
Program Analysis HW 6
김도형

Step 0
The semantics of D language document specifies most of the details about concrete semantics and concrete
domain. We additionally define a continous function 𝐹 ∶ ℘(𝕊) → ℘(𝕊),

𝐹(𝑋) = 𝐼 ∪ 𝑆𝑡𝑒𝑝(𝑋)

where 𝑆𝑡𝑒𝑝(𝑋) = ℘̆(↪).

Step 1
Abstract domain for 𝑉 𝑎𝑙𝑢𝑒#, 𝑀𝑒𝑚𝑜𝑟𝑦# are same as HW4, hence its specifications are omitted. (To simplify,
𝛼, 𝛾 in Value, Memory domain are renamed as 𝛼𝑉 , 𝛾𝑉 and 𝛼𝑀 , 𝛾𝑀 , respectively.)

𝕊# = 𝐿𝑎𝑏𝑒𝑙 → 𝑀𝑒𝑚𝑜𝑟𝑦#

↪# ⊆ (𝐿𝑎𝑏𝑒𝑙 × 𝑀𝑒𝑚𝑜𝑟𝑦#) × (𝐿𝑎𝑏𝑒𝑙 × 𝑀𝑒𝑚𝑜𝑟𝑦#)

2𝕊 −−→←−−
𝛼
𝛾

𝕊#

𝛼(𝑆) = 𝜆𝑙.
#
⋃
𝑠∈𝑆

𝑠(𝑙)

𝛾(𝑠#) = {𝑠 | ∀𝑙.𝑠(𝑙) ∈ 𝛾𝑀(𝑠#(𝑙))}

Step 2
Since 𝑉 𝑎𝑙𝑢𝑒#, 𝑀𝑒𝑚𝑜𝑟𝑦# didn’t change from the HW4, its proof for Galois connection and CPO would be
omitted. For 𝕊#, as it is defined as 𝑀𝑒𝑚𝑜𝑟𝑦# were, proving these characteristics could be done in same way.
It is a CPO since it has an ∅ as a ⊥, and any given chain would have a least upper bound attained from the
least upper bound of 𝑀𝑒𝑚𝑜𝑟𝑦# chain for each label. Galois connection is well-defined, since the definition of
𝛼, 𝛾 shows the Memory domain’s Galois connection label-wise.
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Step 3
The definition for ↪# can be given as:

x ≔ E ∶ (ℓ, 𝑚#) ↪# (next(ℓ), update#
𝑥 (𝑚#, 𝐸#(𝑚#)))

∗x ≔ E ∶ (ℓ, 𝑚#) ↪# (next(ℓ), refUpdate#
𝑥 (𝑚#, 𝐸#(𝑚#)))

C1; C2 ∶ (ℓ, 𝑚#) ↪# (next(ℓ), 𝑚#)
if E C1 C2 ∶ (ℓ, 𝑚#) ↪# (nextTrue(ℓ), 𝒯#

𝐸 (𝑚#))
∶ (ℓ, 𝑚#) ↪# (nextFalse(ℓ), ℱ#

𝐸 (𝑚#))
while E C ∶ (ℓ, 𝑚#) ↪# (nextTrue(ℓ), 𝒯#

𝐸 (𝑚#))
∶ (ℓ, 𝑚#) ↪# (nextFalse(ℓ), ℱ#

𝐸 (𝑚#))
goto E ∶ (ℓ, 𝑚#) ↪# (ℓ′, 𝑚#) (ℓ′ ∈ 𝛾𝑉 (𝐸#(𝑚#)))

which the abstract domain’s additionally defined functions are defined as HW4’s 𝐶#:

update#
𝑥 (𝑚#, 𝐸#(𝑚#)) = 𝑥 ≔ 𝐸#𝑚#

refUpdate#
𝑥 (𝑚#, 𝐸#(𝑚#)) = ∗𝑥 ≔ 𝐸#𝑚#

From ↪#, we can define the abstraction for 𝑆𝑡𝑒𝑝, 𝐹 :

𝐹 #(𝑋#) = 𝛼(𝐼) ∪#
𝑆 𝑆𝑡𝑒𝑝#(𝑋#)

Step# = ℘(id, ∪#) ∘ 𝜋 ∘ ℘̆(↪#)

Step 4
To prove the soundness of ↪, we will use the proofs in HW4 on soundness of 𝐸, 𝐶, as update#

𝑥 , refUpdate#
𝑥 are

same as 𝑥 ≔ 𝐸#, ∗𝑥 ≔ 𝐸#. Only remaining problems related to 𝕊 is trivial, since it is defined as 𝑀𝑒𝑚𝑜𝑟𝑦#.
The soundness of ∪#

𝑆 follows the same proof as ∪#, which joins the element in 𝑀𝑒𝑚𝑜𝑟𝑦#. From this, the
soundness of 𝑆𝑡𝑒𝑝, 𝐹 comes out consequently.

Soundness of ↪
Proof of ℘̆(↪) ∘ 𝛾 ⊆ 𝛾 ∘ ℘̆(↪#) is done by structural induction on 𝐶.

