £ = true,

if E=aAnm(z)=(20b1) AbC true,

ifE=Z1<22/\2’1<2:2,

m{z s (L, false, 1))} if E =2 Am(z) = (2, Ty, 1),

m otherwise.
AN F, 5 & e s ) Bl AAEE kA 298 AEUS o
oA Belct.
3.2.1 1 @4

T eVal x Val — Val

T (Lo, 01, 00) | ((mayna), b1, L) | (T2, b1,00)

(J—Z7bA2aZA2) L 1 1
((ma, n2), b, I5) i (2, Ly, L) | (T2, Ly, Ly)
(T2, ba, 1) 1 (Tey Loy L) | (T Lo, L)




(m1+m2,n1+n2) 1f0§m1+m2§10/\0§n1+n2§10,
Z=4q(m1+mg—11,n1 +ng —11) if 11 <my +mg <20 A 11 < ny + ny < 20,

T, otherwise.

F Ao)L).

Lemma 1. +& +& QA4 29F

ok

Vo1, v € Value : (v 0+ 0 (0 X 7)) (61, 62) C (41, 32)
Proof. vy = (¢1,b1,11), U2 = (%2, b2, o) B3 B4}

o Zi(EE 4L)7F LY

(awodo(yxm)) (W1,12) = (awotol(elfy™ xclfy™)) (({},Br,L1),(Z2, Ba, Ly))
= a{}
= 1
F,10) = L

o i (FEE 4)7FT.¥Y

(awodo(yxm)) (U1,02) = (ayod)(Vi,V5)
= (V') (+<9 ZYell oA V' C Zo]t})
(az x ap x ag) o clfy) (V')
az x ap x a) (V' {}{})
T2, Ly, Ly)

Ir1

(
(
(
(

F(Ur, ) = (T2, Ly, L)

o 21 = (my,nq) O] 7z = (ma,n2)0lL 0 < my +mge <10A0 < ng +ng <



10 uj

(o 0+ 0 (70 X W) (¥1,02)
= (ayo+o (clfy™* x cfy™)
({11k1 + 21 | k1 €ZAmy < 21 <m}, B, L)),
({11ka + 22 | ko € ZAmg < 25 <ng}, B, L))
- (o)
({11k1+ 21 [ k1 €ZAmy <2 <n}UB UL'),
({11ka + 22 | k2 € ZAma < 20 <ny} UB'UL"))
= {llk+z|k€ZAmi+ma<z<ng+ns}
= ((m1+ma,n1 +n2), Ly, L)
+(1, 1)
= ((m1+ma,n1 +n2), Ly, L1)

o 2 = (my,ny) ] 2y = (Mg, n2)0]3L 11 < my+my < 20A11 < ny+ng <

20 of

(a0 40 (70 X 7)) (U1, 02)
= (awodo(cfy™t xcfy™)
({11k1 + 21 | k1 € ZAmy <20 <ni}, B, L),
({11ko + 22 | ko € ZAma < 25 <np}, B, L))
= (o)
({1k1 4+ 21 | k1 €ZAmy <z <mi}UB UL,
({11kg + 22 | ko € ZAma < 20 <mp} UB' UL"))
= af{llk+z|k€ZAm+my<z<mng+ns}
= ((m1+me—11,n1 +ng —11), Ly, 1)
+(v1, 02)
= ((my+mg—11,n1 +no —11), Lp, L)

o z1 = (my,n1) |3 Z5 = (M2, n2)°l3L 0 < my+mg <10A11 < nq+ny <



20 ujf

(av oto ('Yv X er)) (UAlv’UAQ)

(av o +) (Vla VQ)

= a, (V') (+9 Aol o8 A V' C Restolt}.)
= ((ez x ap x aq) o clfy) (V')
= (e xap xa)(V', {},{})
C (T, Ly, L)
T, v) = (T., Ly, L)
O
3.2.2 L
ZeVal - Val
(L2,b,0) | ((0,0),b,0) | ((0,m),b,]) ((m,n),b,1)
- 1 ((0,0), Ly, L) | (T, Lo, Ly) | (11 —n, 11 —m), Ly, Ly)
1 <m,n <100t}
Lemma 2. =2 —-& ¢rd3}HA] 29F3l Aojr}
Vo € Value : (avo—o%)v C—9o
Proof. o = (2,b,1)2}3 314k
o 27} L,
(wotom)i = (awotocdfy™)({},B,L)
= af)
= 1
A

o 2=(0,00

(0= 07y) D

(ay o ~oclfy™") ({11m | m € Z}, B, L)
ap{1lm | m € Z}
((azy ap, ) o clfy){11m | m € Z}

