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#Qn�ò–�◆: ↵◆{9� ∆“è:r

e_� “qtî̂⌥Dh⌅◆⇥◆ ö∏fî⇤ �◆�◆_� Ω©gÀ:. ✏◆⇤◆"f,

� ` �x.e : ⌧ ! ⌧ 0 , � + x : ⌧ ` e : ⌧ 0

� ` e e0 : ⌧ , � ` e : ⌧ 0 ! ⌧ ^ � ` e0 : ⌧ 0

...

≈“#Qî�⌅ e\Å @/K⌫"f, � ` e : ⌧ì�⌅ ⌧�◆ #å!¡ �◆0px

{x : ◆} ` x : ◆

` �x.x : ◆! ◆

{x : ◆! ◆} ` x : ◆! ◆

` �x.x : (◆! ◆)! (◆! ◆)
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...
` �x.x + 1 : ◆! ◆

...
` (�y.y) 2 : ◆

` (�x.x + 1) ((�y.y) 2) : ◆

...
` �x.x + 1 : ◆! ◆

...
` �y.y : ◆! ◆

!
` �z.z : ◆

` (�y.y) (�z.z) : ◆

` (�x.x + 1) ((�y.y) (�z.z)) : ◆

...
{f : ⌧ ! ⌧ 0} ` f : ⌧ ! ⌧ 0

...
{f : ⌧ ! ⌧ 0} ` f : ⌧

⌧ = ⌧ ! ⌧ 0

{f : ⌧ ! ⌧ 0} ` f f : ⌧ 0

` �f.f f : (⌧ ! ⌧ 0)! ⌧ 0
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∆“è:r Ω©gÀ:_� ÓflñÑ⇡⌅$Ì⌦ 7£x"Ó⌦: ∆“è:r&̃ç✏H @/ñ– z⇥¥'üùù)a⇥◆

7£x"Ó⌦~Ω”ZO� I

Progress: ∞̇Øs� �◆�̀¶ M: �◆t� Î⌫H]j\O�s� î�⌅'üùÙ«⇥◆.
` e : ⌧ s�ì¶ e�◆ ∞̇Øs� ⌥◆m�Ä�⌅ Ï̄Õ◊ºr� e! e0.

Subject Reduction: î�⌅'üùì…r ↵◆{9�⌥̀¶ ò–î>rÙ«⇥◆.
` e : ⌧ s�ì¶ e! e0 s�Ä�⌅ ` e0 : ⌧ .
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u�®8ä {v/x}e
·‘ñ–’™œ̨õ z⇥¥'üù_� Ÿ̨òdî⌥: (�x.e) v ! {v/x}e

{v/x}n = n

{v/x}x = v

{v/x}y = y if y 6= x

{v/x}(e1 + e2) = ({v/x}e1) + ({v/x}e2)
{v/x}(e1 e2) = ({v/x}e1) ({v/x}e2)
{v/x}(�y.e) = �y.{v/x}e if y 62 {x} [ FV (v)

⌃◆z⇥¥: ”̧�#åeî✓ç✏H Å�⌅√∫Îflñ ⇥◆è…r �x.e<̧ �x0.e0
ç✏H ∞̇†ì…r �Ø ; "fñ– ÜΩ”�©ú

@/í�⌅Ω+… √∫ eî✓⇥◆.

✏◆⇤◆"f, {v/x}(�y.e)�◆ ÜΩ”�©ú &Ò⌦_� |®c √∫ eî✓ç✏H �y.e⇤◆ì¶ (7£§,
y 62 {x} [ FV (v)⇤◆ì¶) Áflñ≈“ K⌫ï∏ ¡∫~Ω”.
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↵◆{9�s� eî✓‹ºÄ�⌅ Î⌫H]j\O�s� î�⌅'üù

Theorem (Progress)

` e : ⌧ s�ì¶ e�◆ ∞̇Øs� ⌥◆m�Ä�⌅ Ï̄Õ◊ºr� î�⌅'üù e! e0 Ù«⇥◆.