𝑥 ≔ 𝐸 :

(℘̆(↪) ∘ 𝛾){(ℓ, 𝑚#)}
= ℘̆(↪){(ℓ, 𝑚) | 𝑚 ∈ 𝛾𝑀(𝑚#)}
= {(next(ℓ), (update𝑥 ∘ (id, 𝐸#))𝑚) | 𝑚 ∈ 𝛾𝑀(𝑚#)}
⊆ {(next(ℓ), 𝑚) | 𝑚 ∈ (℘(update𝑥) ∘ × ∘ (id, ℘(𝐸#)) ∘ 𝛾𝑀)𝑚#}
= {(next(ℓ), 𝑚) | 𝑚 ∈ (℘(update𝑥) ∘ × ∘ (𝛾𝑀 , ℘(𝐸# ∘ 𝛾𝑀)))𝑚#}
⊆ {(next(ℓ), 𝑚) | 𝑚 ∈ (℘(update𝑥) ∘ × ∘ (𝛾𝑀 , 𝛾𝑉 ∘ ℘(𝐸#)))𝑚#} (∵ sound 𝐸)
= {(next(ℓ), 𝑚) | 𝑚 ∈ (℘(update𝑥) ∘ × ∘ (𝛾𝑀 , 𝛾𝑉 ) ∘ (id, ℘(𝐸#)))𝑚#}
⊆ {(next(ℓ), 𝑚) | 𝑚 ∈ (𝛾𝑀 ∘ update#

𝑥 ∘ (id, ℘(𝐸#)))𝑚#} (∵ sound update)
= 𝛾{(next(ℓ), (update#

𝑥 ∘ (id, 𝐸#)𝑚#)}
= (𝛾 ∘ ℘̆(↪#)){(ℓ, 𝑚#)}
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∗𝑥 ≔ 𝐸 :

(℘̆(↪) ∘ 𝛾){(ℓ, 𝑚#)}
= ℘̆(↪){(ℓ, 𝑚) | 𝑚 ∈ 𝛾𝑀(𝑚#)}
= {(next(ℓ), (refUpdate𝑥 ∘ (id, 𝐸#))𝑚) | 𝑚 ∈ 𝛾𝑀(𝑚#)}
⊆ {(next(ℓ), 𝑚) | 𝑚 ∈ (℘(refUpdate𝑥) ∘ × ∘ (id, ℘(𝐸#)) ∘ 𝛾𝑀)𝑚#}
= {(next(ℓ), 𝑚) | 𝑚 ∈ (℘(refUpdate𝑥) ∘ × ∘ (𝛾𝑀 , ℘(𝐸# ∘ 𝛾𝑀)))𝑚#}
⊆ {(next(ℓ), 𝑚) | 𝑚 ∈ (℘(refUpdate𝑥) ∘ × ∘ (𝛾𝑀 , 𝛾𝑉 ∘ ℘(𝐸#)))𝑚#} (∵ sound 𝐸)
= {(next(ℓ), 𝑚) | 𝑚 ∈ (℘(refUpdate𝑥) ∘ × ∘ (𝛾𝑀 , 𝛾𝑉 ) ∘ (id, ℘(𝐸#)))𝑚#}
⊆ {(next(ℓ), 𝑚) | 𝑚 ∈ (𝛾𝑀 ∘ refUpdate#

𝑥 ∘ (id, ℘(𝐸#)))𝑚#} (∵ sound refUpdate)
= 𝛾{(next(ℓ), (refUpdate#

𝑥 ∘ (id, 𝐸#)𝑚#)}
= (𝛾 ∘ ℘̆(↪#)){(ℓ, 𝑚#)}

𝐶1; 𝐶2 :

It is trivial since it does not change the memory, and label follows just as concrete semantics.

if 𝐸 𝐶1 𝐶2 :

(℘̆(↪) ∘ 𝛾){(ℓ, 𝑚#)}
= ℘̆(↪){(ℓ, 𝑚) | 𝑚 ∈ 𝛾𝑀(𝑚#)}
= {(nextTrue(ℓ), 𝑚1) | 𝑚1 ∈ ℘(𝒯𝐸)(𝛾𝑀(𝑚#))} ∪ {(nextFalse(ℓ), 𝑚2) | 𝑚2 ∈ ℘(ℱ𝐸)(𝛾𝑀(𝑚#))}
⊆ {(nextTrue(ℓ), 𝑚1) | 𝑚1 ∈ 𝛾𝑀(𝒯𝐸(𝑚#))} ∪ {(nextFalse(ℓ), 𝑚2) | 𝑚2 ∈ 𝛾𝑀(ℱ𝐸(𝑚#))}

(∵ sound 𝐸)
= 𝛾{(nextTrue(ℓ), 𝒯#

𝐸 (𝑚#), (nextFalse(ℓ), ℱ#
𝐸 (𝑚#)}

= (𝛾 ∘ ℘̆(↪#)){(ℓ, 𝑚#)}

while 𝐸 𝐶 :

Same as if 𝐸 𝐶1 𝐶2.

goto 𝐸 :

It is trivial since it does not change the memory, and available labels are included.
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