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ch:

alternative () grouping

optional e* zero or more

one or more t sugared alternative

one or more «’s separated by ,



integer

comment

alphanum
upper
lower
hangul

sym
lid

uid

sid

id

varid
ctlid
elmtid
setid
latid
domid
anaid
stgid
temid
cvarid
conid
alongid

(-)(0 - 9)*

(0X|0x)(0 — 9|A — Fla — £)7

(00]00)(0 —7)T

(0BJob)(0 — 1)

balanced (* *), between which any character can appear.
from // to the end of the line

a—z|A—Z]|hangul |0—9]|_|"

A

a — z | hangul

syllables of KSX1001 (a.k.a. KSC5601 or eur-kr)
syllables of KSX1005-1 (a.k.a. KSC5700, unicode, or ISO/TEC10646-1)
CI%l& 8 l#[+|=[/]:[<|=[>]7[Q\[7[[~]I]*
lower(alphanum)*

upper(alphanum)*

symsym™

lid | wid | sid

id

id

id

wid

uid

setid | latid

id

id

id

id

id

aid | anaid.aid



anadec

sigdec

temdec

topdec, topdec,

topdec

domdec
semdec
querydec
adecy adecs

adec

anadec
anaexrp

analysis anaid = anaexp
ana adec end

temid (anaexprow)
anaid

sigdec signature sigid = sigexp
sigexp = sig adesc end
sigid

temdec analysis temid ((anaid : sigexp)row) = anaexp

set setdesc

lattice latdesc

val varid : ty

eqn varid : ty

query ctlid : ty

adescy adescy

set setdescrow

lattice setdescrow

setid | setid : kind | setbind
latid | latid : kind | latbind

adesc

N
I Il

setdesc
latdesc



domdec

setdec | latdec | winadec

setdec = set setbind
setbind = setid = setexp
setexp = /[tylongid/ nML type id
| setlongid set id
| {er...ex} integer interval set
| { elmtidrow } enumerated set
| power setexp power set
| setexp, * setexp, cartesian product
|  setexp, + setexp, separated sum
|  setexp, —> setexp, finite function set
|  setexp constraint cnstdec constraint set
|  Csetexp)
cnstdec = var = { cvaridrow } (index setexp)
rhs = rhs
rhs = cvar
| conid {carg) (: atomic)
| rhsy | rhsy
cvar = var | var setlongid
carg = cvar
| setexp
| (cargrow)
latdec ::= 1lattice latbind
latbind = latid = latexp
latexp == /strlongid/ nML structure id
| latlongid lattice id
| flat setexp flat lattice
| power setexp powerset lattice
| latexp, * latexp, cartesian product
| latexp, + latexp, coalesced sum
| latexp, —> latexp, atomic function lattice
| setexp —> latexp dependent product lattice
| order setexp with jmdec (jmdec) lattice with an explicit join/meet
|  Clatezp)
jmdec = join match user-defined join operator
|  meet match user-defined meet operator
winadec = widen latid with match
|  narrow latid with match
kind = syntree | index | integer | power

| sum|product | arrow



semdec = waldec
|  egndec
| cerdec
|  cimdec
valdec ::= val vbind auxiliary semantic value
| val rec vhind auxiliary semantic value
1 fun foind
T map foind
vbind = pat = e (and vbind)
foind = warid pat=e | --- |varid pat = e
(and fbind)
eqndec = eqn ebind semantic equation
| eqn rec ebind semantic equation
T eqn efbind
ebind = warid = e (and ebind)
efbind = warid pat =e | --- |varid pat = e
(and efbind)
cerdec = ccr cerbind constraint closure rule
cerbind = cnstguard ——--T constraintrow (| ccrbind)
cnstquard = constraint
|  guard
| enstguard, , cnstguard,
constraint ::= cvarexp <- rhsexp
T cvarexp <- rhsexp (+ rhsexp)™
rhsexp = cvarexp
| conlongid (cargezp)
cargexp = cvarerp
| pat
| (cargezprow )
cvarezp = cvarlongid | cvarlongid @ pat
cimdec = cim cimbind constraint conid’s image declaration
cimbind = conlongid {pat) = e (| cimbind)



@

>
S
bS]

const

~
<

/nexp/
setlongid

const
varlongid
constraint

e1 bop es

{ €1 ... €2 }

{ erow }

{ erow | qual }
{ mrulerow }

{ mrulerow | qual }

8

+e

*x e

( €1, €2 )
e.1]e.2

let valdec in e end
fn match

€1 €2

(e)

e:ty

(pre | post) (varlongid|cvarlongid) @ e

(e, erow)

e . domlongid

e [ mrule ]

mp match

case e of match
if e; then ey else e3
map €1 €2

x| -

TOp

integer
elmtlongid

top

bottom

true

false

int | domlongid | /tylongid/
tyy * tyy | tyy + ty,

ty, => ty, | power ty | flat ty
(ty)

ty : kind

nML expr

set itself

constant

bound id
constraint

binary op

integer set

set

set comprehension
map

map comprehension
empty set/map
fold join

fold meet

tuple

projection

local expr
abstraction

application or map image

coercion

solution look-up
tuple

projection
modifying map
map

branch

branch

mapping

join, meet, set-minus
relational operators

set element id
lattice top
lattice top
lattice bottom
lattice bottom



qual
gen

guard

rop
match

mrule
pat

mpat

N
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:”: —_—t =+ —+—— :”:

gen (, guard)
pat from e

mpat from e
geny , gens

€1 TOp €2

€1 in ey

not guard
guard, and guard,
guard, or guards
! gen . guard

? gen . guard

( guard )
guardrow
<[>l=l<=|>=

mrule (| match)
pat => e

/npat/

varid

{ patrow {...) }
{ pat, ... paty }
{ mpatrow (...} }
( pat, , paty )
pat with guard
pat, or pat,
varid as pat

pat : ty

( pat )

const

( pat , patrow )
pat rop e

pat in e

pat => pat

for each element of a set
for each entry of a map

relation
membership

for all
for some

conjunction

nML pattern

wild pattern
pattern var

set pattern
interval set pattern
map pattern

tuple pattern
guarded pattern

or pattern

as pattern

const pattern
tuple pattern
relation pattern
member pattern



querydec
ctlbind
ctl

form

upath

bpath
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query ctlbind

ctlid = ctl (and ctlbind)

varid : (pre|post) varid . (form|guard)

varid : (pre|post) (anaid.varid) . (form|guard)
Cetl)

ctlid varid

not form

formy and formq

formy or forms,

formq => formq

upath ctl

bpath Cctly , ctly )
( form )

formy <=> formq
AX | AF | AG

EX | EF | EG

AU | EU

CTL formula with a binder
CTL formula with a binder

ctl application

implication
unary path formula
binary path formula

equivalence

until
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set setdescy, - - - , setdesc,

lattice latdescy, - - -, latdesc,,

(ey,ez,e3)