Proof. ` e : ⌧_� 7£x"Ó⌦\Å @/Ù« )�±̇öZO�‹ºñ–. 1

e = e1 e2ì�⌅ �‚⌦ƒ∫: ` e1 e2 : ⌧s�Ÿºñ– ↵◆{9�∆“è:r Ω©gÀ:\Å _�K⌫ ` e1 : ⌧ 0 ! ⌧s�ì¶
` e2 : ⌧ 0 s�⇥◆. ✏◆⇤◆"f, )�±̇ö �◆&Ò⌦\Å _�K⌫"f,

e1s� ∞̇Øs� ⌥◆m�Ä�⌅ î�⌅'üù e1 ! e0
1 �◆ì¶, s�ç✏H /BI ·‘ñ–’™œ̨õ z⇥¥'üù !_�

&Ò⌦_�\Å _�K⌫ e1 e2 ! e0
1 e2ı� ∞̇†⇥◆.

⌅◆̄Õ�◆t�ñ–, e1s� ∞̇Øs�ì¶ e2�◆ ∞̇Øs� ⌥◆m�⇤◆Ä�⌅ î�⌅'üù e2 ! e0
2 �◆ì¶, s�ç✏H

/BI ·‘ñ–’™œ̨õ z⇥¥'üù !_� &Ò⌦_�\Å _�K⌫ e1 e2 ! e1 e0
2ı� ∞̇†⇥◆.

e1ı� e2�◆ ó∏ø∫ ∞̇Øs�⇤◆Ä�⌅, ` e1 : ⌧ 0 ! ⌧{9⌃ √∫ eî✓ç✏H ∞̇Ø e1ì…r ö∏fî⇤
�x.e0�‚⌦ƒ∫ ⌧̃rs�⇥◆. ✏◆⇤◆"f ·‘ñ–’™œ̨õ z⇥¥'üù !_� &Ò⌦_�\Å _�K⌫ Ï̄Õ◊ºr� î�⌅'üù
e1 e2 = �x.e0 e2 ! {e2/x}e0Ù«⇥◆.

⇥◆è…r �‚⌦ƒ∫ï∏ ⌅◆̄Õ�◆t�ñ– 7£x"Ó⌦.

1
“By induction on typing derivation.” 7£x"Ó⌦ Ω©gÀ:s� e_� Ω®õ∏\⌥¶ ✏◆⇤◆ )�±̇ö�◆Ÿºñ–, “e_� Ω®õ∏\Å @/Ù«

)�±̇öZO�‹ºñ–”(“By structural induction on e”)⇤◆ì¶ K⌫ï∏ ù)a⇥◆.
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z⇥¥'üùì…r ↵◆{9�⌥̀¶ ò–î>r

Theorem (Subject Reduction, Preservation)

` e : ⌧ s�ì¶ e! e0 s�Ä�⌅ ` e0 : ⌧ .

Proof. ` e : ⌧_� 7£x"Ó⌦\Å @/Ù« )�±̇öZO�‹ºñ– î�⌅'üùÙ«⇥◆. 2

e = e1 e2ì�⌅ �‚⌦ƒ∫: ` e1 e2 : ⌧s�Ÿºñ– ↵◆{9�∆“è:r Ω©gÀ:\Å _�K⌫ ` e1 : ⌧ 0 ! ⌧s�ì¶
` e2 : ⌧ 0 s�⇥◆. e1 e2 ! e0s�⇤◆Ä�⌅ [j�◆t� �‚⌦ƒ∫µ1⁄\Å \O�⇥◆:

e1 ! e0
1s�⇤◆"f e1 e2 ! e0

1 e2 ì�⌅ �‚⌦ƒ∫. )�±̇ö �◆&Ò⌦\Å _�K⌫ ` e0
1 : ⌧ 0 ! ⌧ .

