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e 1.
VX,E,M,M’. Var(E)C X0|2 M = M’|0|%

[E] M = [E] M’

Proof. 9] -2l the b o2 S e,

e« F=n
[n] M =n
= [n] M’
o« F==z
[x] M = M(x)
=M'(z) (vz€ Var(E)C X2l M=M'|y)
= [x] M’
o F=FE+E,.

Var(E,) C Var(E) C X o]2& A7l g [E,| M = [E,] M.
TR 2 [E)] M = [E,] M.
[E+E ] M = [E\] M + [E)] M
= [E\] M + [E,] M’
— [E,+E,] M’

L] E = _El.
Ske] Aol Ao} 2ol [Ey] M = [E,] M.
[‘E1ﬂ M=- [[El]] M
=—[B]M
=[-E,| M’
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A 2.
VX,C,M,M’. Var(C)C X0/ M = M’|0|H

[C]M =[C] M = L
L= [C]M=[C]M'|x

Proof. C 9] FZxo gt 7'y o= S 3Ich

o C = skip.
[skip] M = M
=My (~7}3)
= [skip] M’
e C=1zx := F.

Var(E) C Var(C) C X ol2& Ag] 19 o3| [E] M = [E] M.
7k 7ke] y € X ol tisl,

([ := E]M)(y) = [E]M
= [E] M’
=([z := E]M")(y).
—yFed AF
([x := E]M)(y) = M(y)

= M(y) (7H)
= ([r = E]M)(y).

wetA [z := E]M = [z := E] M'|y.

. C=0Cy; O,
Var(C)) C Var(C) C X ol 2.2 717140 ola) olel & % iz} g

- [[01]]M: [[ClﬂM/ =1
[Col ([C,] M) = [Co] ([Ch] M) = [C5] (L) = L

- [ M =[C] M|
Var(Cy) C Var(C) C X 0|22 FF7}1A o o3

[Col ([C] M) =[] ([CL) M) = L
Ee  [Gl (G M) =[Co] ([C] M) x
w2bA [Cr; Co] M =[Ch; Gl M = LEE[Cr; Co] M =[Cy; Co] M| .

« C=if EC, C,.
Var(E) C Var(C) C X o|B2& A 19 o3 [E] M = [E] M.



= [E]M = [E]M" # 021 B [if EC, C,] = [C,].
Var(Cy) C Var(C) C X o]22 7| d7Pg ol o3)
[Ci]M =[C M =1
g [GIM=[C]M|x
= [E]M =[E]M" =02 B-5oll= 19| 372 vp7pA = A et
o C =vwhile EC].
P, F & th&3% 2ol B o|siAt.
F 'S \fAM.if [E] M # 0 then f([C,] M) else M
let
P(f) & VM, M. M = M'|y o4
f(M) = f(M') =L B= f(M) = f(M')|x
O34 [while FE C,] =1Up(F)e°]B2Z P(lfp(F))E Xl Hch

A, P7F ol Y A dS Btk o@ A Coll thall Vf € C.P(f) 2kaL 7H8 sk M =
M'|x oA RE feCoxe XA Wl f(M)(x) = f(M')(z) o) BZ,

— A S
Qlojo] M, M’ o thall LM = | = L M’ o]B= P(1)o] 43I}

- 744
P(f) 7} 3 Hthar 7R3 sk M, M ol tisll M = M| 2kar & o, A2 10 2Js) [E] M =
[E] M’ o]t

* [E]M = [E] M’ 09 A FfM = f([C,] M), FfM’ = f([C,] M’).
Var(C,) C Var(C) C X 0|22 F g7} o3 ofe] & % sh)rt A gt
[GM=[C )M =1
J(ICI M) = f([C1]M") = f(L) =L
- [G M =[C] M|
A 713 P(f) ol 28l
[ M) = f([C ] M) = L
fIC M) = f([C ] M) x
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x [E]M = [E] M’ =09 3%,
FfM =M
=M|[x (~7}48)
= FfM’

P7} ol B A4 4elaL, P(L) 7H8§sHH, P(f) = P(Ff) o122 3134 7Rl <3 P(lp(F))
7h et
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o= 1.
YO, M, M. M = M|y )01
[CIM =[C]M’" = L
L= [C1M =[CI M |var(c)