-+ .domid

e . domlongid as e .
e [ pat =>¢€']
mp mruley | --- | mrule,

case e of match

if e; then es else e3
map €1 €2

guard, , guard,

cvarerp <- rhsexp, + rhsexpy

(paty , paty , patz )
const

pat rop e

pat in e

fun varid pat, = ey | varid paty = e
map varid pat, = e; | varid paty, = ez
eqn varid pat; = ey | varid paty = e

formy <=> forms,

1.3 S99

o =H 9l Ao A9 A%

1:]0]— ‘(—5(‘)}: A

’ constructs | associativity ‘

power, flat right
* right
+ left
-> right
order -

o 24 AolAe] $AIE] (U AE) 9}
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set setdescy --- set setdesc,,

lattice latdescy --- lattice latdesc,
(e, Cez,e3))

e.k e:D=A; x---x A, and domid = Ay
{pat=>¢ ,x=>ex} new x

{ mruley , -+, mrule, }

( fn match ) e

case e of true => ey | false => e3
{e1 x| xfromesg }

guard, and guard,

cvarerp <- rhsexp, , cvarerp <- rhserp,
(paty , Cpaty , pats ) )

xwithx = const new x
x as pat with x rop e new x
x as pat withx in e new x

= val rec varid = fn pat; =>e; | paty, => ey
= val varid = { pat, =>e1 , paty => €3 }

= eqn rec varid = fn pat, =>e; | paty => ez
formy => formy and form, => form,
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’ constructs | associativity ‘
@ left
. left
[mrule] left
application left
+ (prefix), * (prefix) right
* (infix) left
+ (infix), - (infix) left
<,>,=,<=>= left
not right
and right
or right
in right
s left

left
case, fn, mp right

S EEEEERETEEETIEEIL S

| constructs | associativity |

left
as left
with left

o A Aol A o) SAwe (U7 Aw)2

’ constructs | associativity ‘
not right
and left
or left
-> left
(AE[U)(X[F|G) right

1.4 ogd HEBE

analysis ana end
power constraint
with syntree index

cim and pre
case of as
* + -> <= <

signature
index var rhs
integer sum product
post top bottom true false int mnot or Ilet
from widen AX AF AG AU EX EF EG EU ( ) : |

> [ 1 =

1.5 THZAA A F=

o F3t} BEl2oA AFAAN HAAL E7Fsditt. 222 A7 Ao d7t

sig

PRI

set lattice atomic vwval
flat order join meet

arrow val rec

egqn query
widen narrow
fun map ccr
in fn mp

{1}
r?o. = <= >= <> @ -~

B —_
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o as-F B} with-H| H o] =& = Awo]7] sl A& " o] Al4t4] (expression) 2]
FE| S 7HA 3L 9l ofok sht} | &5 o], _(wildcard) 7} s € o] 9o ¢kH

¥

o A kA M A(cnstdec) N A A A= = Al kA 44 E(conid) 5
WA (cvarid) 52 B Eefof gt

2
o
17
>,

o} = ec) ol A sFLEe] Al F A (constraint) ©) U 2 A A (guard) ol
AHEE = SE Eﬂ—’u\—%% B 5 defof sk

1.6 <

e Simultaneous equations:

analysis Eqn =
ana
lattice A = power {a,b,c,d}

eqn x1 = x2 + x3 * {a,b}
and x2 = {b,c} * x3
and x3 = x1 + x2

end

e OCFA analysis for lambda calculus in the abstract interpretation style:

analysis TinyCfa =

ana
set Var = /Exp.var/
set Lam = /Exp.expr/
lattice Val = power Lam
lattice State = Var -> Val

widen Val with {/Lam(x,Lam _)/ ...} => top

eqn E(/x/,s) = s /x/
| E(/Lam(x,e)/, s)

= {/Lam(x,e)/}
| E(/App(el,e2)/, s) =

let val lams = E(/el/, s)
val v = E(/e2/, s)
in
+{ E(/e/,s+bot[/x/=>v]) | /Lam(x,e)/ from lams }
end
end

e OCFA analysis for lambda calculus in Heintze’s style constraint-based anal-
ysis (a.k.a. set-based analysis)

analysis Sba =
ana

12



set Var = /Ast.id/
set Exp = /Ast.exp/
set Val = power Exp
constraint
var = {X} index Var + Exp
rhs = var

| app(var, var)
| lam(Var, Exp) : atomic

(* constraint collection *)

eqn Col /Ast.Var(x)/ = {}

| Col /Ast.Lam(x,body) as e/ = { X@/e/ <- lam(/x/,/body/) }
Col /body/
Xe/e/ <- app(X@/e/, X@/e’/) }
Col /e/ + Col /e’/

| Col /Ast.App(e,e’) as e/ =

+ -4+

(* constraint closure rule *)

ccr X@a <- app(X@b, X@c), X@b <- lam(/x/, /body/)