(az, p, 00)({11m | m € Z}, {}, {})
((0,0), Ly, L)
((0,0), Ly, L)

9



o 2=(0,k)olZ 1<k<10Q u

(apo=07,)9 = (ayo-ocfy )({llm+n|meZA0<n<k}, B,L)
= a{llm+n|meZA(n=0V1l—k<n<10)}

((0,10), Ly, Ly)

= (TZaJ—IﬂJ—l)
;f} = (TZaJ—byJ—l)
o 2= (ki k)0l 1 < ky, ko <104 uj
(Oévo;o’Yv)f} = (avo;oclfyfl) ({11m+n|mEZ/\k1 Snék‘g},B,L)

= a{llm+n|meZAll -k <n<11—-Fk}
= ((117k2,117k1),J_b,J_l)

-0 = ((11 — ko, 11 — kq), Ly, Ly)
O
3.2.3 < g
< eVal x Val = Val
+ (L, b1, [ ) | otherwise
(Ls,bo,ly) 1 1
otherwise 1 (Ls, To, L)
Lemma 3. <2 <& 9oFF3lA] 2 oFsk Zlo|c}.
Yoy, vy € Value : (ay 0 < o (70 X 70)) (61, 02) E <(v1, 02)
Proof. vy = (£1,b1,11), Us = (2, b2, o) Bkl 3}k
o i (E= 4)7F LY
(o <o (e X 7)) (01,62) = (ayo<o(clfy™ x cfy™)) (({}, B1,L1), (Z2, Bs, Ly))
= i}
= 1
F(vy,v2) = L

10



o 239 B

(v 0 <o (10 x 7)) (U1,02) = (awo<o(clfy™" x clfy™)) (Z1, Br, L), (Z2, Ba, L))
= (B (<9 Aol A B C Bo|t}.)

(ax % g X 1) o clfy) (B)

az x ap < a)({}, B, {})

L., Ty, 1)

IM

(
(
(
(

<(U1,v) = (L. Te, 1)

3.24 o) B
{x % -} € (Memory x Value) — Memory
Lemma 4. {z+> -} {z+> -} & FH3IA 2 oFsF A o]}
Vin € Memory,© € Value : (am 0 -{x = -} 0 (Ym X 70)) (1, 0) C -{x = -} (i, )
Proof.
(am © {.23 = } o (7m X ’YU)) (m’ﬁ)
= (amo {x > }) (Ym 1,70 D)
= am((ym m){z ¥ 7, 0})
= am({{m |Vl e dom(m) : m(l) € v, (m(l)) {z = 7 0})

)

AZIA {m | VI € dom(m) : m(l) € v,(m())Hz = v, 9} Molgta 3hd,

me Ml RE mo] thgg BErh

11



(am (M) (D)2 ap A Wb a,({m(l) |1 € dom(m) Am € M})o]aL o

D) L domion) o e 211 {av(% (M) it #a,
oy (1(0)) ifl =
A= A==
am(M) T ay oo (mfz e o})
C mf{z> 0} (o E ZAdO]EE)
O
3.3 ¢HAYd 39

Lemma 5. VE : a(V E) C V

=

Proof. E°l gt AdHo® ZHIrt

e F=n¥Y

e F=true(®

o E=zY uj
(a(V x))m
Vaxm

(@Vn))in = (ayo(Vn)oym)m
= a,{n}
Vnim = a,{n}

= false)d o

(a(V true))m = (a0 (V true)oy,)m
= «au{true}

Vtruem = a,{true}

Il
—
Q
<
o

|
—~
Q
<
o

(vm el 7ol 2lsfiAl)

|
=}
<
—
23222
8

(ay 0, C z'AdO]E’_E)

e
3
E
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o E=xzxd uj
(@(V *z))m

V *xxm

A7 m(z) € Y(m(z))olBE m(z) =
%(2,5, Z) olty. 3714 m(zx) € dom(z) C Locol|BZ m(x) € v(I)

[

V %) 0 Y )10

V *2))(m (1))