` e2 : ⌧ 0s�Ÿºñ–, ↵◆{9�∆“è:r Ω©gÀ:\Å _�K⌫ ` e0
1 e2 : ⌧ .

e1ì…r ∞̇Øs�ì¶ e2 ! e0
2s�⇤◆"f e1 e2 ! e1 e0

2 ì�⌅ �‚⌦ƒ∫. 0A_� �‚⌦ƒ∫<̧ ƒª⌃◆.

e1ı� e2�◆ ó∏ø∫ ∞̇Øì�⌅ �‚⌦ƒ∫. ` e1 : ⌧ 0 ! ⌧ì�⌅ ∞̇Ø e1ì…r ↵◆{9�∆“è:r Ω©gÀ:\Å
_�K⌫ �x.e0 µ1⁄\Åç✏H \O�⇥◆. 7£§, e1 e2 = (�x.e0) v s�ì¶,
(�x.e0) v ! {v/x}e0 s�⇥◆. ` �x.e0 : ⌧ 0 ! ⌧s�⇤◆Ä�⌅ ↵◆{9�∆“è:r Ω©gÀ:\Å
_�'?@ x : ⌧ 0 ` e0 : ⌧s�⇥◆. ` v : ⌧ 0 s�Ÿºñ–, “Preservation under
Substitution Lemma”\Å _�K⌫ ` {v/x}e0 : ⌧s�⇥◆.

2
“By induction on typing derivation.” 7£x"Ó⌦ Ω©gÀ:s� e_� Ω®õ∏\⌥¶ ✏◆⇤◆ )�±̇ö�◆Ÿºñ–, “e_� Ω®õ∏\Å @/Ù«

)�±̇öZO�‹ºñ– î�⌅'üùÙ«⇥◆”ì¶ K⌫ï∏ ù)a⇥◆.
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u�®8äì…r ↵◆{9�⌥̀¶ ò–î>r

Theorem (Preservation under Substitution)

� ` v : ⌧ 0 s�ì¶ � + x : ⌧ 0 ` e : ⌧ s�Ä�⌅ � ` {v/x}e : ⌧ .

Proof. � + x : ⌧ 0 ` e : ⌧_� 7£x"Ó⌦\Å @/Ù« )�±̇öZO�‹ºñ– 7£x"Ó⌦Ù«⇥◆.
e = �y.e0

ì�⌅ �‚⌦ƒ∫: ÜΩ”�©ú y 62 {x} [ FV vì�⌅ �y.e0ñ– Áflñ≈“Ω+… √∫ eî✓‹ºŸºñ–

{v/x}�y.e0 = �y.{v/x}e0. ✏◆⇤◆"f, ò–{9⌃ �Ø ì…r � ` �y.{v/x}e0 : ⌧
let
= ⌧1 ! ⌧2.

�◆&Ò⌦ � + x : ⌧ 0 ` �y.e0 : ⌧1 ! ⌧2 ‹ºñ–¬“'� ↵◆{9�∆“è:r Ω©gÀ:\Å _�K⌫
� + x : ⌧ 0 + y : ⌧1 ` e0 : ⌧2 s�ì¶, � ` v : ⌧ 0<̧ y 62 FV (v) ‹ºñ–¬“'�
� + y : ⌧1 ` v : ⌧ 03 s�Ÿºñ–, )�±̇ö �◆&Ò⌦\Å _�K⌫ � + y : ⌧1 ` {v/x}e0 : ⌧2. 7£§, ↵◆
{9�∆“è:r Ω©gÀ:\Å _�K⌫ � ` �y.{v/x}e0 : ⌧1 ! ⌧2.

⇥◆è…r �‚⌦ƒ∫ç✏H �8π°§ ÈflñÌ⌫HÙ« )�±̇ö.