X@a <- X@/body/, X@/x/ <- X@c
end

e Exception analysis for ML core, parameterized by a CFA:

signature CFA = sig
lattice Env
lattice Fns = power /Ast.exp/
eqn Lam: /Ast.exp/:index * Env -> Fns
end

analysis ExnAnal(Cfa: CFA) =

ana
set Exp = /Ast.exp/
set Var = /Ast.var/

set Exn = /Ast.exn/
set UncaughtExns = power Exn

constraint
var = {X, P} index Var + Exp
rhs var

| app_x(/Ast.exp/, var)
| app_p(/Ast.exp/, var)
|
|
|

exn (Exn) : atomic
minus(var, /Ast.exp/, power Exn) : atomic
cap(var, /Ast.exp/, Exn) : atomic

(* constraint collection equation *)

eqn Col /Ast.Var(x)/ = {}
Col /Ast.Const/ = {}
Col /Ast.Lam(x,e)/ = Col /e/
Col /e as Ast.Fix(f,x,e’,e’’)/ = Col /e’/ + Col /e’’/
+ { Xe/e/ <- X@/e’’/, Pe/e/ <- P@/e’’/ }

| Col /e as Ast.Con(e’,k)/ = Col /e’/
+ { Xe/e/ <- exn(/k/), P@/e/ <- P@/e’/ }
| Col /e as Ast.Decon(e’)/ = Col /e’/

13



{ Xe/e/ <- X@/e’/, P@/e/ <- P@/e’/ }
Col /e’/
{ Xe/e/ <- exn /k/, X@/e/ <- X@/e’/ }
| Col /e as Ast.App(e’,e’’)/ = Col /e’/ + Col /e’’/
+ { X@/e/ <- app_x(/e’/, X@/e’’/),
P@/e/ <- app_p(/e’/, X@/e’’/),
P@/e/ <- P@/e’/, P@/e/ <- P@/e’’/ }
| Col /e as Ast.Case(e’,k,e’’,e’’’)/ =
Col /e’/ + Col /e’’/ + Col /e’?’/
+ { X@/e/ <- X@/e’’/, XQ/e/ <- X@/e’’’/ }
+ { P@/e/ <- P@/e’/, P@/e/ <- P@/e’’/, PQ@/e/ <- PQ/e’’’/ }
| Col /e as Ast.Raise(e’)/ = Col /e’/ + { P@e <- X@/e’/ }
| Col /e as Ast.Mraise(e’,Ks)/ =

o+

| Col /e as Ast.Exn(k,e’)/

+

let

val K = /Ast.list2set Ks/
in

Col /e’/ + { P@e <- minus(X@/e’/,/e’/, K) }
end

| Col /e as Ast.Praise(e’, k)/ =
Col /e’/ + { Pe/e/ <- cap(Xe/e’/,/e’/,/k/) }
| Col /e as Ast.Handle(e’, f as Ast.Lam(x,e’’))/ =
Col /e’/ + Col /e’’/
+ { X0/e/ <- X@/e’/, X@/e/ <- app_x(/f/, PQ/e’/) }
+ { Xe/x/ <- Pe/e’/, P@/e/ <- app_p(/f/, P@/e’/) }

(* constraint closure rules *)

ccr X@a <- app_x(/e/,X@b), /Ast.Lam(x,e’)/ in post Cfa.Lam@/e/

Xea <- Xe@/e’/, X@/x/ <- X@b

| Xea <- app_x(/e/,P@b), /Ast.Lam(x,e’)/ in post Cfa.Lam@/e/

X@a <- X@/e’/, X@/x/ <- P@b

| P@a <- app_p(/e/,X@b), /Ast.Lam(x,e’)/ in post Cfa.Lam@/e/

P@a <- P@/e’/, X@/x/ <- X@b

| P@a <- app_p(/e/,P@b), /Ast.Lam(x,e’)/ in post Cfa.Lam@/e/

P@a <- P@/e’/, X@/x/ <- P@b

(* constraint image definition *)

cim exn(k) = {k}
| minus(X,/e/,K) = if /Ast.exncarryexn(e)/ then X
else { x | x from X, not (x in K) }
| cap(X,/e/,k) = if /Ast.exncarryexn(e)/ then X
else { x | x from X, x = k }
end

e A CTL bind:

query SatelliteInvariant = x: pre CP.E. (EG y: post CP.E. x <= y)

14



The “SatelliteInvariant” holds at a program point iff there exists (“E”
in “EG”) an execution path from the program point such that every (“G”
in “EG”) post-state along the path is larger than or equal to the pre-state
of the starting program point. The pre-states and post-states associated
with the program points are the results (“CP.E”) from analysis “CP”.

15
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Type 7T == int|bool|s|Ll| T X Ta| T — 2| power T |ty |71k
Set s u= nt | {elmtidrow} | power s
| 81X82|81+82|81'—>82
| tylongid,,
Lattice € = flat s | ordered s | power s
| €1X£2|€1+£2|€1|—>£2|8’—>€
| strlongid,, g,
Kind k == index | syntree | integer | power | sum | product | arrow
Pre = TypeU{}
Post = Type
Syntree = SetU{-}
Index = SetU{-}
por (s1,82) € Pivot = Syntree x Index

(11,72,p) € EqnType = Pre x Post x Pivot
VE € VarEnv = Varld =5 Type U EqnType
CE ¢ CnstEnv = CvarEnv x ConEnv
cv e CvarEnv = Cuarld 25 Set U Set x Index
CN € ConEnv = Conld =5 Type
SE € SetEnv = Setld ™ Set U Kind
LE € LatBnv = Latld 3 Lattice U Kind

Eor (VE,SE,LE,CE) € Env = VarEnv x SetEnv x LatEnv x CnstEnv
AE € AnaEnv = Anald 23 Env
GE € SigEnv = Sigld = Env
TE € TemEnv = Temld =5 ParamEnv x Env
ParamEnv = Up>1(Anald x Env)*
C € Context = AnaEnv X SigEnv x TemEnv X Env