) [ m € Y () }

) [ VL€ dom(m) : m(l) € v ((1))}  (ym®] Bl SJ3iA)

) (079, C iZiO]EE)
|y elnm(z) = (é,l;,i)}

(2,b,1)e]&2 3E m(z) €
=

oIt
A A==
m(m(z)) = [H{m(m(z))}
C [H{i(y) |y €lAm(z) = (5,b,)}.
o F =%z uj
(aVe&z))m = (ayo(V&z)ovy,)m
= (o (V &x))(ym(m))
= ay{z}
Verm = a,{z}

o E=F +E>¥d
O[(VE1+E2) S

9E1+E2
e E=-FEY uj
a(V-E')

o

M

o

mar

ayoV By + Fyoyy,

ayodo(VE xVEy) oy,

oy ot o (V E10ym) x (V Bz 07m))

avoto((roV By x (o Bp)) (7Pl €151A)

ap 040 (1 X y) o (V By XV E)

to(VE; xV Ey) (+= A% aoko|mg)
Fo(VE xVEy)

a,o(V-E") oy,
ayo—o(VE)ov,

ayo oy, 0 (VE) (Ad7Hgel s
Zo(VE) (— dHT gofolng)
“o(VE

13



e E=FE <EQul E=FE +E4 w9 $Y37} AR R Aekeit.

Lemma 6. VE : o(BE)C B E
Proof. E°l| tigk 7oz Srent.
o [/ =falsed
(a(B false))m = (o, oB falseoy,,)m
= am{m |V false {m} > true Am € v, (1)}

= ap{m | {false} > true Am € vy, (M)}
= an{}
= 1

Bfalsem = L

o E=xAm(z)=(20b1)AbC falsed uj

(a(Bz))m = (oumoBxoym)m
am{m |V z {m} > true Am € v,,(1)}

= ap{m|{m(z)} > true Am € v, ()}

A7) m € Y () O] BE,

m(z) € v (m(z))
= w(zb)
= %:(8) Un(d) Un(l)
T 7:(2) Um(false) um(l) (7H8el &J1A)
= 7:(2) U {false} Un(D).
(a(Bz))m = ap{m|{m(x)} > true Am € v, ()}
= anf}
= 1
Brm = 1

14



e E=z1<2Az > 29 1

((Bzi<z))m = (amoB 2z <z30vy)Mm
= am{m |V 21 <z {m} 3 true Am € v, (1)}
= ap{m | {false} > true Am € vy, (1)}
= amf}
= 1

Bzi<zmm = L

o BE=gAm(z)= (3T,

(a(Bx))m = (amoBxoyy,)m
= ap{m|Vz{m} > true A\m € v, (M)}
= ap{m|{m(x)} > true Am € v, (1)}

= ap{m|m(z) = true Am € v, (M)}

= X
y # < yoll HafAl
X(y) E (cmoym)(m))(y) )
C (). (Qm © Y C id ©]B)
y =< yoll HafiA
Xy) = (m{m|m(z) = true Nm € v (m)})(y)

= ap{my) |y € dom(m) Am(z) = true A\m € v, ()}
= «au{true}

= (L., true, 1y).

IdE=g
X Cfz e (L, true, 1)}.

Bzm = m{ze (L, true, 1))}

15



(a(BE)m = (amo(BE)ovyy)m
= anp{m|V E {m} > true,m € v, m}

C am(’ymm)
C m (Ctm © Y C id ) BZ)
BEm = m

Lemma 7. VE : a(-BE)C -B E

Lemma 6] 583} AR R AJeksict.
Lemma 8 (Correctness). YC' : a(C C)EC C
Proof. C°ll ti3t g o2 SRt

e C =skip¥ uj

a(C skip) = a0 (C skip) o vy,
= qpoidoyy,
C i (Ctm © Y T id ) B
éskip = id
e C=x:=FEd v
alCzx:=FE) = apo(Cx:=E)ovyy,

amo-{x+>-}o(idxV E)oy,

C amo{zrs }o(ym Xy o(idxVE) (Lemma 59 2J31A])

C {z+v Yo(idxVE) (fz >} AT g folng)
Cz:=E = x> }o(idxVE)

(a(C*x := E))(m) = (amo(C*x:=E)oyny)(m)
am{m{m(x) — v} |m € yn(m) Av eV E v, (m)}

16



—i(e) = (2,5, {}) 2 o
(a(C *x := E)) (1)