3
”̧t↵◆l�(Weakening Lemma) &Ò⌦o�(&Ò⌦_�+7£x"Ó⌦?)
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7£x"Ó⌦ ~Ω”ZO� II

⇥◆6£ß ø∫>hÎflñ‹ºñ–ï∏ ÿ⇧ÊÏ⌧r:

e! error\⌥¶ &Ò⌦_�
Subject Reduction:
` e : ⌧ s�ì¶ e! e0 s�Ä�⌅ ` e0 : ⌧ .

�=?

3lq≥: ∞̇Øs� ⌥◆ç�⌅ dî⇤ e�◆ ↵◆{9�s� eî✓‹ºÄ�⌅, e�◆ Î⌫H]j\O�s�
î�⌅'üù�◆ 9 =ÂQËflñ⇥◆Ä�⌅ ’™ ↵◆{9�_� ∞̇Øs�#Q⌥.

∞̇Øs� ⌥◆ç�⌅ dî⇤ e�◆ ↵◆{9�s� eî✓⇥◆ì¶ �◆�◆. ∏̇ò î�⌅'üù�◆ç✏H�◆?
’™XO⇣⇥◆, e! errorñ– î�⌅'üùΩ+… √∫ \O�⇥◆. ’™XO⇣>⇡ î�⌅'üùÙ«⇥◆Ä�⌅
ó∏Ì⌫H: “Subject Reduction Lemma”\Å _�K⌫"f error�◆ ↵◆{9�s�
eî✓#Q⌥ �◆ç✏HX< error_� ↵◆{9�⌥̀¶ ��⌃&Ò⌦�◆ç✏H Ω©gÀ:ì…r \O�⇥◆.

’™o�ì¶ î�⌅'üùs� ↵◆{9�⌥̀¶ ÜΩ”�©ú ò–î>r�◆Ÿºñ–, ∞̇Ø‹ºñ– î�⌅'üùs�
=ÂQ�◆>⇡ &̃Ä�⌅ ’™ ∞̇Øï∏ ∞̇†ì…r ↵◆{9�.
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∆“è:r Ω©gÀ:_� Ω®â&≥

↵◆{9�\Å @/Ù« É⇢⌅wn�~Ω”&Ò⌦dî⇤ [jƒ∫ì¶ €⇧¶l�

↵◆{9� É⇢⌅wn� ~Ω”&Ò⌦dî⇤ u

u ! ⌧=̇⌧ ↵◆{9� ~Ω”&Ò⌦dî⇤

| u ^ u É⇢⌅wn�

⌧ ! ↵ ↵◆{9� Å�⌅√∫

| ◆ | ⌧ ! ⌧
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↵◆{9� É⇢⌅wn� ~Ω”&Ò⌦dî⇤ [jƒ∫l�

V (�, e, ⌧) = u

s�œ̨°‹ºÄ�⌅ a%~ì…r:

S |= V (�, e, ⌧) , S� ` e : S⌧.

#ål�"f:

“S |= u” = “Sç✏H ~Ω”&Ò⌦dî⇤ u_� K⌫(model)”

S 2 Subst = TyVar fin! Type s�ì¶ Typeì…r ⌧[̨t_� |9�Ω+À

s� 9
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S⌧1 = S⌧2

S |= ⌧1=̇⌧2

S |= u1 S |= u2

S |= u1 ^ u2

s� 9

S↵ =
⇢

⌧ if ↵ 7! ⌧ 2 S
↵ if ↵ 62 Dom S

S◆ = ◆

S(⌧ ! ⌧ 0) = (S⌧)! (S⌧ 0)
S� = {x : S⌧ | x : ⌧ 2 �}
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↵◆{9� É⇢⌅wn� ~Ω”&Ò⌦dî⇤ [jƒ∫l� V (�, e, ⌧)

V (�, n, ⌧) = ⌧=̇◆
V (�, x, ⌧) = ⌧=̇⌧ 0 if x : ⌧ 0 2 �

V (�, e1 + e2, ⌧) = ⌧=̇◆ ^ V (�, e1, ◆) ^ V (�, e2, ◆)
V (�,�x.e, ⌧) = ⌧ =̇ ↵1 ! ↵2 ^ V (� + x : ↵1, e, ↵2) new ↵1,↵2

V (�, e1 e2, ⌧) = V (�, e1,↵ ! ⌧) ^ V (�, e2,↵) new ↵
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V (�, e, ⌧)ç✏H �̀äì…r�◆?