4B st Aol §3tst HEXSA A BRE 7= a5 g

16



B)
C (D)
£ 08l 2744 742 o u @)
A AB
C D
afb: “a/b ‘o HL 5 E EADTE 4D A7 4D Wle ] AL 99
A 718, Foll A& Fell 24718 Y+ As ZH3th oA &5,
Ad Y
Ba/b
£ o8l 2744 742 o u @)
Ad Al
Ba Bb
Dom f,Ran f “Dom /" “Ran * & 242} @4 7} A8 a3 o] 2% 42L 9

s

gin A: “gin A”= G9| 94 g5 A9 Y44 % wt==u), o] uf] A9 Y47} _7}%% of
e RES FATOR At o EE0, A=GxHlIL H=X3YY
U:H “g iIl A”LC_ cc<g7{}>77_§ _\%-{ﬂ_ﬂ_

fHg “frzeys a5 fo 4999 AEZE y= vHFAY (z €
m

QiHoz “f 4t B
A, AR & [ B AR

Aof B: “Aof B” +

T\ 7"

=L

Cs(alongid):
Cs(aid) = (B of (E of C))(«aid)
Cs(anaid.aid) = (B of (AE of C)(anaid))(aid)
Kind(T):
Kind(power ) = power Kind(my X 72) = product
Kind(my +12) = sum Kind(my — 1) = arrow
Kind(int) = integer Kind(t : k) = &

17



[it

z g2 BA A C | topdec = C'

C F anadec = AE

C + anadec = AFE in Context (2.1)
C + sigdec = GE 99
C + sigdec = GE in Context (2.2)
CF temdec = TE 93
C I temdec = TFE in Context (23)
C t topdec; = C1 C + Cy F topdecy = Co o4
C + topdec, topdecy = C1 + Co (2:4)
BA7] A ’C’FanadecéAE‘
CF anaerp = FE )
C't- analysis anaid = anaexp = {anaid — E} (2:5)
HA7] o)Al ’CFanaexpéE‘
CtF adec = F 9
C F ana adec end = E (2.6)
TE(temid) = (((anaidy, E}),-- - , (anaid,, E))), E)
Vi.C & anaexp, = E; Vi.E;: E! (2.7)
C F temid ( anaexpy,--- ,anaezp, ) = F
B A7) g1 A A ’Cl—sz’gdec:>GE‘
Ct+ sigexp = E )
C b signature sigid = sigexp = {sigid — E} (2:8)
HA7] el Al ’C’Fsige:rpéE‘
Ct adesc = E 9.9
CF sig adesc end = E (2.9)
GE(sigid) = E
GB(sigid) = B (2.10)
CF sigid = F
247] Y4 "H% C’l—adesc:>E‘
C I setdesc = F (2.11)

C'I- set setdesc = F

18



C F latdesc = E

C  lattice latdesc = E (212)
ChHty=r 513
C +val varid : ty = {varid — 7} in Env (2.13)
Chkty=m — 1 CFaired kinds(ty) = (s1,s2) 71 =71\ 51\ 52 514
C't eqn varid : ty = {varid — (71,72, (51, $2))} in Env (2.14)
Ckty= 71— bool 515
C' I query ctlid : ty = {ctlid — ty} in Env (2.15)
CF adesci = F1 C+ Ei + adescy = Ey 916
C F adescy adesco = F1 + Fo (2.16)
AR T+ C F setdesc = E ‘
C'+ setid = {setid — -} in Env (2.17)
C'+ setid : kind = {setid — kind} in Env (2.18)
C - setbind = E 919
C F setbind as setdesc = FE (2.19)
HE S FF Cl—latdesc:>E‘
C + latid = {latid — -} in Env (2:20)
kind # {syntree, index, integer} 591
C + latid : kind = {latid — kind} in Env (2:21)
C F latbind = E 9 99
C F latbind as latdesc = E (222)
2479k 247) B o] R
VE:VE' SE:SE' LE:LE" CV:CV' CN:CN'
e (2.23)
Vvarid € Dom VE'.VE(varid) = VE'(varid) (2.24)

VE : VE'

19



Vsetid € Dom SE'.SE(setid) : SE'(setid)

2.25
SE : SE' (225)
Vlatid € Dom LE'.LE(latid) : LE'(latid)
: (2.26)
LE : LE

Vevarid € Dom CV'.CV (cvarid) = CV'(cvarid) (2.27)
cv:.cv’ '

Veonid € Dom CN'.CN (conid) = CN'(conid) (2.25)
CN : CN' '

TIT (2.29)

Ca (2.30)

7 : Kind(T) (2.31)

25,2.31) AL AL W I 5F7} indeat syntreceh A2 %)
= 3 A FRIE YD S glek o=
AL o 88 BN Ao] A wf v A

“E‘/ﬂlﬂ—g‘/‘\_ﬂ ’C’l—temdec:>TE‘

C t sigexp, = E1  CF sigexpy = E»
C + {anaid, — E1, anaids — Ex} - anaezp = FE
C F analysis temid ( anaidy : sigexp, , anaids : sigexp, ) = anaexp =
{temid — (((anaidy, 1), (anaids, E)), E)}

(2.32)

‘\":.L@IH]% A CF adec = F

Ctadecy = E; C+H+ Ei F adecyg = FEo

C F adec; adecy = By + E» (2.33)
CF domdec = FE

C + domdec as adec = E (2.34)
C + semdec = F

C' + semdec as adec = F (2.35)

E + querydec = VE (2.36)

C t querydec as adec = VE in Env

20



ki
=2
ro,
rx
re

C't domdec = E‘

C F setbind = FE

C' + set setbind = E (2.37)
C F latbind = FE

C F lattice lathind = F (2:38)

7= LE(latid) EtF match=7—>To0or7X7T—>T 230
C'+ widen latid with match = {} (2.39)

7= LE(latid) EtF match=7—>7To0or7X7T—>T 5 40
C't narrow latid with match = {} (2.40)

;g@--o’] ;?)]94 ’C’FsetbindﬁE‘
Ct setexp = s, VE  setid ¢ Dom SE UDom LE (2.41)

C I setid = setexp = (VE, {setid — s}, {},{})

C I setexp = s, VE  Kind(s) = power
C+ VE, st cnstdec = CE  setid € Dom SE UDom LE (2.42)

C'+ setid = setexp constraint enstdec = (VE, {setid — s},{}, CE)

Q1) A AFE oI JAD Ao AR 29 1 Fol cflorD

e 4o [C'+ latbind = E |

C + latexp = ¢, VE latid ¢ Dom SE UDom LE
C'* latid = latezp = (VE, {}, {latid — ¢}, {})

(Q}if) e 28] o] 52 ofn] Ao ol e E] 28] o] F o] ofofof

(2.43)

Z] shAl ’Cl—setewp:s, VE‘
F9): s AT Sulgolth AF ol Fol oh) .