= ap{m{m(x) = v} | m € () Av €V E v, (1)}

— i} (m(x) € {}el2z)

— () = (2,5, {y}) & o
(a(C *x := E))(mn)
= ap{m{m(z) = v} | m € v, (1h) Av €V E v, (1)}

= am{m{y = v} [m e ym(m) AveV Eym(m)} (m(z) € {y}olBZ)
= (amo{y+> -}o(idxV E)ovy,)(m)
T (amo{yrs-}o(m x ) o (id x V E)) () (Lemma 501 2] 3l A4)
C ({y~ Yo(idxV E))(h) ({z >} AT g ofo|m )
= m{y>VEm}
Cxx :=Em

m{y >V E m}
— () = (2,0, {y1, - ,yn})Q W
(a(C *z 1= E)) (1)

= am{m{m(z) = v} | m € yu(m) Av eV E v, (1)}
= X

X(1) = ap{(m{m(z) = v}){1) |l € dom(m)Am € vy (M)Av €V E ~,, ()}
m € Y (M) 1 B2 m(z) € {y1, - ,ya} oItk | # y; =4,

X)) = apy{m() |l € dom(m)Am € y,(m)}
T (awoy)(m(l)) (m(l) € 7o ((l)) o1 B22)
c (). (ay 0y Cido]BR)

l=y; =4,

X0 = a,({m@)|ledom(m)Ameyp(m)}U{v|veVEnr,(n)})
C (ow{m(l) |1 e dom(m)Am € vp(m)}) U (w{v|veV Ey,(m)})
C (ayoy)(m(l) U(ay oV E oyp) () (m(l) € v (m(l)) o1 B2)
C () U (o V E o)) (@ 0,  ido]B.)
C m)uV Em). (Lemma 5] £J3]A])

17



IsEeg

X =mfyr > (VEmUm(y)} - {yn = (V EmUm(yn))}.
Crz:=Em
= fyr > VEmUm(y)} - {yn = (V EmUim(y.))}
e C=0Ci; Cr¥

CCi;Cy = (CCo)o(CCy)
a(CCy; Co) = apo(CCr; C)oym
= apo(CCy)o(CCh)ovn,
C amo(CCo)oymo(CCr) (A7l 2slA)
C (CCy)o(CCy) (Ae7H el s A)

oC:ifEC’ng%J

Cif ECy Cy

= Uo((éCloamoBEoym)x(CACgoamo—\BEoym))
a(C if E C; Cy)

= qpoCif FECiy Cyoy,

= apoUo((CCLoB Eovyy,) x(CCyo-BEoyy,))

Uo (am X am)o((CCroB Eovyy,)x (CCyo-BEoy,))
Uo ((amoCCroB Eovy,) X (ayoC Cyo-BEoyy,))

C Uo((amoCCroymoa,oBEoyy,) X (aymoC Cr0vy0a,o-BEoy,))
(Ym 0y D 1dO|BR)
C

o((CACloamoBEo'ym)x(CACQoamo—BEo'ym»
(FAF7Hgel 2JsiAl)
e C =vwhile £ C'Y uj
Cwhile EC' i = -BE (fis(F £ e.mUC C' (B E #)))
(a(Cwhile EC'))m = (amoCwhile EC'o~y)m
= (amo-BE) (fit(F = XXy, mUCC' (BE X)))

AN o F T Foay,d tFea} o] B 2= 9t}

amoF = apoAXy, mUCC (BE X))
= AX.am(ym m)Ua,(CC" (B E X))
Foa, = (A\mUCC (BE&))oan

= AX.mUCC (BE (X))

18



am(ym M) £ 1 (0 Y C idO]BE)
amo(CCNo(BE) C ano(CCYoymoanmo(BE) (ymoay, Jido]|ER)
C (CCoamo(BE) (Fe7Hgel 2Js)A)
C CCYoamo(BE)ovmoam (Ymoam Jido]B&)

C (CCYo(BE)oan (Lemma 6°1 2]3]1A])

¥ B2 a,,0 F C Foa,,°|th

“Fixpoint Transfer Theorem” ol 23 a,,(firF) C fizF' o3, B E%}
—B E7} kAR 9)9] F 7| Alolo] Lule B

(o 0 ~B E)fisrF C -B E firt F

o
o
rO
ok
+
30
u)
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