7£§,
S |= V (�, e, ⌧) , S� ` e : S⌧

ì�⌅�◆?
Proof. e_� Ω®õ∏\Å @/Ù« )�±̇öZO�‹ºñ–.
�x.eì�⌅ �‚⌦ƒ∫: S |= V (�, �x.e, ⌧) ì…r

= S |= ⌧ =̇ ↵1 ! ↵2 ^ V (� + x : ↵1, e, ↵2) new ↵1, ↵2

, S |= ⌧ =̇ ↵1 ! ↵2

^ S |= V (� + x : ↵1, e, ↵2)

, S⌧ = S↵1 ! S↵2

^ S� + x : S↵1 ` e : S↵2 ()�±̇ö�◆&Ò⌦)

, S⌧ = S↵1 ! S↵2

^ S� ` �x.e : S↵1 ! S↵2

, S� ` �x.e : S⌧.

⇥◆è…r �‚⌦ƒ∫ï∏ q�5pw�◆>⇡.
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É⇢⌅wn� ~Ω”&Ò⌦dî⇤_� K⌫ Ω®�◆l�

1lx{9⌃⇥o ∑̇òì¶o�7£ß(unification algorithm):

“A Machine-Oriented Logic Based on the Resolution

Principle”, J.A.Robinson, Journal of ACM, Vol.12, No.1,

pp.23-41, 1965.

↵◆{9� ~Ω”&Ò⌦dî⇤[̨t(⌧=̇⌧ 0)ı� K⌫ /BNÁflñ(Type)ì…r 0A ç7HÎ⌫H_�
1lx{9⌃⇥o(unification) ∑̇òì¶o�7£ß‹ºñ– €⇧¶ √∫ eî✓ç✏H 9̨tA⌫€º

∑̇òì¶o�7£ß Uç✏H T |= uì�⌅ T ◊⇧Ê\Å"f �◆Å©ú {9⌃Ï̄Õ&h⇤ì�⌅ K⌫(most

general unifier)\⌥¶ Ω®K⌫Ô⌧r⇥◆.

U(u) let= S |= u s�ì¶
T |= u ) T = RS ì�⌅ Rs� eî✓⇥◆.
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ÈflñÌ⌫H ↵◆{9� r�€º%7õ Simple Type System
#Qn�ò–�◆: ↵◆{9� ∆“è:r
∆“è:r Ω©gÀ:_� ÓflñÑ⇡⌅$Ì⌦ 7£x"Ó⌦
∆“è:r Ω©gÀ:_� Ω®â&≥

∑̇òì¶o�7£ß U(V (�, e, ↵))

U(u) = unify-all(u, ; : Subst) : Subst = TyVar fin! Type

s�ì¶

unify-all(⌧=̇⌧ 0, S) = (unify(⌧, ⌧ 0))S

unify-all(u ^ u0, S) = let T = unify-all(u, S) in unify-all(Tu0, T )

s� 9, 1lx{9⌃⇥o(unification) ∑̇òì¶o�7£ß unify(⌧, ⌧ 0) : Subst ç✏H

unify(⌧, ⌧) = ;

unify(↵, ⌧) or unifty(⌧,↵) =
⇢

{↵ 7! ⌧} if ↵ 62 ⌧
fail o.w.

unify(⌧1 ! ⌧2, ⌧ 0
1 ! ⌧ 0

2) = let S = unify(⌧1, ⌧ 0
1)