C'+ /tylongid/ = tylongid, ., {} (2.44)

s = Csg(setlongid) 5 45

C'+ setlongid = s, {} (245)
Cre;=int i=1,2

(2.46)

CkAe ... ex}=int,{}
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{elmtidrow} NDom VE =)
VE' = {elmtid — {elmtidrow} | elmtid € {elmtidrow}} (2.47)

C + { elmtidrow } = {elmtidrow}, VE'
Ct+ setexp = s, VE

C' |- power setexp = power s, VE (2.48)
C F setexp, = s1, VE1 C+ VE; | setexpy = sa, VEq 5 49
C F setexp, * setexpy, = S1 X Sg, VE1 + VEo (2.49)
C F setexp, = s1, VE1 C+ VE; | setexpy = s2, VEq 550
C | setexp, + setexpy = s1 + s2, VE1 + VE> (2.50)
C F setexp, = s1, VE1 C+ VE; | setexpy = s2, VEq 551
C F setexp, —> setexpy = 1+ S2, VE1 + VE, (2.51)
Ct setexp = s, VE 559
Ct (setexp ) = s, VE (2.52)
(2.46) B9 7 REQAFE A2 S
(2.47) A QAEE 20 o|F52 MER o|FE50loloF gt
A eF4l xR st ’C, s cnstdec = CE ‘

C'F setexp = s',{} CV' = {Vi.cvarid; — (s,s")}
Dom CV N {cvaridrow} ={} C+ CV' st rhs = CN (2.53)
C,sF var = { cvaridrow } index setexrp rhs = rhs = (CV', CN)

CV' = {Vi.cvarid; — s} Dom CV N {cvaridrow} = {} C+ CV' st rhs = CN
C,sFvar = { cvaridrow } rhs = rhs = (CV', CN)

(2.54)
(2.53,2.54) Al ¥4 HEE(cvaridrow) 25 ZElof st
A kAol ¢ =3k A |C,strhs = CN |
(SE(setlongid) = s) 5 55
C, s F var (setlongid) = {} (255)
C,sF conid (: atomic) = {conid — s} (2.56)
C,skcarg=mn (2.57)

C, st conid carg (: atomic) = {conid — 11 — s}
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C,skrhs; = CN{y C,st rhsy = CNy Dom CN;NDom CNy =)
C,st rhsy | thsg = CN1 + CN»

(2.58)
(2.58) AFAO] AgH £ BLAREL BT Defof B,
Ak FeaEe) WeE [Cost carg = 7]
C,skvar = s (2.59)
SE (setlongid) = s
( gid) : , (2.60)
C, s - var setlongid = s
C F setexp = ¢,
P il / (2.61)
C, st setexp as carg = s
C,st carg; = s1 CtF cargy = s
1= 51 J2 = 52 (2.62)

C,sF (Ccarg;, cargy ) = s1 X Sg

(2.61) A2k B Ao 2 JFA2 MEL A (VE)
S oy A ¢ko}of 3t} (for convenience, not must)

filo
d

e~ A ]ckzatezp;»z,VE\
Zo): ¢ ehEl o] S golth, 2 o] Fo] ohaL.

C + /strlongid/ = strlongid ;. {} (2.63)
¢ = Cpg(latlongid) 5 64

C+ latid = ¢,{} (2.64)

Ct+ setexp = s, VE 9 65

C I flat setexp = flat s, VE (2.65)
Ct+ setexp = s, VE (2.66)

C' |- power setexp = power s, VE

Ct setexp = s, VE CtF matchy = s X s— s
(C F matche = s x s — s) isLattice(s, matchy (, matchz))

C I setexp with join/meet match;(meet/join matche) = ordered s, VE
(2.67)

CF latexrp, = 01, VE1 C+ VE1 F latexpy = {a, VE,
C + latexp, * latexpy = €1 X Lo, VE1 + VEo

(2.68)
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CF latexp, = 01, VE1 C+ VE| F latexpy = (o, VE,

C F latexp, + latexpy = €1 + Lo, VE4 (2.69)
C + latexp, = 41, VE1 C + VE1 & latexp, = {o, VEo 570
C & latexp, —> latexpy = €1 — Lo, VE4 (2.70)
Ct setexp = s, VE1 C+ VE; & latexp = ¢, VE, 571
C F setexp => latexp = s+— £, VE5 (2.71)
C + latexp = ¢, VE
P (2.72)

Ct (latezp) = 0, VE

(2.67) isLattice(s, match{, match))+= A&A7F A 2] 8t join/meet 1 AH(match)©]
CEPNEEIERIE SR B

“

24 A

Ct+ /nexp/ = ty, L (2.75)
s = Csg(setlongid) 576
C F setlongid = power s (2.76)
7 = Cyg(varlongid) o 77
C F wvarlongid = 1 (2.77)
Cov (cvarlongid) = (s,s') C,st rhsezp = _ Ct pat = _, s 578
C + cvarlongid @ pat <- rhsexp = s (2.78)
Cov (cvarlongid) =s C,sF rhsexp = _ 579
C F cvarlongid <- rhsexp = s (2.79)
C F integer = int (2.80)
C + (top|bottom|™|__) = ¢ (2.81)
Che=int i=1,2 5 89
CFer (+]*|-) ea = int (2:82)
C|—€1(+‘*)62:>€ ( )

Cte = powert i=1,2
(2.84)

CF+ e1 (+|*|-) ea = power T
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Cre =71 i=1,2 ropTy T

C + ey rop es = bool (2.85)
Che=int i=1,2 2 86

CkHA{e1 ... e} = power int (2.86)

Ve € {erow}.CkFe= 171 5 87

C kA erow } = power t (2.87)