Proof. X = Var(C)& 21 Var(C) C X 0|2 g 20| 23] A A3l O
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(a) ZHH7

e (fn x (x+1)) 2

{x2}Fx2 {x—=2}F1]1
{}Ffn x (x+1) | (fn x x+1),{}) {}F202 {x—=2}Fx+1{3
{}F (fn x (x+1)) 203
e (fn x (x 1) (fn y (y+2))

let

AE(nx G D.{). L= (tny G+, {}) e sk

{ym1lkydl {y—1}+2]2
{xefdbxd f, {xe fi}F1l1 {ym1}Fy+293
OrmxGol iy G2 {xr Fo) Fx 103
{}FUnx (x 1))(ny (y+2)) 43

e (rec f (fn x (if x 1 £(x-1)))) 1
let

f=pa.(fn x (if x 1 £(x-1)),{f = a}) 2L 32} AR A)o] AdPoju)= op23} 2t}
()

{f=flFUEnx Gf x 1 £EDN S {f=fix=1}Fx1l {fe fix 1} Ffx-1) |1
{JFrec f (fnx (Gf x 1 £x-NVf {JF1{1 {f fix=1}Fif x 1 £(x-1) 1
{}F(rec £ (fn x (if x 1 £(x-1)))) 1|1
o714 (...) FEL =3 2
{f=fix=1tExll {f=fx=1}F101 {f- fx—=0tFxd0 {f—fx—0F1{1
{t fixp 1} L] f {t fix 1} Fx-1010 {f f,x 0}Fif x 1 £(x-1) §1
{f fix= 1}Hf-1)§1




e (fn x (x+1)) 2
(fn x (x+1)) 2

— {2/x} (x+1)
= 2+1

— 3

e (fn x (x 1) (fn y (y+2))

(fn x (x 1)) (fn y (y+2))
—{{n y (y+2))/x}(x 1)
=(fny (y+2)) 1
= {1/y}(y+2)
=142

— 3

e (rec f (fn x (if x 1 £(x-1))) 1

(rec £ (fn x (if x 1 £(x-1)))) 1

— {(rec £ (fn x (if x 1 £(x-D)))/fH1/x}GEf x 1 £(x-1))
=if 1 1 (rec £ (fn x (if x 1 £(x-1))))(1-1)

— (rec f (fn x (if x 1 £(x-1))))(1-1)

— (rec f (fn x (if x 1 £(x-1)))) O

— {(rec f (fn x (if x 1 £(x-1))))/£}{0/x}(if x 1 £(x-1))
=1if 0 1 (rec f (fn x (if x 1 £(x-1))))(0-1)

—1
=4 3

o] Qlojo] #e ofele} 2ol Aok

fnx E
rec fz FE
EFE
catchz F
throw B E



[n] ok =kKn
[z] 0k =k (0x)
[fnz E] 0k =k (M. A\K. [E] (o{z = v}) k')
[rec fz E] ok =k (Up(Av. W.AK. [E] (c{f = vH{zr v})E))
[E, E5] ok =[E{] o (M. [Es] 0 (Av. fuk))
[catchz E] o k = [E] (c{x — Kk}) K
[throw E; Es] ok = [E,] 0 (M. [Es] o k')

A 4

2 ot 2ol Bejdth

fnz B

v o= n
|
| recfaFE

A1 (evaluation context) K = th2-3} Zro] Aol =T},

KFE
v K
throw K F

K = []
|
|
|
|  throwv K

AReln) e e 2k,

— K[{v/z}E|

— K[{(rec fz E)/fH{v/z}E]

— K[{(foy K[y])/x}E]  y ¢ Var(K)
—{v/z}E

—
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(a) &Ju]-x

[n]e=n

[z] 0 = o(x)
[-E)o = ~([E] o)
[let x By Ey] 0 = [Es] of{x+— [E4] o}

(b) CPS g
2 Bl sl B+ the ) o] Aejerh.

T=M.kx
-E, = )Mk. By, Mz k (—2))
letx B, B, = M. By (\z. By k)

o k ¢ Var(E).

(c) CPS ®igle] Snls
g2 3.

Proof. B9 720) B8 A o= S ek
e E=n.
[Alox=[Mk.kn)]ox

= KN

= ([n] o)

[Z]ok =[Nk kx)] ok
=k(ox)

=k ([2] o)



= [(Ak. By (Ax. k (—2)))] ok

Ey] o{k = K} (M. K (—v))

= |E| o (M. K (—v)) (vk ¢ Var(E,))
[E\]o) (=7Id7HE)

[-E\] o)

g

(=
(

=K
e E=letx FE| E,.

[[man—[[)\kEl (\z. By k) ﬂa/{

= [E] U{k: = K} (W, [By] ofk = s}z - v} k)

= [Bi] o (. [By] ofz = v} k) (vk ¢ Var(E,), Var(E,))
~ [ o (. [B] ol 0}
uv[‘]ahw+v}>wEJ o) (+AE7HA)

= [E,] o{z = [E] o} s

= k(B ol o [Eilo}) (A%7HR)

=k ([let z E| E5] o)
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