S0 = unify(S⌧2, S⌧ 0
2)

in SS0

unify( ) = fail
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ÈflñÌ⌫H ↵◆{9� r�€º%7õ Simple Type System
#Qn�ò–�◆: ↵◆{9� ∆“è:r
∆“è:r Ω©gÀ:_� ÓflñÑ⇡⌅$Ì⌦ 7£x"Ó⌦
∆“è:r Ω©gÀ:_� Ω®â&≥

∑̇òì¶o�7£ßì…r ÿ⇧Êz⇥¥Ù«(sound & complete) Ω®â&≥

ÓflñÑ⇡⌅(sound) U(V (�, e, ↵)) = S ) S� ` e : S↵

¢-aÑ⇡⌅(complete)
U(V (�, e, ↵)) = S
^ �0 = RS�
^ ⌧ 0 = RS↵

9
=

; ( �0 ` e : ⌧ 0
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ÈflñÌ⌫H ↵◆{9� r�€º%7õ Simple Type System
#Qn�ò–�◆: ↵◆{9� ∆“è:r
∆“è:r Ω©gÀ:_� ÓflñÑ⇡⌅$Ì⌦ 7£x"Ó⌦
∆“è:r Ω©gÀ:_� Ω®â&≥

⇥◆è…r ∑̇òì¶o�7£ß I: V <̧ unify\⌥¶ 1lxr�\Å

M : TyEnv ⇥ Exp ⇥ Type ! Subst

M(�, n, ⌧) = unify(◆, ⌧)
M(�, x, ⌧) = unify(⌧, ⌧ 0) if x : ⌧ 0 2 �

M(�,�x.e, ⌧) = let S = unify(↵1 ! ↵2, ⌧) new ↵1,↵2

S0 = M(S� + x : S↵1, e, S↵2)
in S0S

M(�, e e0, ⌧) = let S = M(�, e, ↵ ! ⌧) new ↵

S0 = M(S�, e0, S↵)
in S0S

M(�, e + e0, ⌧) = let S = unify(◆, ⌧)
S0 = M(S�, e, ◆)
S00 = M(S0S�, e0, ◆)

in S00S0S

ÓflñÑ⇡⌅(sound) M(�, e, ↵) = S ) S� ` e : S↵

¢-aÑ⇡⌅(complete)
M(�, e, ↵) = S
^ �0 = RS�
^ ⌧ 0 = RS↵

9
=

; ( �0 ` e : ⌧ 0
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ÈflñÌ⌫H ↵◆{9� r�€º%7õ Simple Type System
#Qn�ò–�◆: ↵◆{9� ∆“è:r
∆“è:r Ω©gÀ:_� ÓflñÑ⇡⌅$Ì⌦ 7£x"Ó⌦
∆“è:r Ω©gÀ:_� Ω®â&≥

⇥◆è…r ∑̇òì¶o�7£ß II: V <̧ unify\⌥¶ 1lxr�\Å

W : TyEnv ⇥ Exp ! Type ⇥ Subst

W (�, n) = (◆, ;)
W (�, x) = (⌧, ;) if x : ⌧ 2 �

W (�,�x.e) = let (⌧, S) = W (� + x : ↵, e) new ↵

in (S↵ ! ⌧, S)
W (�, e e0) = let (⌧, S) = W (�, e)

(⌧ 0, S0) = W (S�, e0)
S00 = unify(⌧ 0 ! ↵, S0⌧) new ↵

in (S00S0S, S00↵)
W (�, e + e0) = let (⌧, S) = W (�, e)

S0 = unify(⌧, ◆)
(⌧ 0, S00) = W (S0S�, e0)
S000 = unify(⌧ 0, ◆)

in (◆, S000S00S0S)

ÓflñÑ⇡⌅(sound) W (�, e) = (⌧, S) ) S� ` e : ⌧

¢-aÑ⇡⌅(complete)
W (�, e) = (⌧, S)
^ �0 = RS�
^ ⌧ 0 = R⌧

9
=

; ( �0 ` e : ⌧ 0
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