CF qual = VE Vee€ {erow}.C+ VEFe=T (2.88)

CFA{ erow | qual } = power T

VYmrule € {mrulerow}.C + mrule = 1 — 79 71 — 72 € Ran Csg URan Crg

CEFA{mrulerow } = 1 — 71

(2.89)
CtFqual = VE 71+ 15 € Ran Csg URan CLg
Vmrule € {mrulerow}.C + VE - mrule = 11 — T (2.90)
C'+ { mrulerow | qual } = 7 — T
C e = power int/power £/ power power T 501
C + (+]*) e = int/l/power T (2:91)
Cl—ei:>7'i 1=1,2 999
C|—(61,€2)2>T1><T2 ( )
Che=T1 X7
Che.1=m (2.93)
Che=m X1
Che.2=>mn (2.94)
Ctuwaldec = VE C+ VEFe=T 505
C + let valdec in e end = 7 (2.95)
C F match = 11 — 9 06
C+ fn match = 7 — 7 (2.96)
CF61:>7'1—)T201‘7‘1I—>T2 CF62:>T1
C}—el €y = To (297)
Che=rT1
CF(e)=1 (2.98)
Cke= Ctty=
‘T y=7 (2.99)

Cre:ty=r
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Cvyg(varlongid) = (11,72, (s1,82)) Cke= sg

C + (pre) varlongid @e = 11 (2.100)
Cvyg(varlongid) = (11,72, (s1,82)) CkFe= s9 5101
C + (post) varlongid @ e = T (2.101)
Cre=7 7€RanCsgURanCrg 7=---+7+---
Che=rT (2.102)
Cke= ts € Ran C
e=s flats an CLg (2.103)

Cke= flats
(2.76) BA AN A wide B D R o Eolojof G}

(2.77) A A o A lidEe o] Y40 (elmtid) o] Ak A 2l = M4 (varid)
o] F oo o gttt

(2.87) Ao Y2}t HE 2 94E Roles 5 Qth

(2.89,2.90) gl o] B2 AFEA7F Aol st H ol HE 2] 9AaEol
ojof st} (11 — 75 € Ran Csg URan Cprg).

o

(2102,2.103) A 42 27 Sl ago] QA o9 Do A& B8l
% gmelEo] dohjef sk,

ZA A%t 7Hs 3 B

7 has neither 71 — 75 nor nML type as its component.

o Ty T (2.104)
IR
C'F int = int (2.105)
C & /tylongid/ = tylongid, . (2.106)
T = (SE + LE)(domlongid) 5107
C F domlongid = 7 (2.107)
Ckhty=r1
C + power ty = power T (2.108)
Chiy,=m i=12
(2.109)

Ckty, >ty, =1 — 7
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Chty,=m i=12
Cl_tyl*ty2:>7'1><7'2

Chty,=m 1=12 71 + 72 € Ran Csg URan Crg

Chity, +tly, =1+ 1

Crty=71 flatT € Ran Crp
Ct flat ty = flat 7

Chty=r1
CH(ty)=r

Ckhty=r1
Chkty: kind =7 : kind

Clkty=s airs: index
Ct ty : index = s : index

Chtty=s air s : syntree

C F ly : syntree = s : syntree

(2.109) 3 BA AL TR/ AHE 2 (1 = 72)7F oFU AL
9o B (m1 — )= ©| 2T
b} o

(2.111,2.112) 3 B 9-&
e~ ehele ?ﬂﬂé

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)

g A AFA]

w

H]_%l-oﬂ AH L 3E ’C F air’ed kinds(*) = (s1, $2) ‘
* is either e or ty.
S1 : syntree so : index are air’ed from * 5117
C | air’ed kinds(*) = (s1, s2) (2.117)
only s : syntree is air’ed from x 5118
C | air’ed kinds(*) = (s, s) (2.118)
only s : index is air’ed from % 5119
C | air’ed kinds(*) = (-, s) (2.119)
nothing is air’ed from * 5 190
C'F air’ed kinds(x) = (-, -) (2.120)
o & o ] ’Cl—match:ﬁ—w'g‘
CtEmrule =1 — 1 (CF match =1 — Ta) (2.121)

C' + mrule (| match) = 11 — 7o
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‘:’qu = C’Fmruleéﬁﬂm‘

Chkpat=VE, 1 C+VEFe=mn

Ckpat=>e= 1 — T (2.122)
e C’FpatéVE,T‘
CF /npat/ = {}, tylongid,, 1, (2.123)
Cr_={}7 (2.124)
C + varid = {varid — 7}, 7 (2.125)
C * patrow = VE, T
(2.126)

C A patrow (...) } = VE, power T

Ct+ pat; = VEq,int CF paty = VEs,int Dom VE{ N Dom VE; =)

CtA{paty ... paty } = VE1 + VEs, power int
(2.127)

C F mpatrow = VE, 71 — 7
CrA{mpatrow (...)}=VE, 7 —

(2.128)

Ct+ pat; = VE1,71 CF paty = VE3, 75 Dom VE; NDom VE; =)
CF (paty , paty ) = VE1 + VEq, 71 X T2

(2.129)

Crkpat = VE, 7 C+ VEF guard 2130
C F pat with guard = VE, T (2.130)

C+ pat; = VE,m CF paty = VE, T 5131
C & pat, or paty = VE, T (2.131)
Ckpat= VE, T ) 139

C + varid as pat = VE + {varid — 7}, 7 (2.132)
Ckpat=VE,T Ckty=r 5 133
Cropat:ty= VE,T (2.133)
Ctpat = VE, T ) 134

CF (pat) = VE,7 (2.134)
C’I—pat:> VE,T' 7 € Ran CSEURaH CLE F=edr 4 (2135)

Ctpat= VE, T
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CFpat= VE,s flats € Ran Cpg

CF pat = VE, flat s (2.136)
(2.135,2.136) A E9) B} MBE Ao VEE WA AR v Ha
2 2.3 gguise] AA oJHA 2% A= BHYAT eFol &
opulof s},
HE= ’CFpatmwé VE,T‘

CF pat = VE, 7 C\ patrow = VE',7 Dom VENDom VE' =)
C F pat , patrow = VE + VE', T

(2.137)

-‘?:]"/1\‘ ﬂ]ﬂ C+ mpat = VEJ‘

Ct paty = VE1,71 CF paty = VE3, 72 Dom VE; NDom VE; =)
Ct paty =>paty, = VE1 4+ VEq, 11 — T

(2.138)

61‘31-1'[: EH%% C + mpatrow = VE,T‘

Ct+ mpat = VE, 7 CF mpatrow = VE', 7 Dom VE NDom VE' =)
C + mpat , mpatrow = VE + VE'

(2.139)

A3t Y20 24 [C'+ qual = VE|
Ct gen=VE (C+ VEI guard) 5140

Ct gen{ , guard) = VE (2.140)

A Aas) 2% [CF gen = VE]
Ckpat= VE, 7 ClFe= powerTt 9 141

C F pat frome = VE (2.141)
Ctmpat = VE,11— 1 Che=1 17 9149

C+ mpat frome = VE (2.142)

Ctgeny = VE, CF geny = VE; Dom VE; N Dom VE; =0 (2.143)

Ct genq , geny = VE1 + VEo

=

e

29 Al

z

Cle =17 i=1,2 ropT
Pyt (2.144)

CFeqrop ey
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Ckrey=71 Ctey= powerr

CH e1 in eg (2145)
C+ guard
C F not guard (2.146)
CF guard, CF guard, 5 147
C'+ guard, (and|or) guard, (2.147)
Ctgen=VE C+ VEF guard
CF ! gen . guard (2.148)
Ctgen=VE C+ VEF guard
CF ?gen . guard (2.149)
C+ guard
CF (guard) (2.150)

(2.144) ropTy 7= BFY 77} A8 (A /Sraiel27) obd)
S E33t YA %3, nML EFS] o] o}y ojofstt).

<47 A< ’C}—semdec:E‘
C F valdec = VE
C '+ valdec = VE in Env (2.151)
CF eqndec = VE )15
C+ eqndec = VE in Env (2.152)
C'F cerdec (2159

C'+ cerdec = {}

A% AAA C’l—valdec=>VE‘
C E tagbigfnjg L%‘/E (2.154)

CC}—_traVlErFecvl;ilZfo :>VIE/’E (2.155)

A% e [C + vbind = VE]

Ckpat= VE,7 Clre=r71 (CFvbind= VE' Dom VENDom VE' = ()

C + pat = e (and vbind) = VE (+VE')
(2.156)
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Al WFA AL A o] C + eqndec = VE‘

s

C + ebind = VE

C F eqn ebind = VE (2.157)
CF ebind = VE
C ¥ VEF oqn rec chind = VE (2.158)
B A A Ao [ C+ ebind = VE]
Cke=r71 (Ct ebind= VE warid ¢ Dom VE)
(2.159)

C + varid = e (and ebind) = {varid — 7} (+VE)

Ckre=m — 1 Claired kinds(e) = (s1,82) s1 €T S2€7
(C'F ebind = VE wvarid ¢ Dom VE) (2.160)
C F varid = e (and ebind) = {varid — (11,72, (s1,52))} (+ VE)

Aok i 73

C F cerbind

O cer cerbind (2.161)

Aokl 2= 72 A9 C't cerbind

C + enstguard = VE Vi.C' & constraint; = - (C b cerbind)

2.162
C + ccr cnstguard —=" constraintrow (| ccrbind) ( )
A kAl = A ’C F enstquard = VE‘
C F constraint = VE 9163
C + constraint as cnstguard = VE (2.163)
C+ guard
(2.164)
C' - guard as cnstguard = {}

C F enstguard; = VE, C+ VE; | cnstquardy = VEq 5 165
C | cnstguard, , cnstguard, = VE; + VE; (2.165)

A kAl B}t C F constraint = VE |
CV(cvarlongid) = (s,s’) C,st rhsexp = VE Ct pat = _, ¢ (2.166)

C + cvarlongid @ pat <- rhsexp = VE
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CV (cvarlongid) =s C, st rhsezp = VE
C + cvarlongid <- rhsexp = VE

(2.167)

v

A kAl o] @ =34 ’C,s}—rhsexpé VE‘

CV (cvarlongid) = s

2.1
C, st cvarlongid = {} (2.168)
CV (cvarlongid) = (s,8') CF pat = VE, s 5169
C, s+ cvarlongid @ pat = VE (2.169)
CN (conlongid) = s 5 170
C, st conlongid = {} (2.170)
CN(conlongid) =17 — s C,7tF cargezxp = VE 9 171
C, s\ conlongid cargexp = VE (2.171)
R EREE IR [Cort cargean  VE|
CV (cvarlongid) = (1,s) (CF pat = _s) 5 179
C, 7t cvarlongid (@ pat) = {} (2.172)
Ckpat= VE,1 9173
C,7F pat = VE (2.173)
C,7F cargexp = VE
C,7+ (cargexp ) = VE (2.174)
C,m F cargexp, = VE C, 13 & cargexpy, = VE' (2.175)
C, 71 X 19 ( cargexp,, cargexpy ) = VE + VE' ’
A oFA] G4 e o] v %)
C F cimbind
C F cim cimbind (2.176)
A kA B ojuA] Ao C F cimbind

CN (conlongid) =17 —s Chrkpat=VE,r C+VEFe=s (CF cimbind)

C F conlongid pat = e (| C' + cimbind)
(2.177)

CN (conlongid) =s C+ VEFe=s (CF cimbind)
C + cim conlongid = e (| C F cimbind)

(2.178)
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s

Al Aol e ’C’ F querydec = VE ‘

C+ VE | ctlbind = VE
C + query ctlbind = VE

(2.179) FA A 0] AAH o2 FolF 5 glrh

(2.179)

Aol Ao [C'+ ctibind = VE]
Crctl=1 (CF ctlbind = VE')
C F ctlid = ctl {(and ctibind) = {ctlid — 7} (+ VE')

(2.180)

A &4 [CF ctl = € — bool

VE(varlongidy) =7 E + {varid; — 7} F form/guard
C + varidy : varlongidy . form/guard = 7 — bool

(2.181)

VE (varlongid,) = (11,72,p) 7 =n\p E+ {varidy — 7'} F form/guard

C + waridy : pre varlongid, . form/guard = 7" — bool

(2.182)
VE (varlongid,) = (11, 72,p) E + {varidy — 12} b form/guard 5183
C F varidy : post varlongids, . form/guard = 19 — bool (2.183)
CF ctl = 7 — bool
Ck (ctl) = 7 — bool (2.184)
2 4
VE(ctlid) = 7 — bool VE(varid) =1 5 185
C't ctlid varid (2.185)
Ct form
C' not form (2.186)
Ct formy CF form
Jormmy Jorm (2.187)
C' I form, (and|or|->) formq
Chkctl= _
C'F (A[E)(X[F[G) ctl (2.188)
Chkectli=_ Ckctlo=_ 5189
CkF (A|E)U ( Ctl1 5 Ctlg ) ( ’ )
C + form
CF Cform) (2.190)
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2.1 24%e: Zead BA
201 712 247 duk A G A3t

In Rabbit, user-definable sets and lattices are:

1>
o
o
in s
ﬂ—l
gl
N
tot

>

a4 el A9

s == int | {elmtidrow} | power s | s1 X s2 | 51+ s2 | $1 > so | tylongid,,
¢ == flat s| ordered s | power s | {4 X by | €1 + €y | €1 — Lo | s+ L] strlongid, g,

For a given Rabbit program, let S be the set of user-defined sets and L be the
set of user-defined lattices. S and L are finite and fixed. When we write s or £,
we mean elements of the fixed sets S or L for a given Rabbit program. We call
“domains” for s or /.

Every Rabbit expression has a unique mono-morphic type:

T == int | bool
| s user-defined set
| ¢ user-defined lattice
| 7x71 product
| 7—71 function
| 27 collection
|

YL nML type

Above definition imposes the condition that expression’s sum-types(+) and
map-types(—) are restricted to the user-defined sets and lattices.
Simplified core Rabbit syntax is:

a = equa=e, ---,Tx=¢
e u= cl|z|Ave|drelee|ele=>e]
| e:7|caseepepe] (e,e)|e.i
|  He,e} |ele|ete|exe|e-e|+e | *e
| eCelifeee]| /nexp/
¢ == L1 |T|z]| elmtid | true | false
p == cla|_|,p) |{p,p}|p: 7| /npat/

e \zx.e is a function, has type 71 — 7».

e jdz.e is a map (an element of a function domain), has type s or £ (user-
defined domain) of either sy — s9, s — ¢, or {1 — (.

e ¢1 ey is overloaded for both function and map application. Hence e; can
be a function or an element of a function domain.

e eley=>e3] is for a change to a map, not a computation function, i.e., €’s
type is a function domain.

e (e1,ez) is a pair, has type 7 X 7o. The product type is not necessarily a
user-defined domain.
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+x - are overloaded: + for set union, lattice join, and integer addition.
* for set intersection, lattice meet, and integer multiplication. - for set
minus and integer subtraction.

{e,e} is for a collection, has type 27. The collection type is not necessarily
a user-defined domain.

+e or *e are for folding by + and * for elements in e.

e1!es is the collection of the results from applying the function or map e;
to every elements in collection es.

e : 7 is for type annotation: e’s type is 7.

Type casting is implicit (rules 2.102,2.103,2.135,2.136) and one-directional.
Possible type castings are either

— from a set to its user-defined flat lattice (s to flat s), or

— from a domain to a sum domain that contains it (7 to (---+74--+)).
No implicit casting is possible for the reverse direction: neither from a sum
domain into its component domain nor from a flat lattice into its base set.

Such castings must be explicitly done only by the case expressions with
type annotations in patterns. (See examples below.)

Given Rabbit programs, optimal number of type castings are automati-
cally derived by Rabbit’s type-checking algorithm. Type casting happens
in expressions and patterns.

For example, consider the following part of a Rabbit program:

set Age = {0...200}
lattice L = flat Age
fun add =~ = 200

| add __ =0

| add x:Age = x + 1

The add function can have two types: L—intand L— L. It can have L—int
with the following type castings marked by subscripts:

fun add " = 200
| add __; =0
| add (x:Age)j =x + 1

It can have L—1L as:

fun add "; = 2007
| add L = OL
| add (x:Age)j = (x + 1),
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or as:

fun add “j = 200f
| add __j = 0
| add (x:Age)j = xj + 1

Among the multiple typings, the contexts where the function add is used
in the Rabbit program must determine its unique typing.

For another example, consider:

set Int = /int/
set Limit = {--,++}
set Z = Int + Limit

fun widen (x: Int) = if x >= 10 then ++ else x
| widen (y: Limit) =y

fun add (++,x) = ++

| add (x,++) = ++
| add (--,x) = --
| add (X:__) = -

| add (x,y) = x+y

The widen and add respectively have type Z—Z and ZxZ —Z, with the
help of type castings marked by subscripts:

fun

fun

widen (x:Int)y = if x >= 10 then ++; else xy
widen (y:Limit)y = yy

add (++y7, xy7) = ++y
add (XZ’ ++Z) ++
add (--yz, xp7) = --y
add (Xz, ——Z) = ++Z
add (Xppts VP zxz = (X*¥) gz

2.1.2 Rabbit ZZ 739k = nML

Inside Rabbit, nML terms can be included with delimiting slashes around them:
/ — /. nML’s type and structure identifiers can be used in set and lattice decla-
rations. nML’s expressions and patterns can be used inside Rabbit expressions.

e An nML’s type name can be a Rabbit’s set s. An nML’s structure name
can be a Rabbit’s lattice /.

e Any nML term can be included inside Rabbit programs and its nML type
is the type in Rabbit. Rabbit’s type-checking system does not check the
type-safety of the embedded nML terms.
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e Because int, bool, and their products and functions are common types in
both nML and Rabbit, inter-operation between nML and Rabbit must be
via the common-typed values.
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